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Exercise 1 (transformation of finite elements). Let (f,ﬁ,lCref) be a finite element and
&7 . T'— T an affine diffeomorphism.

a) Show that (T, P, K) is a finite element, where

~

T = o (T),
P ={Go ;' |7 P},
K = {x|x(v) = R(vo ®) for all v € C=(T), % € K}.

~

b) Show that the corresponding interpolants I and I7 and any v € W™?(T) and v :=
Vo ;' € WmP(T) satisfy
(ITU) ®) (I)T = I,fi}\

Exercise 2 (barycentric coordinates). Consider a triangle 7" = conv{P;, P, P;} and the
barycentric coordinates A1, Ay, A3 € Pi(T") defined via \;(FPy) = 6 for j,k =1,2,3.

a) Prove that any «a, 8,7 € Ny satisfy

algly!
24+a+ 8+

/ NNINY dax = 2|T|
T

Hint: You can use integration by parts on the reference triangle.

b) Compute the local mass matrix for P (7)), i.e.

~~~~~

Exercise 3 (approximation of the right-hand side). Define the L? projection to piecewise
constants by HO . LQ(Q> — P0<T), i.e., fOI' all T I~ T, Hf_HOfHLQ(T) = minqepO(T)Hf—qHLz(T).
Let u € H} (), u € HY(Q) and u € H() be the solutions to

Vu-Vvdx:/fvdm for all v € Hj (),

Q

Vﬂ-Vvdx:/Hofvdx for all v € Hy(Q),
Q

Vi Vode =Y f(ar) / vdr  for all v € HL(Q),

Q TeT T

where xp € T is arbitrary for all 7' € 7. Define the oscillations

osc(f,T) := ZHhT(f - Hof)||%2(T)

TeT
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and let A := maxrc hr be the maximal mesh-size of 7. Show that
IV(u—w)[| S osc(f, T),
V=) < DI = Fan) e

TeT

If f € H'(Q), then
osc(f, T) SV fIR*.

If f € H2(Q) then

YOI = F@n) ey SIVAIR,  and if 2 = mid(T), then |[V(u— )| S b*.
TeT

Is it possible to modify the right-hand side in the P! FEM similar as for @ with arbitrary
xp € T without diminishing the convergence rate? Is the same possible for the P, FEM?

Exercise 4 (programming exercise). Study the MATLAB implementation of the P, FEM
from the lecture, that computes the P; finite element solution to the Poisson problem for
homogeneous Dirichlet boundary data and f = 1. Modify it to include general right-hand
sides f € L*(f2), given as function handle.

Hint: You may use the midpoint quadrature rule from Exercise 3 with z7 = mid(T") for the
integration of

/Tg(a:) dx =~ |T|g(mid(T)).
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