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Discussion on 19.01.2026

Exercise 1 (transformation of finite elements). Let (T̂ , P̂ ,Kref) be a finite element and

ΦT : T̂ → T an affine diffeomorphism.

a) Show that (T,P ,K) is a finite element, where

T = ΦT (T̂ ),

P = {q̂ ◦ Φ−1
T | q̂ ∈ P̂},

K = {χ|χ(v) = χ̂(v ◦ ΦT ) for all v ∈ C∞(T ), χ̂ ∈ K̂}.

b) Show that the corresponding interpolants IT and IT̂ and any v̂ ∈ Wm,p(T̂ ) and v :=
v̂ ◦ Φ−1

T ∈ Wm,p(T ) satisfy
(ITv) ◦ ΦT = IT̂ v̂.

Exercise 2 (barycentric coordinates). Consider a triangle T = conv{P1, P2, P3} and the
barycentric coordinates λ1, λ2, λ3 ∈ P1(T ) defined via λj(Pk) = δjk for j, k = 1, 2, 3.

a) Prove that any α, β, γ ∈ N0 satisfy∫
T

λα
1λ

β
2λ

γ
3 dx = 2|T | α!β!γ!

(2 + α + β + γ)!
.

Hint: You can use integration by parts on the reference triangle.

b) Compute the local mass matrix for P1(T ), i.e.

M1 =

(∫
T

λiλj dx

)
i,j=1,...,3

∈ R3×3.

Exercise 3 (approximation of the right-hand side). Define the L2 projection to piecewise
constants by Π0 : L

2(Ω) → P0(T ), i.e., for all T ∈ T , ∥f−Π0f∥L2(T ) = minq∈P0(T )∥f−q∥L2(T ).
Let u ∈ H1

0 (Ω), ũ ∈ H1
0 (Ω) and û ∈ H1

0 (Ω) be the solutions to∫
Ω

∇u · ∇v dx =

∫
Ω

f v dx for all v ∈ H1
0 (Ω),∫

Ω

∇ũ · ∇v dx =

∫
Ω

Π0f v dx for all v ∈ H1
0 (Ω),∫

Ω

∇û · ∇v dx =
∑
T∈T

f(xT )

∫
T

v dx for all v ∈ H1
0 (Ω),

where xT ∈ T is arbitrary for all T ∈ T . Define the oscillations

osc(f, T ) :=

√∑
T∈T

∥hT (f − Π0f)∥2L2(T )
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and let h := maxT∈T hT be the maximal mesh-size of T . Show that

∥∇(u− ũ)∥ ≲ osc(f, T ),

∥∇(u− û)∥ ≲

√∑
T∈T

∥f − f(xT )∥2L2(T ).

If f ∈ H1(Ω), then

osc(f, T ) ≲ ∥∇f∥h2.

If f ∈ H2(Ω) then√∑
T∈T

∥f − f(xT )∥2L2(T ) ≲ ∥∇f∥h, and if xT = mid(T ), then ∥∇(u− û)∥ ≲ h2.

Is it possible to modify the right-hand side in the P 1 FEM similar as for û with arbitrary
xT ∈ T without diminishing the convergence rate? Is the same possible for the P2 FEM?

Exercise 4 (programming exercise). Study the MATLAB implementation of the P1 FEM
from the lecture, that computes the P1 finite element solution to the Poisson problem for
homogeneous Dirichlet boundary data and f ≡ 1. Modify it to include general right-hand
sides f ∈ L2(Ω), given as function handle.
Hint: You may use the midpoint quadrature rule from Exercise 3 with xT = mid(T ) for the
integration of ∫

T

g(x) dx ≈ |T |g(mid(T )).
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