Existence of phase transition for heavy-tailed continuum
percolation

Artém Sapozhnikov*

We consider a continuum percolation model in RY, where d > 2. It is given by a homo-
geneous Poisson process of intensity A and independent radii random variables of common
distribution of a positive random variable r. Let A. be the critical intensity for the existence
of infinite cluster. We provide conditions for positivity of A.. In case Er?¢~! = oo our result
is new.
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1 Introduction

Let (X, rn)n>1 be a marked Poisson process with intensity A in R%, d > 2. The marks (r,)
are radii of closed Euclidean balls centered at the points (X,). Two points X; and X; of the
Poisson process X are adjacent, X; ~ X, if D(X;,r;) N D(X;,r;j) # 0, where D(z,R) = {y €
RY : ||z —y||, < R}. We say that z,y € R? are connected, x « y, if there are X;,,..., X;, € X
such that € D(X;,,73,), y € D(X;,,m;,) and X;, ~ X;,,, for all 1 <k < I. For z € RY, let
IT={i: z< X;} and Cp = UjezD(X;, ;). Set Cy is called the cluster at z. The number of
elements in 7 is called the size of the cluster, and is denoted |C;|. We write Py for the probability
measure associated with X.

Continuum percolation was introduced by Gilbert [7] as a model of random network in com-
munication theory. It has recently attracted a lot of attention because of its importance in
various applications including wireless networks, sensor networks etc (see [6] and many references
therein). For the physical applications of continuum percolation we refer the reader to [13]. The
first rigorous analysis of the model is given in [9, 15, 16]. Basic methods for continuum perco-
lation are developed in [2, 9, 14, 15, 16]. The uniqueness of unbounded occupied and vacant
components is proved in [11]. The principal reference for continuum percolation is [10].

Similarities between continuum and lattice percolation were noted by Gilbert [7]. However the
effect of unbounded radii on the properties of a cluster makes continuum percolation essentially
different from the lattice one. The difference was noted in [9]. It is known that in the case of
site or bond percolation on Z?, the critical probability at which percolation takes place is often
the same as the probability at which mean cluster size becomes infinite [1, 12]. Hall [9] showed
that for continuum percolation, the critical intensities at which cluster size and mean cluster size
become infinite are not necessarily the same. More precisely (see [9, 10] for the proof and [5] for
a more general result),

*Department of Mathematics / Boole Centre for Research in Informatics, University College Cork, Cork, Ireland;
as2@proba.ucc.ie



Proposition 1.1. 1. For A > 0 the origin is covered by finitely many balls with probability
one (i.e. Pa(|{i : [|Xi|l2 < i} < 00) = 1) if and only if Er{ < oo;

2. E\|Co| < 0o for some A > 0 if and only if Er}d < oo;
3. If Er?! < 0o then Py(|Co| < o0) = 1 for some A > 0.

Remark 1. 1. If Erf = oo then, for any A > 0, the space is completely covered by the balls
centered at the points of X.
2. If Er}®! < 0o and Er? = oo then there is A > 0 such that the cluster at the origin is finite
almost surely but the mean size of the cluster is infinite.

The proof of Proposition 1.1 is based on approximations of the size of the cluster at the origin
by multi-type branching process. According to this approximation, roughly speaking, each ball

of radius 7; generates ~ rzd other balls of radius r;, each of which independently generates ~ r;l

other balls of radius r; and so on. Therefore the process blows up for any A\ if Er%d = oo. This
explains the second part of Proposition 1.1. The third part is obtained by a slightly different
choice of a branching process.

In this note we are interested in conditions under which the critical intensity A\, =
sup{A : P,(|Cp| < o0) = 1} is positive. The main result is the following theorem.

Theorem 1.1. If Er{ < co for some s > d then A\, > 0.

The main difficulty in the proof of Theorem 1.1, as it was noticed before, comes from the
existence of very big balls, which intersect a lot of other balls. Therefore the ’independent’
branching process estimate is not useful any more. The proof of Theorem 1.1 consists of two
main steps. On the first step we show that the presence of very big balls in a box is very unlikely.
On the second step we show that, given there are no very big balls in a box, the probability of two
points connectivity within the box decays exponentially with the distance between the points.

The proof of Theorem 1.1 is based on the analysis of some discrete model which we describe
in Section 2. The discrete model is a generalization of the classical site percolation. Therefore
an analogue of Theorem 1.1 for that model (see Theorem 2.1) is of independent interest.

We describe an auxiliary discrete model in Section 2. The core of the analysis of that model is
the renormalization structure of [4] which we give in Section 3. In Section 4 we prove Theorem 2.1.
We deduce Theorem 1.1 from Theorem 2.1 in Section 5.

2 Discrete model

We consider a random graph G = (Zd, E). The vertices of G are the sites of 7%, To define edges
in G, we introduce a set of independent identically distributed positive random variables (73),cz4-
The set of edges of G is E = {(x,y) € Z¢ x Z? : |z —y| < ry + ry}, where |z| = maxi<;<q4 |-

We study site percolation on G. We say that a vertex is open with probability p and closed
with probability (1 — p) independently of other vertices. The case of constant radii (r, = ¢ a.s.
for all x € Zd) corresponds to the 2¢ dependent site percolation on Z%. For every p, the product
measure on ]R%d x {0,1}2" associated with the model is denoted by P,.

The ball of radius R centered at x will be denoted by W (x, R) = {y € Z¢ : |z —y| < R}.

For A C 7Z¢, we say that two points z and y of G are connected within A, and we write
Pt y, if there are open sites v, ..., v, in A such that (v;,v;11) € F for all i, x € W (vy,7y,) and
y € W(vp, 1y, ). If A= 7% then we simply say that 2 and y are connected, and we write z < v.
Note that we do not require  and y to be open, however v; may coincide with x if x is open or
v, may coincide with y if y is open.



An open cluster at x, C, is the set of all open sites connected to x. The size of C, is the
number of open cites in Cy. It is denoted by |Cy|.
We prove the following theorem.

Theorem 2.1. If Er§ < oo for some s > d then there exists p > 0 such that Pp(|Cp| < o0) = 1.

The proof of Theorem 2.1 is based on the renormalization introduced in [4] to study the chem-
ical distance in sparse long-range percolation. We give a brief description of the renormalization
scheme in the next section adapted to the model we consider.

3 Renormalization structure
Let M > 100 be an even integer. For k > 0, let
Ay = M (K2

A cube Qi(a) = a + [0, 4;)¢ C Z% is called a k-block. The (k — 1)-blocks Qg_1(a + Agx_1z),
where x € [0, k%)%, are children of Qy(a).

Definition 3.1. We say that a 0-block @ is good under the configuration r if r, < A/100
for all x € Q. A k-block @ is good under the configuration r if

1. rp < Ak_1/100 for all z € Q;
2. All but at most one children of ) are good;
3. Suppose that configuration 7’ agrees with r on @ and r; =1 for y ¢ @, then all the trans-

lations of @ by elements of {—Aj_1/2,0, Ay_1/2}¢ satisfy 1 and 2 under the configuration

r.

The proof of the next lemma word for word repeats the proof of [4, Lemma 1]. We omit it.

Lemma 3.1. Let Py be the probability that Q(0) is not a good k-block. If M is large enough
and Er® < oo for some s > d then

o0

Z P < 0.

k=1

4 Proof of Theorem 2.1.
Let Qp = [—Ay/2, Ap/2)%. Tt is sufficient to show that P,(0 < Q%) — 0 as k — oo, for some
p > 0. Moreover, without loss of generality we can assume that the radii are positive integers.

The condition on the distribution of radii assures that the probability for a ball centred in
the compliment of Qj to intersect Q) = [—Ay/4, Ay/4)? vanishes

1
P, (there exists x ¢ Qy such that W (z,r;) N §Qk # (Z)> — 0 (4.1)

as k — oo. Indeed, the above probability is bounded by

D pp<rzzn+;cgk).

n=0z : |z]=n+Qs



The cardinality of set {z : || = m} is at most Kym?~!, for all m, where K, only depends on
d. Hence the probability in (4.1) is bounded by

K 2471 Z n P, (ro >n) — 0
n>Qx/2

as k — oo. From Lemma 3.1,
P,(Qk is a good k-block) — 1

as k — oo. Therefore to complete the proof of Theorem 2.1 it is sufficient to prove that

1
P, (o S, 5Qk: Qis a good k:-block) )

for some p > 0, as k — co. We prove a more general result.

Lemma 4.1. There exist p > 0 and o > 0 such that if Q is a block of size Ay, and x and y in Q
satisfy |z —y| > Ai/8 then

P, (:p & y, Q is a good k-block) < ezl (4.2)
Proof of Lemma 4.1. Let kg > 0 be a large integer, ¢ is a positive constant. Let a = infy o,

where
k d
16-3 8A12
ap =90 1-—
oI (g

We assume that Hi.’:a = 1 for a > b. Note that o > 0 when kg is large enough. The result
immediately follows from Lemma 4.2. O

Remark 2. In the definition of ay we split the product onto two parts to show that the first
product results from random shortcuts of sites in Z? in exactly the same way as it appears in [4],
and the second product results from percolation.

Let R be a set of all the configurations of radii of the balls centred in @, r € N€ for which
@ is a good k-block. Since the radii are positive integers and @) is a good k-block, R is a finite
set. We prove

Lemma 4.2. There exist 6 > 0, kg > 0 and p > 0 such that, for any k > ko, if Q is a good
k-block and x,y € Q are such that |z —y| > Ay /8 then

P, <a: 2, y|rg= r) < e ozl forall re Rg. (4.3)

Remark 3. The left hand side of (4.3) is a probability of connectivity of = and y in site

percolation model on the finite graph with vertex set () and edge set induced by configuration r.

The proof of Lemma 4.2 is based on Lemma 4.3 and Lemma 4.4. We firstly state and prove
these lemmas. We will need some definitions. To shorten the presentation we write

Po() = Byl- | g = 7).

Definition 4.1. Let @) be a good k-block, and the configuration of balls centred in @ is
r € Rg. Then for any a € {—A4;_1/2,0, Aj_1/2}?, there exists at most one child of a + @ that
is not good. We denote these not good (k — 1)-blocks by Bi,...,B;, and let B =B U...U B;.
The set B is deterministic once we fix the radii r € Rg. We also note that j < 3,



The R-neighbourhood of a set A C Z% is denoted by W (A, R) = UpecaW (z, R).

Definition 4.2. We introduce the sets Us = Us(x,y,r) C W(B,34;_1/100)%:
(x1,2, ..., x5, 2)) € Ug if, for all i,j € {1,...,s},

1. z;, 2 € W(B,3A4;-1/100)\B;

2. m; # x5, £ T
3. |mi —al| > Ap—1/2;
ad
4 Y o= al > (1= 1) fa—y.

Lemma 4.3. If Q is a good k-block, r € Rq, and x,y € Q are such that |x — y| > A/8 then

3d
Q 2s Q\B Q\B
P <L y) < ;1: (2Ag,13d) i Py S 2. Py S22, (4.4)

Proof of Lemma 4.3. Let v = (v1,...,v;) be an open path connecting x and y within @
(see Section 2 for the definition). If there are several such paths then we choose the first one
according to some order on the set of paths between x and y. It will be useful to define v; for all
i € Z. Let v; = vy for i < 1 and v; = v; for i > [. From Definition 3.1, radii r,, < Aj_1/100 for
all 1 <i<I.

Let a; be the smallest value i such that v; € W(B, Ax_1/50) (the set B is defined in
Definition 4.1), and b; € {1,...,5} such that vy, € W(By,, Ar—1/50). If vy, is in Ap_1/50-
neighbourhood of several blocks, i.e. vy, € NicsW (B;, Ax—1/50) for a subset £ of {1,...,j}, then
we choose by arbitrarily from the set £. Let z; be the largest i such that v; € W(By,, Ax—1/50).
For any ¢ > 1, let a;+1 be the smallest ¢ > z; such that v; € W(B, Ax_1/50). If there is no such
i we let agy1 = [. If az41 <, let byy1 be such that ve,,, € W(By,,,, Ax—1/50). If there is more
than one ¢ such that v, , € W (B;, Ak—1/50) then choose b4 arbitrarily from that i’s. Let z;4;
be the largest i such that v; € W(By,_,, Ar—1/50). If az41 =1 we let 2,41 = [+ 1. Since the path
v is finite, after finite number of steps we get the set vg,, vz, ..., Va,, Vs, . For convenience we let
zZ0 — 0.

We make a further thinning of the set of vertices in . Let ¢; be the smallest i € {1,...,n}
such that |v,, 41 — vg,—1| > Ag—1/2. For t > 2, let i; be the smallest i € {i;_1 +1,...,n} such
that (v, 41 —va,—1| > Ak—1/2. If there is no such i; we stop. The largest ¢ for which there is i,
which satisfies the above property is denoted by v. Note that v < 3¢. For convenience we write
ug for vy, 11 and ug for v,, 1 respectively. From the triangle inequality,

lz -yl < |z —vi|+|v1 = Va—1] + [Va—1 = Va1 + oo Vg1 — 0] + =y

2 Ak»_l d 1 d Y /
< — A A 3 3 —Ar_13 ;—
< 100 k1+(k1+ 50) +2 k-1 +i§1\uz |

16 - 3¢ -
< k2|33—y|+;|u@'—u;|-

On the second line the first term bounds |z — vi| + |v; — y|, the second term is the upper bound

for >, |va;—1 — vz;4+1], and the last two terms estimate ) . |vs;, 41 — vg;+1]- The last inequality
follows from the fact that |z — y| > Ay/8 = (k*Ai_1)/8. Therefore

- 16 - 3¢
>t uil = (1- 255 e -l (4.5
=1




Given r € Rq, the set {u,u,...,uy,u,} is a random subset of W(B,3A4;_1/100)\B. If also
v = s, the set {uy,u),...,uy,ul,} is a random element of Us.

To estimate P} (x N y), we write the event {z N y} as a union over all possible configu-

rations of {uy,u}, ..., u,,u,} in Q. For increasing events £ and E’ on Z%, event F o E' is the set
of configurations of sites in Z¢ for which there exist disjoint sets of open sites with the property
that the first such set guarantees the occurrence of E/ and the second guarantees the occurrence
of E’ (for more formal definition see [8, p.37]). Then we say that E and E’ occur disjointly.

3d
Prafy) < X Y B(vyv=su=onu=a . u =g, =2l (46)

s=1{z;x}}eUs

3d
B B
CF Y (P en Mo on @) s
s=1{z;x}eUs
34 9
S
< Z <2Ag_13d> max P} (z1 AL xyio...oms & zh). (4.8)
o {zi,2;}eUs
B
The second inequality holds because the events {u; P w,} occur disjointly. The proof is
completed by an application of the BK-inequality (see [3, §]). O

Lemma 4.4. Suppose that there exist § > 0, kg > 0 and p > 0 such that
1. for alll > ko, 2dlog Aj—1 < ay_1A;—2 and a(Aj—1 — 8A;—2) > 8log2;
2. (4.3) holds for ko, ...,(k—1), where k > k.

Then, forr € Rg and x,x’' € Q\B such that |v — 2’| > Ay_1/2,

Ap—1 —4A 2
Ap_1 + 8Ak_o

B
P (x bA 2') <2exp |—ap_1

|x - :U" . (4.9)

Proof of Lemma 4.4. Let v = (g1,...,9m) be an open path from z to 2’ within Q\B. If
there are several such paths then we choose the first one according to some order on the set of
paths between x and z’. We define g; for all i € Z by setting g; = g1 for « < 1 and ¢; = g,, for
i >m. Let w1 = g1, 41 =min{l > 1 : [g—wi| > Ap_1/8}, wi = g;,, and wy = g;,41. For ¢t > 2,
let &4 = min{l > 41 +1 : |9 — wy| > Ar_1/8} if there is such [, otherwise i; is undefined. If
i is defined, let w; = ¢;, and wyy1 = gi,+1. The last ¢t for which i; is defined is denoted by pu.
Then |w; — wj| € (Ap—1/8, Ap—1/8 + Ap_2/100] for [ € {1,...,u}, and |w] — wi41] < Ap—2/100
for i € {1,..., — 1}, since @ is a good k-block and v C Q\B. Therefore,

uw+1> v — ' .
T Ap_1/84 Ap—2

B B
We estimate PJ(z P 2') in the same way as (4.6) by writing the event {z P '} as a

union over all possible configurations {y1,¥y,...,¥s,ys} of {wi,w) ..., wy,w,} in Q\B, where
|z—z]
$ = Ap—1/8+Ak—2

2s by V. The cardinality of V; is at most (Ag_l)Qs. For a,a’ € Q\B, let

— 1. We denote the set of all possible realizations of {wy,w] ..., wy, w:L} of size

E(a,a') = {a AN a'} . where S = W(a, Ap_1/8 + Ap_2/100) N (Q\B).



We obtain

r Q\ S
Py < a') < > (Af_)* max Pr(E(y1,y5)0...0 E(ys,y.))
Py {yi, ¥, }EVs
zAk 1/8+Ak 2 -1
< E A% )% max P, E(y1,9))) ... P (E(ys,4%)) -
3 ( k 1) (v JEVa ( (1 1)) p( ( ))

2 !
The last inequality follows from the BK-inequality.

Since @ is a good k-block, for any ¢ there exists a good (k — 1)-block containing the open path
(Giy_1+1,- -+, 9i,) between w; and w;. Indeed, by the definition of a good k-block, there exists
a € W(wy, Ag_1/4) such that Qx_1(a) is a good (k — 1)-block under configuration r’ (recall from
the definition of a good k-block that r’ agrees with r on @ and r; =1 for y ¢ Q). However
Qr—1(a) D W(wy, Ag—1/8 + Ag_2/100). Therefore, for {y1,v],...,ys,ys} € Vs, we can use (4.3)
for (k — 1) to estimate

A1
PY (E(ye,y1)) < exp [—a—1]ye — yil] < exp [—azH < ] :
for any ¢. In the last inequality we used the fact that |y, — yj| > Ax_1/8 for all t. The resulting
inequality is
Q\B

Ap—
Py(z <—a') < Z (A% )% exp {—akl I; ls]

|z—a']
s> —1
=Ap_1/8+Ak_o

Ap—1 —4A o r. x/’] .

s 2exp [QA+8A r

We used inequalities 2dlog Ap_1 < ag_1Ar_o and a(Ap_1 — 8Ai_2) > 8log2 to get the last
bound. O

We are now ready to prove Lemma 4.2.

Proof of Lemma 4.2. The proof of (4.3) is by induction. Note that for any fixed k and J,
the inequality (4.3) holds for sufficiently small positive p by continuity. Therefore we can start the
induction from any large ko. As soon as we choose kg, we fix p = p(kg) > 0 such that (4.3) holds
for k = ko and p. We choose kg such that 2dlog A;_1 < ay_1A4;_2 and a(A;_1 — 8A4;_2) > 8log?2
for all | > k.

Suppose that (4.3) holds for ko, ..., (k—1). We prove that (4.3) holds for k. Let @) be a good
k-block, the configuration of the radii of the balls centred in @ is r € Rg, and let z,y € @) be
such that |z —y| > Ag/8.

From Lemma 4.3 we obtain

3d

2s
Pi(e <Loy) <3 (24137)  max Ph(m DBy P, DB ), (4.10)

=1 {zs,x}}eUs

Every pair (z;,z}) satisfies conditions of Lemma 4.4. Hence (4.9) holds for every P (z; a8 z).

We obtain

3 2 A 1A
ro Q d d\ % 55 k—1 — k—2
iy < (zA 3 ) 2 —
TSy SZ:; o {xfgﬁém B VA1 + 845, Z| ]
2:3% 4 Ap_1 —4A,
< gd (2Ad 3d) 93 e o Wi W PO
1 exp | —ay 1Ak_1+8Ak_2ﬂk lz =y,

7



16-3%

where O =1 — . The last inequality follows from the definition of Us. Finally, we obtain

k2
Q A1 —8A; o ]
P’ (x < exp|—ap1————"0|x —
pr s y) < p[ k 1Ak_1+8Ak_2ﬂk\ Yl
= exp[—axlz —y|].
We used the estimate
237 _.a 4AL
34 (2Ad_ 3d> 23" <ex [oz | — ] ,
k—1 = eXp | 1Ak_1—|—8Ak_2ﬂk| Y|
which is true for large k, since |z — y| > Ay/8. O

5 Proof of Theorem 1.1.

We use the idea of [15, 16] (see also [8, page 373]). We introduce a discrete model on a graph G
similar to the one studied in Section 2. The vertices of G are the sites of Z%. To define adjacency
in G, we partition R? into cubes

d
1 1
B(a:):H [mi—Q,xi+2>, for z € 79,

For each z € Z%, let 7, = 5 + max{r; | i : X; € B(z)}. Two points z,y € Z¢ are adjacent if
x —y| <7, + 7y, where |z| = maxj<;<q |;il. e site x € is open if there exist a point of the

y| < 4> Wh <i< The sit A f th t t of th
Poisson process within the cube B(x), and closed otherwise. Note that

p=Px(z is open) =1 — e
Let P, be a product measure on {0, 1}Zd. Let C, be an open cluster at z in G, and |C| the size
of C (see Section 2 for the definition of two points connectivity). It is easy to show that, for any
s >0,
Er§ < oo if and only if Ey(7)® < oo.

Therefore under the conditions of Theorem 1.1, G satisfies the conditions of Theorem 2.1. Hence
pe(G) = sup{p : Bp(|Co| < 00) =1} > 0.

By the definition of G, if  and y from Z¢ are connected in continuum model then they are
connected in discrete model G. Therefore if for some A, |Cp| = oo then |Cy| = oo for p =1 — e
Therefore

Ae = —log(1 = pe(G))-

In particular, A, > 0. O
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