
 

27 Differentiable Manifolds
г Main definitions
Assume that И is connected hausdont
topological space Connected means that
there exist по open sets V.V
such that и UV and VAT
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й
I 2

Det 27.1 An т dimensional coordinate
chart on И is a pair V 4 where
V is an open subset of М called the
domain of coordinate chart and 4
is а homeomorphism of V onto an

open subset of IR

It И then the coordinate chart
is globally defined otherwise it is locally
definite
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Det 27.2 Let 14 Ч а ве т dim
coordinate charts with 11170 Then
the function

4204 4 IV Ж 4 v.sk
n
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is called the overlap function
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Def 27.3 An atlas od dimension т он M

is a family of т dimensional coordinate
charts ЧП where Iis an index

set such that
a И is covered by Vili i е

М V V
a I

b each overlap function 4.04 i it
is infinitely differentiable from class E

An atlas is said to be complete if it
is maximal i е it is not contained in

any other atlas

For a complete atlas the family 14,42
is called a differential structure on

М of dimension т The topological space
и is called then а differentiable manifold
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Ded 27.4 A point р c СМ has the

coordinates Ilp и р with

respect to the chart 111 The
coordinates of р is often written as

КЧР ĸ р

2 Some examples of differentiable manifolds
a The circle S L x g c К i хиуг 1

шттудр 419



One can define the differentiable structure
on S introducing the following charts

V Сху и х о 4 хд _у
vii И хд e S Хао 4dx.gl у
V c Их g c S у о hlx.gl 7

К ну c S з го 41981 х

Let us show that the overlap functions
are from С Consider the overlap
of V and Ц

41 IXg у
45 х x C ЖЕ

4 о 45 х г ХУЁ set 191

infinitely differentiable on 6,11
b The n sphere S ХЕЙ 1 12 1

The differential structure can be given
by means of stereographic projection



from the north and south poles
ч and Чс respectively
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3 Differentiable maps and tangent space
Det 27.5 А local representative of a function
f и N with respect to coordinate
charts V 4 and V 7 on И and N

respectively is the map

4 of оч 4 V 112
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I I Ну I2
I и

А мир I М N is а E function
it for all coverings of И and N the
local representatives are ч times

continuously differentiable 51 tis С tune
then f is called differentiable
It tis С function then f is called
smooth
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Def 27.6 А curve on a manifold М
is a smooth map т from some interval
C Е E of the real line into М

Two curves т and Гг are tangent
at a point p.in И it



1 9101 510 p
2 in some local coordinate system
Х Х around the point р

ЩЁКИ Ёна'll
1 1 М

Remark that it т and т are tangent
in one coordinate system then they are

tangent in any other coordinate system

A tangent vector at р c М is an

equivalence class of tangent curves imp
The tangent class will be denoted by о

A tangent vector 63 can be used

us a directional derivative on functions
f И К by defining

f dtынTtt 0

where г is any curve from 53

Remark that v does not depend on

the chaise of т from 03



Indeed take any chart 14чs.t.ptV Let а а be two curves

such that
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bed 27.7 The tangent space Три to И
at a point р c И is the set of all

tangent vectors at the point р
The tangent bundle ТМ is defined as

ТМ U ТриРЕМ

Example 27.8 Let И 5 2 хаб 1 12 1

Tps c К р о 3

TS р v c НГ ХК Ipf 1 p.ro
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4 The vector space structure on ТРИ
The set Три can be make a vector

space Let V and и be two tangent
vectors from Тр М Let т Гг be

two representative curves for И я

respectively
Of course т а cannot be added directly

since М is not a vector space But

we can consider the sum

1 Чот.lt 1 Чопа

which is a curve in К
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So we can define

27.1
4 4 Йо чот чот

µ 4 о ч Чот ЧЕ Ж

This definition are independent of



the choice of chart 0 ч and

representatives т and Гг of the tangent
vectors V and Ч

Under the operations defined by
27 1 the set Три is a vector space

А tangent rector also can be defined
as a derivation

f dt СЫН
7

where ст v

Det 27.9 А derivation at a point pen
is а тер V С N К such that

i vltegl vltltu.ly
ч f чм rc R 1 gl ЕЩ

ii vltgl flplvlgl gcpldtlut.ge ММ

The set of all derivation is denoted

by Dp М

Th 27.10 The linear map vi Три DPM
defined by
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is an isomorphism


