
 
25 Spectral representation

of unbounded self adjoint operators
Curves in 112

1 Spectral representation
let И be a complex Hilbert space
we recall that а bounded operator
V Н 74 is called unitary if

V

Th 25.1 Let V Н 7 Н ве и unitary
operator Then there exists а spectral
family E о on E т such that
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where the integral is understood in the
scree of uniform operator convergence
Proof Idle One can show that there
exists я bounded self adjoint linear

operator S with Ms с СПП such
that
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Let f a ве а spectral family for
S оп С ТП Then
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Let Т Ст Н ве а self adjoint
linear operator where Дст is Лени in

Н and Т may be unbounded

We take a new operator

f II т 11

this operator is called the Cayley
transform od Т It is defined
on the whole Hilbert space since
i ПТ C К One сон also check
that it is unitary and
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Th 25.2 Spectral representation for
unbounded self adjoint operators
Let Т ДА Н ве а self adjoint
linear operator and ДСТ is dense in Н

Let Цве the Cayley transform ott
and Еа be а spectral family
in the spectral representation 25.1

for V Then
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Motivation for the form of the representation

we remark that

1 i Itv I V

t.tv
where 110 i

1 10



Let т и

е А Еа
Т

Then
Т

1 Ife DEA
Т

т 10
г е

Ii ЛЕ
т

It eia
Т I со 0 ish Q
i А Еа

т
1 1630 isinQ

I.si ЁЁ DEA tantra

Example 25.3 Spectral representation
of the multiplication operator
Let Н ЕС а to be taken over 6
and
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Then Т is self adjoint and
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is the spectral family associated with Т



Т Differential geometry
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2 Some definitions

we consider a map

х I 1123

where x.lt х а 111 1 ВСН tt I

I a 63 We assume that
Х are ч times continuously
differentiable an

for every 1 C I

X f 141,144,14 10

A set of points represented by ĸ

we will call я curve А curve can

have different representation Indeed
let us consider a transformation

1 1 I 25.2

such that



1 t Я в a 63 На а 464 6

or tea в 1 6 а

2 the function is ч time continuously
differentiable

3 It is different from zero on

Then X НЕ ХА is another

para metrication of the сине x

Examples 25.4
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b ха а cost вsint о
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we recall that
в

6 11 41 11 dt

is the length of the curve

egi.FI

sltl flx.lydrto
lenghtot the part of the curve

Since Х 141 20 the function
S а 13 Я в is strictly increasing
we get that there exists the inverse

map
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The
parametrisationx.IS

xCtls is

called a natural parametriza.to
Remark that the point to for s о is

chosen arbitrary
Notations

й 0 й II for natural
parametiza.to

x 0 х Ё Kray
parameter tatar
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