
 

19 Adjoint operators
г Some examples of orthonormal
bases
а Legendre polynomials
we consider the inner product space
ЕЕ 1,13 We are interested in finding
of an orthonormal basis of
functions that ин easy to handle
For tht we consider linearly
independent set of polynomials
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where xnltl th.tt 4,13
The set и is not orthonormal in

particular
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it Kel even we remark that

spout С 1,13

every function from С 1,13 can be

approximated by a continuous function



on E 1,13 and every continuous function
can be approximated by polynomials
To build an orthonormal set from
И we need to apply the Gram

Schmidt procedure
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One can show that

Емĸ FEI htt



where

ĸаĸ fifths

So functions In и о form а basis
in И E 1,13 that is

Х Ё х ensenV xtlc I.is

b Hermite polynomials
It is clear that polynomials do
not belong to КСК То construct
an orthonormal basis ве take

Xnltl te E.tt R то



Similar's
Каĸspunk то

So и is total One can show
that
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Hermite polynomials
Нене Си ngos is an orthonormal
basis in ШК i е
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c Laguerre polynomials

Similarly as before using the Gram
Schmidt procedure to

1 e 1 то пн

in Кио to we obtain
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Again Си пн is an orthonormal
basis in 1Ч19м So
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2 Adjoint operators
Let Н ве а Hilbert space

This Riesz's representation theorem
Every bounded linear functional f
on И can be represented in terms
of inner product

flxt LX.tl
where Z is uniquely determined
dependent out element of Н and
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Det 19.2 Let И Нг be Hilbert spaces
Let T Н Нг be a bounded
linear operator Then the adjoint
operator Т of T is the operator



T Нг Н

such that for all ХЕИ деĸ
Тх g

x Фу

Th 19.3 The adjoint operator T of
T exists is unique and is а bounded
linear operator with norm
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The existence of operator T follows
from Riesz's representation theorem

Namely for fixed у c Нг the

map
ХР Тту

is и bounded linear functional on Н
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Then define Ту Z



Th 19.4 Let Н Нг be Hilbert spaces
and Т S Нг Нг be bounded linear

operators Lt К Then
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3 Self adjoint unitary and normal

operators
In this section we assume that

И is а Hilbert space

Def 19.5 А bounded linear operator
T Н Н on а Hilbert space И
is said to be



self adjoint or Hermitian it

T T

unitary it Т is bijective and

1 Т I

normal it
ТТ 1 Т

we remark that it Т is self adjoint
or unitary then T is normal
The inverse is not true
Example 19.6 Take 1 2 II where

I is the identity operator i e I хех

Then 1 III Indeed
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Example 19.7 We consider в with the
inner product

x ух Ё УТ
x Зĸ у 21.1

Any bounded linear operator
T с с

can be given by matrix Мт

Namely
у Тĸ

can be expressed as

НА НА
Мт transposition
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Th 19.8 Let Т Н 7 Н ве а bounded linear

operator on а Hilbert space Н Then

a It Т is self adjoint
Тх х is real К ХЕН

b 51 Н is complex К Е and

1 x Х is real К ХЕН then

Т is self adjoint
Proof a It Т is self adjoint then

Тх Х 2Х Тх Тх х

и

b It стх х is real then

Тх Х t.T sx.TT Ых

Hence
о LT x х ст x х

Чт F х х

This implies that Т 7 0

То see that in complex nicht

space С ix х о implies Тго



one needs to consider
СТ 2хсу 2х у 7 t.tk xytY
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Th 19.9 The product of two bounded
self adjoint operators S and Т is

self adjoint itt
ST TS

b Let Tn.rs К self adjoint
operators on Н and Ты Т in ВСН.nl

i e
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Then T is self adjoint

Proof в we meet to show that 77

Consider
ИТЕ Т 11 11 Т ТРИ ИГ ТИ го
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then Ты ты This implies that
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