
 

27 Hilbert spaces
1 Definitions of inner product and
Hilbert spaces

Let Х be a vector space over field К

where К Ког 6

Det 17.1 An inner product on Х is a

map
о Ххх К

which satisfy is the following properties
X у Z C Х К2

Рг xty.ZI cx.zstly.sc
Рг 2477 2

complex conjugate
I Р Сху у

ГРУ Х х 30 and 2921202 х 0

A vector space Х with an inner

product on it is called an inner

product space

Example 17.2 а Euclidean space ĸ

Х g 31 1 Sulu



b Unitary space

x g 3,5 125

с Space в х 1341 yxtk.hn ЁПТ
x у Ё КТ

d Space Й a b L х др К халйно

x g 4 ТТ it

e Space EUR х Ктĸ ранронся
ix у ха утон

2 Properties of inner product spaces

Define 11 11 ПХГ ХЕХ

It is easily to see that 11.11 satisfies
properties N N of a norm

Property ич will follow from the

next lemma Неля the space
Х with norm 11.11 induced by the



inner product is а normed space

Lemma 17.3 Cauchy Schwarz inequality
triangle inequality
a ĸ x у 1 Х

Сх у 7 1134111811

and the equality holds itt хилз are

linearly dependent

b Кху C Х
ИХ 1ул 11134111411

Exercise 17.4 check that а norm on an

inner product space satisfies the

parallelogram inequality

Hxtylitllx yh 2lllxli llyll447 it
Remark 27.5 Exercise 17.4 implies that
С Рады р 12 and Chefs are

not an inner product spaces
Let us exploit this for С Take
X 1,1 0,0 у 1 1,90 C С

Then 11 11 1411 2 t and Их 411 1121711 2



So 17.4 is not satisfied for such халву
for р 12
2 242272 2 1 2 27 2

Lemma 27.6 Let хых and yn у in Х
Then 2 Хи ди cx.gs
Proof

111,27 lx.gs lLXn yn CXn yt

cxn y7 2x

y7lEI4enyn ysI Icxn х у Е

Е И Нун у 11 1112 х И Луи о

1 to тоbounded О
a а

convergent
sequence

DefI7 t A complete in norm generated д
inner product inner product space Х is

said to be a Hilbert space

So а hilbert space is a Banach space

А subspace У of an inner product space Х
is defined to be a vector subspace of Х
taken with the inner product on Х
restricted to УХУ



Tht 8 Let У ве а subspace ota Hilbert
space Н Then

a у is complete itt Y is closed inn
b It У is finite dimensional then У is
complete

E Id His separable so is Y

Proof а is a direct consequence of
Th 13.7 С follows from the fact
that every finite dimensional space is

closed ВДВ

3 Orthogonality
Det 17.9 An element х of an inner

product space Х is said to be orthogonal
to an element у e Х it

Х у 7 0

We also say
that Х and у are orthogonal

and write Х 1 у Similarly for subsets
A В СХ х 1 А it set а на C A

and AIB it а 1 в ĸа C A ĸвЕВ
Х

A



Now we are interesting in a finding
of perpendicular from х to а subspace Y

2 n я

7
у

Let М ве а non empty subset of X Let
us define the distance from х to И

б int
Тм

х БЛ

We are interesting it there exists a unique

у c И such that б их ул

Example 17.10 Х К

М
c

у does not exists
in µ



Х Х
я

I
у y

y
exists unique у exists infinitely ТУР

A subset М of Х is convex id Их уtM
2х 1 1 2 у C М 421913

Th 17.11 Let Х be an inner product space
and М 74 ве а convex subset which is

complete Then for every given х c Х
there exists a unique у c М such that

б infix Гнгих ул
Proof Idea One need to take a sequence у c М

such that бы Их уии б n го and
show that it is а Cauchy sequence inn

Ё
µ

Then 3 у c и s.tn углу Вы



Lemme 17.12 It in Th 27.11 M Y where

У is a complete subspace of Х and ХЕХ is

fixed Then 2 х у is orthogonal toy

Next let Н ве а Hilbert space and

У ве а closed subspace Y Define orthogonal
complement

Yt 2 c Н ZIYI
It is а vector subspace


