
 

11 Metric spaces

1 Definition and examples
Let Х be an abstract set

Detour A metric space is a pair Х d
where Х is а set and d is a metric
or distance function on Х that is

а function defined on Ххх such that

for all х у 2 c Х we have ix у 2 ЕХ

мг d хд C о 19
К2 ладно х у
3 dlx.gl ЛУ symmetry
4 Лиц ЕЛЫ t dtz.gl

triangle inequality

Examples of metric spaces
г Real line К

Х 112 dlx.gl 1 71 x у C 112

2 Euclidean space 112

IR Мху Ёся 4141
х 11.1 у Суĸ Й



3 Sequence space Е

Х L х Уĸ Ё з.ee R х is bounded

dlx.gl ддд
1 ĸ 21

х VII у 2
4 Space С

C х 1 Ё Уĸ C IR Цĸзĸ converges

dirty sup
ĸед
14 21

Remark that с is a subspace of
С because С С and the metric

on С is just the restriction of metric
on Г

5 Space В A

Let В A be the set of М bounded

functions on A

dlx.gl If I ХА да I ХУЕВА



Let us prove that ВА d is
a metric space

I dlx.gl чо trivial
2 dlx.gl 0 sup ХА да 1 0

11 A

7 xctl yttl tc la.GS

3 dlxiyl suplxl.tl да1C A

sup Ight ха Мух
11А

Сич dlx.ly suplxttI ylt lttA

supIxCtI ZCt zct yltlI
ttA

supIxCt 2 A It sup IZA да1 cА TEA

dtx.ZI dlt.gl
6 Function space С а в

Х is the set of all continuous functions
from я в to IR

dlx.gl тах 10411 дал1C1963



С 1963 d is a metric subspace of

blla.by d

7 Space I ры
С is the set of all sequences
Х 4 in IR such that

131 с а

Define dcx.gl Ё 13 g f 141

we want to prove that С d is

a metric space For this we need

the following inequalities
Let х 1412 у Суĸ й

Hilder inequality

E 142116141171Ёнĸи
where р fttg 1

IN particular it р 2 then у 2 and

we get



Cauchy Schwarz inequality
Ё 14211 EE kiIlE.lriI

Minkowski inequality

E.int IelE.lNVlEnI
where р 31 x ly.li y lyiclItl
Let us show that d defined Ц
11.1 is a distance

М1 Си are trivial

4 dlnyt LE.IT 414 а

Ё Нĸ 5 Уĸ уĸр re

СЁ 14 11 12 21 RE
Minkowski in

I Ё 14 9141 1315215
where х II у 211,7 1311



8 Space Ер р 31

d К dlx.gr Ё 14 29

9 Space Lp Едв рэ

Let ве а Lebesgue measure on a 63

we always assume that two
measurable functions x у Са в К

are equal each other if
х у 2 a е

Lp Еа в is space of measurable
functions Х он a в more presice.ly
classes of equivalences such that

pcctlfdtc.to
1
р

dlx.gl ха ди At



го Discrete metric space
Let Х be a set Define

dlx.gl
х 7

1 хtу
X d is called a discrete metric space

2 Open and closed sets

let Х d ве а metric space
Det 11.2 The sets

a Вдхо ХЕХ Их x 12ч

is called an open ball

b B чно ХЕХ dlgx.IE ч

is called a closed ball
with center Хо and radius ч

Def 11.3 A set в is called open in Х
it txt в 7ч such that

грВЧК c 6 чЕЁ



А set Е is called closed in Х

it F Х Е is open

Exercise II 4 a Prove that the union of

any family of open sets is open

b Prove that the intersection of a

finite family of open sets is open

Exercise 11.5 Show that the set

6 1 НЕ Ссал 111111г 1

is open in С 10,13


