



































































































































го Limit theorems I change
of variables

1 Monotone convergence theorem

Let ХР be a measurable space
2 ве и measure on F and

t.tn ве F measurable

we recall that

Ifn f 2 a e 7 997 s.tn 21901 0 and
tub Их х C

111902In 71 КЕ о

21 4 Или 714 c о
та

Th 9.10 Monotone convergence theorem

Let ATF I I пн satisfy
О Е In х Efn.ci n Кпп ХЕА

and In х a с он A

Then
Ед f Lola f to



2 Eaton's lemma

Lemma гол Eaton lemma Let ATF and

functions In ни satisfy
f n х 30 КХ C A

Then flatmate II f Indiи_

Remark го 2 Futon's lemma implies that
it In чо on A In 7 I a a e out

and India С ĸ пэг then

LELIA and µ DX ЕС

То see this just apply Eaton's lemma
for the set A 190 where

90 2 х fnlxlft.tn l
and properties 4,8 of the integral
Proof of Eaton's lemma
Consider



дни 131 вĸ х ХЕА пы

Then Адп n Е дни х их C А и 71

Moreover

Ездит Езд вы

film n

we also have дим Elk V xt A.nl

Thus дни Е Двмп

By the monotone convergence theorem

II f Рĸĸ f Ездила
Eiko

Hence

III to for
f lil



3 The dominated convergence theorem

Th газ Dominated convergence theorem
Let Atf and a sequence In satisfies

1 In f a e on А

2 7 д ELIA 11641 Еды
4 пн Ах C А

Then t.tn ELLA пн and

II Ltda t.to
Proof we ramen k that

ды t.fr Eg6yV xtA 11

Then get чо and g До tin

we can apply to those sequences Eaton's
lemma

4711511 dxi.tt dx

II fy tnldxrf.is 1 он



Hence

fgdxtfmftndxsfgbtf.to
and

fgdi EI.ftndxrfgdx f.to
Hence

faddish ft.be II f
Luke ft

В

Сотовваз 10.4 The claim of Th 10.3

remains true it condition г is

replaced by
1 fait on А i е

Его 21 ХЕА lfnlxl f.ca ltEfron
ra.Exercosero5VsingTh9.8 prove

Corollary го ч



4 Change of variables

We consider two measurable spaces
Х F and Х'T Let х ĸ a

measure on Х and Т ве C F
measurable тыр

FF т

Х t.IT
Х Х

We define a new measure on Х which
is a push forward of the measure Х

II Х A ХИЧА
Х хех Пх c А'S НА c F

we will also use the notation Хот 2

Exercise гов check that 172 is a measure

on T



Example 10.7 Let 11 112 X о 1 а

and I be the Lebesgue measure on КА

Take 1 х 71

i
1

I I
I I
I I

II I I
I

питии I II риниты
г I I 2 Х

1 1,23 1,23 С 2 13

Then Хо 1,23 214,23 и с 2,13
и
A 22111,23 2

It is easy to check that IoT 411 21

Theorem 10.7 change of variables
Let I X 7112 ве F measurable function
Then

Нтн хых fly Хотчу

holds it at least of the integrals
exists



5 Comparison of Lebesgue and Riemann

integrals
Let Х я в F B Еды ВИК heat
and Х be the Lebesgue measure он F

We will denote the Lebesgue integral
over Х as follows

fix find I fly
ар

we denote by Rla 13 the set of
of all Riemann integrable functions
f Еа в 112 он Са 63

Th 10.8 If f c R Еа 63 then 2 4463
and

днях
Р Kit is the Lebesgue

it is the Riemann integral
integral



6 Lebesgue stielts.es integral
Let Х IR Н a 63 асĸе 1010
F R К ве топ decreasing function
we set

Хĸ d то 2 a 63 ЕСЬ жа 46314

Th год 2 is a measure on Н

consequently Хе can be extended to

а measure on ИН We will denote
this extension also ву ХЕ
Next let II be the outer measure

on E generated by 2 Consider
the class S of all Гĸ measurable
sets from 2 By the caratheo.by
theorem

1 Sr is а т algebra
2 is a measure on 5

we denote this measure з Ж

Next ву Th 42 Исин с 1



we can conclude that ВИК 1 сд
Hence Хĸ is defined on ВСК

Det 10.10 The integral folk is

called the Lebesgue Steeles integral
on IR and is denoted by

the ЛЕН folk

If A 4,63 then we write

11ч ЛЕН

Exercise 20.11 a Let F is а wntinuou.ly
differentiable function and F х Ых
ХЕК show that

С TO

ди ЛЕТ дыры dx

b Let Х с Х and mi Muto

Define



41

i
т

I I
I х Хи Хи

Show that a и

у ЛЕ 2 дыĸ тĸ
ĸ 4


