
 

8 Properties of Lebesgue integral
1 Basic properties
Let Х F ве а measurable space and

f у К be an F measurable function
Let also At Г we recall the
definition of the Lebesgue integral
Part I Let f be a F measurable
simple function

f х Ёаĸ Таĸ
Яг Ят are distinct numbers fromКаĸI tax х 11ч _аĸ

t.tn ЁаĸНАЛАĸ
we assume ах 2 АЛАК о as Яĸ 0 ЖАЛАК a

Part I 170
1 ддд f РЫ

КЦ is the set of all F measurable simple
functions р S.t о EPH Ethel ХЕХ



Part Т General case

f tdx ft.ir II он
where

f х тах 161 о

f х min Ых о

We always assume that ATF and
fд Х ĸ are F measurable

1 It 211 1 0 then

Ltda о

2 Let XIA с and Км С ХЕА

Then ft LIA.tl and

Сон СНА

3 Let 01114 Еды ХЕА Ну c НАД
then ft LCA and



tdxsf.gl
The proof follows from Def 7.5 Part I
and the fact that К f Е КЦ So

supfpdyssupfpdxt.toРЕКИ РЕКУ

4 Let A 701 ХА to 1 К bounded on А
Then ft LCA 2 and

intf ЖА а fattiest ЖА
5 Let It LIA с c R Then Cft ИА
and

fit Ах cf.to
6 Let t д c LIA 2 and 114714 хм

Then

µ DX ЕрдонВ



7 Let A В c F BCA and ft НА
Then ft LIB It additionally tis
nonnegative then

to а f told
8 Let A В C F An В d and 111141
The Into t.ddx l.to

НИВА

g 1 c LIA it and only if 111 C НАМ

we trite f L f 111 1 11
Remark that FELLA off

f diets ff dxc.io

Consider the sets

A i ХЕА 11420 c Г

A ХЕА f In 30 C F
Then A ЛА P



и

днях Джх 1111

t.dx f.to Ё

Е f f И f 1 он на

111 ELLA 21
Let 111 c L А Since we have on А

о c d E 111 о L e 111

we have
f µ с f 1 они

by 3

го Let ft LA and 186411114 ЖЕ A
Then д C L А 2 and

I 11 1111 их



1 Let fд c LIA Then f yt LIA.la

g dx ftdxtf.gl
12 т additive't of the integral
Let ft X Х Then the function

MIA f fda А ЕЕ

is т additive In particular it

чо then µ is a measure on F

Def 8.1 We say that f у 2 a e or a е

almost everywhere on A it

ИКЕА 1147 дн О

Example 8.2
The functions ftxl.IQ x xtR and

д х О ХЕК

are equal a с



Remark that the set lxt i.tl 7gM3tF
since

ХЕА вы 9141 1 1 1 1114714703
I g ТЮЗ c F

I
CВИК

and f у is F measurable as the

differenceof two measurable functions

13 Let у L a е on А and TELIA
Then

д ELIA and

tdx f.jo
14 Let ft LIA 170 91 told 0

then 1 0 a e on A

2 Converges of functions
Det 8.3 Let t.tn X 7112 ни К
F measurable functions The sequence
dnt converges to I a a e



от a S with respect to Х if

Э Ф Е F s.t.limfn.la fcnIV xc КФ
n а

Notation In I a a с

Exercise 8.4 Let fu f х a e and

t.us д a a с

Show that f д a e


