
 

6 properties of measurable
functions

Г One condition of measurabiG.ly
Let FI XP be measurable

spaces we recall that f is

7,7 measurable it
1 КА c T f A 1 хех tenth e F

In general property 6.1 is complicate
to check since the chess б can

be too large The next theorem says
that 16.4 is enough to check only
for some subclass of F in the
case F ТСН

Th 6.1 Let ХР IX F be measurable
spaces and

F ТСН И с 21
Атар f X 7 Х is IFF measurable

it and only it

A A c Н f A C F



Proof It follows from the definition
of measura.GG y since

A c Н A c F f A

Set Q LATE f A c 73
Then Н С Q с F ти

Let us show that Q is а т algebra
Indeed

1 9 E Q because

f 01 01 c F

2 A 1 C Q Then f АДП
Consider Ё A'ĸ A So

1

f Н III А ЁМАНА
since F is а G algebra
3 it A В 1 Q then

f b A I 5 1171 c I

ДА t Q
Hence ТСН с Q F Пн Q
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Corollary 6.2 Let f X 112 The following
statements are equivalent
1 f is F measurable
2 V ac.IR f С a a L хех L ЛЕТ
3 ĸанд f a.at 2xtX fexIEa3tF
4 ĸ at IR f а e 1 2 хех 7142 a 1 E

5 Anti f а I ХЕХ Кича SEE
Proof Let us only show that 1 22

other implications 1 are similar

we remark that for
Не а а а C112

we have
ВСК ЫН

Condition of 2 gives that КАЕН

f A c а

Hence Су Th 6.1 t.is F measurable
i e tis F Виĸ measurable

it and only if it satisfies 2

В



Application of corollary Х _ХАКРПЕВИЧ

1 Every monotone function 1 11Ч 7112
is Borel measurable

2 Every continuous function f МК
is Borel measurable

Proof oft Let f increases

It
а i

л

fiтmтmI f f а is always an

interval
f f а CВИД

Proof of 2 We know that f is continuous

it and only if the рейтаде 176
every open set в ink is open

Consequently f Ка а is open
Р
open

Since every open set is Borel measurable
I is а Borel measurable function

В



Corollary 6.3 Let 1 R 7112 ве

continuous then tis Borel measurable

Proof The proof is similar to the previous

proof Let Нг GEIR 6 open

Then ВСК Пн
Let в C Н в is open Then 176
is open in 112 because it is continuous
Hence f 6 E BIN Ву That

f is Borel measurable
В

Exercise 6.4 Let f X 2112 ве F measurable

functions b 1 im We consider
the function

1 11 fm X 7 НГ

show that f is F measurable
that is A A Е ВИК f A 1 F

Hint Take Нг Са br x xEam.bm аĸсвĸ
and use Th 6.1



2 Composition of measurable maps

х иF

got да
That let ХР КРУ Х F be measurable

spaces в X Х ве ТРУ measurable
and д Х Х ве ГР measurable

Then fog is ТП measurable

Proof Take A c F Then the set

A g A Цех ду C A

because д is F ТУ measurable Consider

f A txtX.lt
ХЕХ fix A з

c A

f A c F
ТВ



Corollary 6.6 Let ХР ве а measurable
space te X 7112 ве F measurable Ки т

Let F К R Borel measurable Then

F f fm X IR

is F measurable

Proof
д
F measurable
by Ех 6.4

111 1,14

ЕТО

ВИК
F of Flt fm

F measurable вз Сог 6.6
ВВ

3 Properties of measurable functions
Th 6.7 Let XP be a measurable space
and f К X К ве F measurable functions
Then the following functions c.fr t.tk
f L it from 10 х c Х minlt.LI



тох 11,11
are F measurable

Proof The statement follows from Gr 6.6

Indeed e
д f this F measurable

since f f FLL.tl
where F и.ro utv is Borel measurable
as a continuous function
Th 6.8 Let ХР be a measurable space

and In Х 112 пы be a sequence
of F measurable functions Then the

following functions

1 дыĸ sygtnlxl.se gdnI I Мы

3 Linklater 4 t.IN t.tn n

are П measurable
In particular the function flxli f.tn n

ХЕХ
it the limit exists Ах is also F
measurable
The set



С хех In х converges in IR
C F

Proof г а C К

g I 1 2х g х а

х sup fu х Еа
ни

A 11 х Еа C F
т

2 а C К

дй a to 2х дни Заз
2х if tube газ

A fun за ЕЕ
и 7

3 g
х in 72114

Treasonable by г
F measurable ву c

4 264 2 1 t.in

С Х дз х g х µ дзи 914 03



д 851103 c F
because 203 c ВЖ

Въ


