
 

4 Measures extension

г Extension of a measure from semi ring
to the generated ring
Let Х be я universal set and
НЕ 2 we read that а

nonnegative and т additive function

µ defined on а semi ring И is

called a measure That is

а measure

µ Н 2 К

has to satisfy the following properties
1 КАЕН 411 170
2 Antti ни Annam

MI.tn EMAn
Today we will discuss a possibility
of extension of a measure

from я demining to а т ring
К this section we consider the
extension to я ring



We will assume that И is а sending
we also recall that Theorem 2.11

implies that

Н L Аĸ An Antn.net

Example ч И a в асв 30101

ЧСНК Еаĸ вĸ аĸсвĸ n Uld
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Say the set

2,5 U 7,10 V 9,11

2,5 V 7,11 C ИН

Theorem 4.2 Let µ be a measure on a

semi ring Н The measure µ can be

extended to а measure on чси
and this extension is unique
Moreover if а measure µ is finite
take finite values then the extension

is finite
This extension is given as follows
Let At ч Н i e A Ё 1 Аĸен



we first remark that there exists
Сг Сг Ст t Н s.t.C.ch С 0
and

A Аĸ Сĸ 4.1

Then

µ A ЁМ www.msn
union of

non
intersecting

Let us explain 4.1 setsgt.LI Isemiriy
з

A Аĸ AUCAiADULA.tl
can also be
written as

С GU U Ц

НИМ
2 Outer measure

Def из A function 2 7 хаз
is called an outer measure if
а I 0 1 0 I is nonnegative
Cii V А Ant 2 A с An



A Е Ё I An т semiad.li ivity

Def 4.4 Let µ ве а measure on я ring
R C 2 For any А c 2 set

A

МЧАК дрёма Antin Ён
Theorem 4.5 µ is an outer measure

on R

Proof we only need to show that for

any A An E 2 41 A ЕЁ А
we have

µ A Е Ё 141
It is enough to show this only in the

case µ An сео ns 1

Let Его According to Def 4 ч

К An 7 BIC R.kz s.t



An Е V Вĸпĸ 1

and

Ё МВД MIAN 12

Йа МАНЕ
Ниĸ
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Ву Def 4.4

МАТЁЁ мы.IE nItEf
2Ir4An tE

Making Е 701 we have

111 1 e ЁЁН
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Det 4.6 The function µ from Det 4.4
is called the outer measure generated
by the measure µ



3 I measurable sets caratheo.org
theorem

Det 4.7 Let I be an outer measure on 2
А set A is called I measurable if

Remark 4.8 Ву the definition of outer

measure the inequality
I B a ПСВЛА 1 TIBIA

is always true since

ВЕСЛА U ЫА

Theorem 4.9 Cara theodore Let К be
an outer measure on 2 and S ве
а class of all E measurable sets
Then the class S is а т algebra



and Г is a measure он S
that is I is т additive on S

Det 4.10 А measure µ on а 5 algebra
Н is called complete it

К At Н s.t.M.LA о

we here that any subset с c А
also belongs to Н
In this case рис 0 by monotonic

Proposition 4.11 Under the assumptions of
Theorem 4.9 the measure К is complete
on S

Proof Let Ats and ICA 7 О С a A
we need to show that с c S
we need to check 4.2 for с

Let В C 2 Ву the monotonically of
I it directly follows from the definition of

I B 3111910 г I Влас

I ВЛ A t IMAI ПСВ
0

since о I ВЛА ЕЙ A 0



Similarly о I Впс e ILA о

So I b I Bnd Мтс 11124
0

ч µ measurable of sets from the
ring

ТВ

Let R ве я ring and µ ве а measure

on R Let also µ ве the outer

measure generated by µ Let
S ве а class of all µ measurable
subsets of Х we also denote

Г A MCA AES

By the carat heaton theorem sis а

5 algebra and рт is a measure on S

Theorem 4.12 R E S and the measure

рт is the extension of µ to 5 that
is f A µ а At R

Proof I We first show that НА e R

FLAK µ A

Since А с AU ди ди ДАК
µ A c ЁМ Аĸ МА



Now let А ЕЁ An AntR.nl

Then
A Ё In
ER ER

By the monotone city of µ and the
т

semiadditirityml.lt
ЁMAHAN ЕЁ.MN

Hence MIA ENYA

Consequently MIA µ A

I We show that RES Let AER
and Его we consider

any
set

В СХ µ B с о and show that

µ B 71 ВПА µ БА

According to Det 4 ч

Э Ant R ни s.t.BE An

µ B Е 2ЁМА
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Ё MUNNA µ АЛА Ё
3 µ ВЛА µ та

since BAA ЕЁ 11 1 ВАЙДА
This and Remark 4.8 implies that

MLB µ Дпа NIMA
В

ч Lebesgue measure

Let 1 R И 14,63 асв 0101
Н is я semi ring Define

21011 0 214,63 в a асв

Then by Corollary 3.23 Х is a measure

on Н Next by Th 4.2 there
exists an extension of to the

ring ЧМ generated by Н

Next let S be the class of АИ
Т measurable subsets of Х R



The caratheodorytheor.cm implies that
S is а т algebra and К is

я measure on S Moreover
Th 4.12 implies that

И счСН с S

Since ВСК is the smallest т algebra
which contains all sets from И

we have ВСК С S

Hence
Исин С ВСК С S

we also remark that I is the
extension of Х from ЧМ to S

by Th 4.13

Def 4.13 Sets from S are called

Lebesgue measurable sets

The measure I tetined.us
is called the Lebesgue measure on IR

Remark 4.14 The extension of to

ВСК is unique



Remark 4.15 we can define the Lebesgue
measure он 112 taking
НЕ 9,63 xlan.LI аĸсвĸ ky.in 1013

and
2101 0 c сад х xlan.GS

G а в ап

Example 4.16 a Let х c 112 Then

х х I ХЗ

Ву Th 3.10

ХЕХ Еда Хх I хз

Им 2 0
и 2

b Х а III газ

Ё Маз E 0 0

where а 14 Ч ч is the
set of rational numbers


