
 

3 Measures properties
Г Definition of a measure and basic

properties
Let Х be a fundamental set and
Н С 2 is a class of sets
the main object of the measure theory
are functions

µ и то
which satisfies a spatial requirements
length area volume are real examples
Й such functions They lead to а

class of functions which satisfy
spatial properties For example the
area is поп negative the area of
two поп intersecting sets equals
sum of areas of those sets
We will transfer this spatial
properties on an abstract situation

We will assume that µ
can take the value Moreover

we assume that
a 1 to e



На c 112 а 2 e а а

we start from the following definition

Def 3.1 А function µ Н L 1 3

is called
Li nonnegative it МА 30 НА c Н

Lii countably additive or т additive it
К An C Н 11 Аĸп An KIN

MEAN ЁМ 1

Def 3.2 А measure is я пондедание
and т additive function on a seminary

Remark 3.3 It µ is a measure on Н

then µ 101 0 Indeed take Аж with
м A а

A A A E A A и ЕИ

check that ДЕН it и is a serving
The

µ A µ II A МАК
ЁМА МА

4111 0



Remark 3.4 A measure is also an

additive function i е

Аĸ C Н ĸ 1 in Аĸ ЛА D ĸ

МЁ Аĸ Ё раĸ
This follows from Remark 3.3 because
we can take Ane Аж Then

МЁРК МЁН E Аĸ

Ё µ Аĸ µ Аду
1 ЁМА

Example 3.5 Let Х I _11,2 3

И 2Х

We set µ A
number of elements АА

it А finite
о it А infinite

e д µ 11 7,8 103 4

µ I even numbers to

It is easy to see that µ is a measure



Exercise 3.6 Let ХЕ х Хг Хи
Не µ Take numbers put О ns 1
such that Ё Рп 1 and set

µ A 2 М А c Н
n ХАА

e д µ 11 X о X оо 3 ftp.o proo

Prove that µ is a measure on Н

Theorem 3.7 Let R be a ring and µ веса
measure on R Then
г µ is monotone on R that is

A В ER such that АСВ

41 A E µ СВ

2 V A В 1 Rst АСВ ЩА на

Щ МВ 1 119 ЛА
A

3 A В t RS.t.pl Al2aorM B и

МВ µ A b 711 14191 111 1



4 В Bn.AE R s.t.AE Вĸ

МА а Ёрюĸ
5 µ is т semi additive that is

A 1 ER sit An C R

МЁН а Ёма
note that here we do not assume that

Auntie n К

Proof г Let A В C К s.hr АСВ

Then
В AOL.BA РАЙАand

An В 1 01

Ву Remark 3.4

3.1 µ B µ A µ в'А эра
70

2 74 µ A c Then 13.1 implies
µ В1 4191 MIA



3 51 µ A со or Mlb c then

µ А Able by г

we can write

AU В f IMD U B

ТВ 1 В

Then

Ёй a мы
1 A µ А1 116

4 Remark that

Ё Вĸ В U ВОЗ U ХВИВ V

НИ ten µ А ЕМЁВ Ё

ЁМАЁ Ё



ЕЁ µ Вĸ

5 MEAN µ Ё anyg.in
ditty

ЁМАЁ Аĸ I

ЁМА
В

Exercise 3.8 Let µ ве а measure on а

т ring Н Let An C И and µ An 0,41
Show that

НЁ 21 0

3 Continuity of a measure

Theorem 3.9 Continuity from below Let К be
a ring and µ be a measure on R

Then for any increasing sequence AntR.us
An E Ann Кпп such that I A c R

one has

MI.tn Em.MAn



Proof LI.tt 3 по sit µ An to

then V ну по М1 An MIAN to

Th 3.7 1
and µ СЁ An 3 µ An о

Hence µ An 4.2Мин to

Case I Vn гг µ An с e Then

µ An µ A ULAIAIUIA.it u U

Аĸин U

Ёми

711 4.2 ЁМА Ан

МНЕ ДНЮ
µ µ f МАЛИНА

4.2 µ An

ДВ



Theorem 3.10 Let R ве а ring and µ be

a measure on R Then for any decreasing
sequence An E R ns.t AnZAn ns

such that I An 1 R and МА c

MI 1 slim MANи 7

Remark 3.11 The condition МА с is

important in Th 3.10 Indeed consider

the measure from Example 3.5

Let An n.net I 71

Obviously An 3 Anti и 71 and

I An 01
ю

So µ I An о but Едут ю

Proof of Theorem 3.10

Th 3.9

MAIYI.at M Id2An
МАч

a



1 674

him Arian L'm µ А1 111
И

н го

Непи

MIN MI.tn MAYIAn
Ед µ А1 µ An

Да

3 Examples of measures

Theorem 3.12 Let R ве а ring of all Jordan
measurable sets on 112 and µ be the
Jordan measure on R Then the function
µ is Г additive on R i e it is

a measure according to Def 3.2

See proof of Theorem from CDorogovts.eu

Corollary 3.13 Let 11 42 and

И а 63 слева 3010

Н is и seminary Then the function

а 63 в а 2161 0

is a measure on Х



Theorem 3.14 Let KIR and
4 2 а 63 с асвета и LOI

Let also F К 7 К ве а non negative
right continuous function on IR Define

Хĸ а в F 61 Fla асв

7 01 0

Then the function is a measure on

a semi ring
Н


