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1. [1 points] If T 6= 0 is a bounded linear operator, show that for any x ∈ D(T ) such that ‖x‖ < 1
we have the strict inequality ‖Tx‖ < ‖T‖.

2. [3 points] Let T : D(T )→ Y be a linear operator. Show that

‖T‖ := sup
x∈D(T ), x 6=0

‖Tx‖
‖x‖

= sup
x∈D(T ), ‖x‖=1

‖Tx‖.

3. [3 points] Show that the operator T : l∞ → l∞ defined by Tx = (ηk)k≥1, ηk = ξk
k , k ≥ 1,

x = (ξk)k≥1, is linear and bounded. Compute its norm.

4. [3 points] Compute the norm of the linear operator T : C[0, 1]→ C[0, 1]

(Tx)(t) =

∫ t

0
sx(s)ds, t ∈ [0, 1].

5. [4 points] Using the definition, compute the norm of the following functional f on c0:

f(x) =

∞∑
k=1

ξk
3k
, x = (ξk)k≥1 ∈ c0.

6. [3+3 points] Compute norms of the following functionals:

a) f(x) =
∫ 1
0 t

3x(t)dt on L4[0, 1]; b) f(x) =
∑∞

k=1
ξk√
k!

on l2.

7. [4 bonus points] Find the norm of the functional defined on C[−1, 1] by

f(x) =

∫ 0

−1
x(t)dt− 2

∫ 1

0
x(t)dt.

8. [5 bonus points] Show that a linear functional is continuous on a normed space if and only if
its kernel is closed.
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