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Let (X, F) denote a measurable space.

1. [3 points] Let X, X’ be sets, and F’ be a o-algebra on X’. Let also f : X — X’ be a function.

Show that the class of sets
FUF) ={rA): AeF}

is a o-algebra on X.

. [2 points] Prove that every Borel measurable function f : R — R is also Lebesgue measurable.!

. [4 points] Let fr, : X — R, k = 1,...,m, be F-measurable functions. Consider f(z) :=
(fi(x),..., fm(z)), x € X. Show that the function f : X — R™ is also F-measurable, that is,
f~YA") € F for every A’ € B(R™).

. [3 points] Let f,g: X — R be F-measurable. Show that {x € X : f(x) > g(z)} and {x € X :
f(z) = g(x)} belong to F.

. [3 points] Let for a function f : R — R there exists the derivative f’ on R. Prove that f’ is a
Borel function.

. [3 points] Let fi, fo : X — R be non-negative simple functions such that fi(z) < fa(z), z € X.
Using the definition of the Lebesgue integral show that

/A frx < /A fadA,

. [2 bonus points] Let functions f,g: N — R satisfy

fHBR)) € g (B(R)).

Show that there exists a Borel function F': R — R such that f(z) = F(g(z)), v € N.

forall A e F.

. [24+2 points] Let X =N, F = 2% and A\(0) := 0, A(4) :=3",,c4 =, A € 2. Show that

a) f € L(N,)\) if and only if ) ° Ol 4 oo,

n

b) [ fdr =32 1 for fe LN N).

'A function f : R — R is Lebesgue measurable if it is S-measurable, where S is the o-algebra of all Lebesgue
measurable subsets of R.
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