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1. [2 points] If x ⊥ y in an inner product space X, show that

‖x+ y‖2 = ‖x‖2 + ‖y‖2.

2. [3 points] Show that for a sequence {xn}n≥1 in an inner product space the conditions ‖xn‖ →
‖x‖ and 〈xn, x〉 → 〈x, x〉 imply the convergence xn → x.

3. [4 bonus points] Let H be a Hilbert space, M ⊂ H be a convex subset, and {xn}n≥1 be a
sequence in M such that ‖xn‖ → d, where d = inf

x∈M
‖x‖. Show that {xn}n≥1 converges in H.

Hint: Use the parallelogram equality

4. [4 points] Let {e1, . . . , en} be an orthonormal set in an inner product space X, where n is fixed.
Let x ∈ X be any fixed element and y = β1e1 + · · ·+βnen. Then ‖x− y‖ depends on β1, . . . , βn.
Show by direct calculation that ‖x− y‖ is minumum if and only if βk = 〈x, ek〉, k = 1, . . . , n.

5. [4 points] Let x1(t) = t2, x2(t) = t, x3(t) = 1. Orthonormalize x1, x2, x3 in this order in the
space L2[−1, 1].

6. [5 points] Let M be a total set in an inner product space X. If 〈v, x〉 = 〈w, x〉 for all x ∈ M ,
show that v = w.

7. [5 points] Let {ek, k ≥ 1} be an orthonormal sequence in a Hilbert space H. Show that if

x =

∞∑
k=1

αkek, y =

∞∑
k=1

βkek,

then

〈x, y〉 =

∞∑
k=1

αkβ̄k

and the series converges absolutely.

8. [4 bonus points] Let {ek, k ≥ 1} be an orthonormal sequence in a Hilbert space H, and let
M = span {ek, k ≥ 1}. Show that for any x ∈ H we have that x ∈ M̄ if and only if x can be
represented as

x =

∞∑
k=1

〈x, ek〉ek.
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