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HA1 [3 points] Let ϕ∗ be the Fenchel-Legendre transform of the comulant generating function of a
random variable ξ. Let also β = ess sup ξ <∞. Show that ϕ∗(x) = +∞ for all x > β.

Hint: Show that limλ→+∞(λx− ϕ(λ)) = +∞.

1. Let ξ1, ξ2, . . . be independent identically distributed random variables. Consider a non-negative
Borel measurable function f : R → [0,∞) such that E f(ξ1) ∈ (0,∞). Define the family of
independent random variables η1, η2, . . . with distribution

P {ηi ∈ B} =
1

C
E
[
f(ξi)I{ξi∈B}

]
, B ∈ B(R),

where C = E f(ξi) is the normalizing constant.

HA2 [4 points] Find the distribution of η1, if ξ1 has the exponential distribution with parameter
λ > 0, and f(x) = e−αx, x ∈ R, where α > −λ is a positive constants.

(a) Show that for every n ∈ N and Bi ∈ B(R)

P {η1 ∈ B1, . . . , ηn ∈ Bn} =
1

Cn
E
[
f(ξ1) . . . f(ξn)I{ξ1∈B1,...,ξn∈Bn}

]
.

2. Let E = R and ξ ∼ N(0, 1). Show that the family (εξ)ε>0 satisfies the LDP with rate function

I(x) =

{
+∞ if x 6= 0,

0 if x = 0.

Compare this result with the LDP for (
√
εξ)ε>0.

3. Let (ξε)ε>0 satisfies the LDP in E with rate function I. Show that

a) if A is such that inf
x∈A◦

I(x) = inf
x∈Ā

I(x), then

lim
ε→0

ε lnP {ξε ∈ A} = − inf
x∈A

I(x);

b) inf
x∈E

I(x) = 0.

4. Let an, bn, n ≥ 1, be positive real numbers. Show that

lim
n→∞

1

n
ln(an + bn) = lim

n→∞

1

n
ln an ∨ lim

n→∞

1

n
ln bn,

where a ∨ b denotes the maximum of the set {a, b}.

HA3 [3 bonus points] Let η1, η2 ∼ N(0, 1). Let also for every ε > 0 a random variable ξε have the
distribution defined as follows

P {ξε ∈ A} =
1

2
P
{
−1 +

√
εη1 ∈ A

}
+

1

2
P
{

1 +
√
εη2 ∈ A

}
for all Borel sets A. Show that the family (ξε)ε>0 satisfies the LDP with rate function I(x) =
1
2 min

{
(x− 1)2, (x+ 1)2

}
, x ∈ R.
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