
 

25 Heat equation
г Fourier transform on 112

betroth Fourier transform of a continuous

absolutely integrable function f К
is defined by
Ёй ТНК КБ Клон

А

where Т х ах 1 то XD

Th 25.1 Let a function f and I be absolutely

integrable Then
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Remark 25.1 From Theorem 25.1 it follows that
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Next не assume that function f is

differentiable then
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Hence
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A similar computations gives
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where Dd ЁБ 121 21 Ка
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and К хд х

For two functions 4 ч we define the
convolution

Ту 1 211 718417
Exercise 25.1 show that

Fcf дз КРЕИЗЕР



and
T rtgs f.FI cg3

2 Heat equation on К

In this section we are going to solve
the following equation

Ut a Ихх flt.sc t о хна

Шо х ых ĸеĸ 1254
in order to find a solution to 5.2 we first
do formal computations We take the
Fourier transfer of the left and right
hand of the equation We obtain
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Ву 451 we obtain
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Denote
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Then we have obtained the equation for б
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Here Г c К is a parameter не note
that we have obtain a linear ordinary
differential equation
Next we take the Fourier transform

of the left and right part of the initial
condition

Шо х 414
we obtain
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Solving 1254 we have

25.5 t.sk Ёжиĸ Ё Ipp
Since It т Flett we can

take the inverse Fourier transform
of the left and right hand sides of 25.5
Thus
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Exercise 25.2 Show that
1 TEEts f.eirx t.io
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Нет we have obtained the formula
а

ult.sc fGlt x yI4lyldyt
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solution to the equation 25.2

3 Heat equation on an interval 0,13
In this section we consider the following

egnatia



Http ой Их.cl x tflt x t7O xtCo 4
410 х 46 ХЕ 10,1

we also need the boundary conditions

и t.io Htt Dirichlet
и t.ll V.lt boundary

conditions
or

И.tt о Milt Neumann
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в

There could be mixed boundary conditions
like и 1 10 411 1,4 11,1 7 lt

we demonstrate the method of solving
on concrete example
Ех 25.1 We consider the equation
25.5 Ut ой Ихх cos ЗЁХ 1 20 хидС
25.6 И.lt 01 0
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initial condition



1 we first find a solution to 25.5 in

the form
и 1471г ХИТА 1 5 with

1 0
We obtain
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Ei crisis
right handside
depends on Х SO

both of them must
be a constant

Hence we obtain the equation for Х

Х х 12 14 0 25.8

Next plug in И into 25.6

they must be zero

boundary conditions
So
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Непи о D Х C О 125.9
boundary conditions for 25 8



2 Find nonzero solutions to 25.8 g

The problem 125.8 9 is called
Sturm Liouville problem
25.8 is a linear second order equation
То find its solution we need to find
roots of the characteristic polynomial

µ 12 0
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From 25.9
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This sister has only solution С 12 0

b 2 0 µ O
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Similarly from 25.9 4 6 0
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I Х х c С cos Бх Сч sin БХ

From 25.9

Х х Сгб sin Тх Сгб сойх
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Next Х С С cos Пх о
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we obtained nonzero solutions to G 8
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