
 

20 Taylor series
Further properties of

holomorphic functions
г Different ability of Taylor series

we recall from the previous lecture that
any holomorphic function can be expanded
into а Taylor series

Theorem 19.1 Let t be holomorphic in V
and t.tv Then the function 1 пиĸу
be represented as я sum
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where
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a 1.41
К Z 12 701 23

Remark 20.1 Let 8 be any simple positivelyoriented path around the point to

Then
c Kristina



The statement of Remark 20.1 immediately
follows from the

Cauchy theorem
see Prop 18.3

we next discuss the radius of convergence
of the power series We will assume

further that а изо are any
complex numbers

Theorem 20.1 The Cauchy Hadamard formula
Let the coefficients of the power series

E Cult а 20.1

satisfy
qq.FI К

with о ERE is Then the series 20.1

converges at all t such that
17 a I a R

and diverges at all Z such that
Z а R

Proof Let Z a c R We want to show
that а

2 ten 2 a I
и D

converges



This will imply the convergence of

Ё 44 а

check this as an exercise

we remark that by the root test
see Math 1 Th 20.2 the series

Ёна a 4 2114112 at

converges if

Ей и

But

ЁПТ ЁТТТА at
LIZ а IR ĸ

Next let IZ а 1 R This implies
that

45 Tent 21

Consequently there exists а subsequence
such that

Ту It at 21 ĸ b 7,1



So lcn.cl t aI 21 14.11 2 01170
Hence Ст Z а 10 This implies
that the series

Ё Cult a

diverges В
Theorem 20.1 implies that the set

Вы L 2 It a с R

is the domain of converges of 20.1

Theorem 20.2 The sum of a power series

117 Ё.cn It а

is holomorphic in its domain of convergence
Moreover

Даĸ Ё пан а

2 Properties of holomorphic functions
Theorem 20.3 Let f be a holomorphic
function in an open subset VEG



Then f is also holomorphic in V

Proof hett.tv The function f can be

represented as a sum of

iii iii
Вĸ ву Theorem 19.2 the series

is holomorphic Consequently
f is holomorphic in Вĸ
This implies the statement

13
Theorem 20.4 Any holomorphic function
in V has derivatives of all orders

in V which are also holomorphic in V

Proof The theorem is a direct consequence
of Theorem 20.3

Theorem 20.5 Let a function I have a

representation
t.CZ 2cnLZ z 120.2

in a dish Вĸ 117 20124 Then
the coefficients а are determined

uniquely as
с t то



Proof Inserting Zito into 20.2 we

have
да Со

Differently 20.2 term wise we obtain

f Z 41 24 Z to 1

So f to С

we remark that we
may differentiate

20.2 ter mwiseacw.ro ingtoTheorem2o
Similarly

f Z n Си I Z to

So f 7 н Си

Cauchy integral formula for derivatives
of holomorphic function f in V

Malini ftp nu

where is a simple positive oriented path
in V around 2



This formula follows from Theorem 19.1
and Theorem 20.5

Example 20.1
Ё 112 1 II 1 2 C в

Cos Z з 22 2 4

I Т 2 c

sin 2 Z 31 ЕЁ 2 c

Iz 11 21 22 1 12 1 с 1

3 Zeros of holomorphic functions
Det 20.1 А Zero of a function f is

a point а c в where f vanishes
that is 1104 0

We are going to show that а holomorphic

function has only Zeros which are

isolated

Theorem 20.6 Let a point at be a

zero of a function f that is holomorphic
at this point Let also t.is not equal
identically to zero in neighborhood



ota Then there exists не

so that
felt Z a 4171

where Я is holomorphic at а and
417 70 К Z from a neighborhood
of а

Proof f can be represented by a power
series in a neighborhood of а

112 7 cult а

Since flat го Со о

Let и c I be such that Си 10
and Со С и D

Then
112 1 4 Z a tcn.lt a I

Сп 70

Hence

1121 L a не enact a г

914
Note 4 is holomorphic at а ву



Theorem 20.2 Moreover 4 a Си 10
and leis continuous at a Неля
112 170 VZ from a neighborhood Да

ТВ


