
 

13 Stokes theorem
г Stokes theorem

Let S ве а piecewise smooth

surface in IR
I Р oriented by a unit

normal n and

у ве the boundaryй

1 of S positively
oriented with

respect to the

normal n it the thumb of the right hand
points in the direction of и then the
other fingers in the direction 8

Let F ве а continuously differentiable
vector field on 5 We recall

нейро

Theorem 13.1 Stokes Under the assumption
above
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Remark 13.1 а Lets be parameterized by
rlu.ir сил C Б and let Г be the

positively oriented boundary of В e II Then

н
р

Ч Г and is

positively oriented
with respect to

й

1 the normal
й т

и It Ё Р a R then
Stokes theorem can

всадиintently
stated
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Proof of Th 13.1 As in the proof of Gauss
О trogradskiitheorem.it is suffices to

prove the theorem for the fields Р 0,0
О 01,0 10,0 R We will prove it

for the case F Р 0,0
we will prove Stokes theorem in the

form of 13.1 Let 5 ве parameterized
by rlu.ir сил 1 Б and let Г be
the positively oriented boundary of ДЕК
parameterized ву нарын о E TET

ЁЁ Then ИГ is

гну the boundary of
у

S parameterizeda

кинули ву Икарии 01 ч
и and positively

oriented with respect
знаки to

ii ГЕЙ
2



So we compute

E в Pdx

I Р чмыри oxluttt.lt
at

IPIrlultl.ua fault 1 41 1 It

Green's theorem

РК du Рода
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Удд dtdx fgdx.ly
curl Ё.is

В

Example 131 Let 8 в the curve of
intersection of para blood



Хг у't 2 3

and the plain
Хх у 17 2

oriented positively with respect to the vector
1 1,1
Let 5 ве the surface in the plane spanned

by У oriented by the unit normal

й E hit
Note that 8 is positively oriented
with respect to Й

we aim to compute

µ E dx IIE xrtdy lxl jl.lt
We are going to use the Stokes theorem
we compute for Р уг Е Q E х R хчуг
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By Stokes theorem 8 is positively oriented
with respect to й

I Cure Ё й IS lx y IZI.IS

Since S is a subset of the plain
хд 17 2

I 73 Yds
The surface S can be parameterized as

2 2 х у x g C Б

Ву Example 10.3 в

ГЕТ ЖЕ СБГ В

Therefore
I 8 Area D

The boundary of В is the projection
of 8 он хд coordinate plane То find
its equation we eliminate the dependence
on z from the system of equations
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хд 17 2



to get х E Су E 1 E
which is a circle of radius Г
Thus Area IDK IT and

I КП

2 Physical meaning of the curl

Suppose that the entire space regarded as a

rigid body is rotating with constant

angular speed ю about a fixed axis

say
the 2 axis

2 Let us find the curl
F

й of the field Ё ofк L
linear velocities of

ЕЁ the points of spaceК L

I In calendrical
vi coordinates 51,7

у we have the simple
expression
Ё r.ee E югеi х

и 4

А simple computations
И shows that

curl Ё 20 Ez



where ez 0,91
That is curl Ё is a vector directed

along the axis of rotation Its magnitude
но equals the angularvelocity of the
mutation up to the coefficient 2 and
the direction of the rector determines the
direction of rotation

Locally the curl of я vector field
at a point characterizes the degree of

vorticity of the field in а neighborhood of
the point Indeed let й be a unit
vector and 8 be a circle of radius с

centered at р c К lying in the plain
perpendicular to й and positively oriented
with respect to Й

µ.ci
Then the projection of cure E

я on Й can ве ситри fed using
F с Stokes theorem

з1
a curl ftp.T.EIII.isк

where II ds is the circulation of Ё along
Г



The value of curl ЁН й is maximal
in the direction of Й coin siding with direction

of curl Ё
3 Solenoid vector fields
Def 13.1 А vector field Ё in К is solenoidal
or divergence free in ЕЙ it div ЕЮ in V

Examples 13.2 а Coulomb's force

Ё ftp.I e БДТ
b Velocity field of incompressible fluid
С magnetic field

The following characterization of solenoid fields
follows from Gauss Ostrogradskiithe.eu
Вор 13.1 Let V вся simply connected domain
in К and Ё ве а smooth vector field on Г
Then Ё is sohu.ioalinViffforaugsolidTcVwith smooth boundary 5 the flux
of Ё through Г is zero


