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21 Lecture 21 — Complex Numbers

21.1 Definition and Basic Properties

We recall that the equation az? + bz 4+ ¢ = 0, a,b,c € R, a # 0, has solutions if and only if D :=

b? — 4ac > 0 which can be computed by the formula 219 = %. Thus, e.g. the equation
22 —2:42=0 (41)
has no solutions, since D =4 —4-1-2 = —4 < 0. However, we can formally take z; := % and

29 1= %Qﬂ. If \/—4 was a number such that (\/—74)2 = —4, then a simple computation would show
that z; and 2 are solutions to (41). We are going to give this idea the rigorous meaning, namely,
we extend the set of real numbers and later show that any polynomial equation has solutions in that
class of numbers.

We consider a new symbol i and postulate that i = v/—1, that is, i> = —1.

Definition 21.1. A number z = z + yi, where z,y € R and i2 = —1, is called a complex number.
The number z is called the real part of z and is denoted by x = Re z. The number y is called the
imaginary part of z and is denoted by y = Im z.

The set of all complex numbers is denoted by C, i.e C={z =z +yi: z,y € R}.

Remark 21.1. If Im 2z = 0, that is, z = x + 0i¢, then we will identify z with the real number z and
write z € R.

Next, we introduce operations on complex numbers.
Addition and subtraction of complex numbers: For z; = x1 + y11, 20 = x2 + yoi from C we
define
21 £ 20 = (21 £ 22) + (Y1 £ y2)i. (42)

Example 21.1. a) (1—2i)+(244i) = (142)+(—2+4)i = 34+2i; b) i+(2—2i) = (0+2)+(1—2)i = 2—i.
Exercise 21.1. Prove that 21 + 2o = 20 + 21 and (21 + 22) + 23 = 21 + (22 + 23) for all 21, 29, 23 € C.

Multiplication and division of complex numbers: For z1 = x1 + y11, 20 = x2 + y2i from C
we define

21 - 20 = (z122 — Y1y2) + (Y122 + T1Y2)1, (43)

zZ1  Tix2t+Y1Y2  Y1T2 — X1Y2 .
21/20 = — = + i, 29 #0. 44
= T AR o (44)

Remark 21.2. The multiplication rule is motivated by the multiplication rule of polynomials and the
equality 2 = —1. Indeed, multiplying z; = 1 + y17 and 2o = 2 + y2i as two polynomials, we have

21 - 29 = (21 +y1t) - (w2 + yat) = x122 + T1Y2i + Y1227 + ylyz’i2 = (122 — 11Y2) + (Y122 + T1Y2)1.

Remark 21.3. The division of two complex numbers is motivated by the following observation:
(w2 + y2i)(z2 — y2i) = 23 + y5. Thus, for 25 # 0

2wty (@A) (w2 —yei) (2122 +y12) + (122 — T1y2)i

zo  maty2i (T2 +y2t) - (22— yoi) x5+ 3
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Example 21.2. a) (2—i)(1+3i) =2+6i —i —3i> =2+5i — 3. (—1) = 5 + 5;
b) =i = U-i)(1420) _ 14242 _ 34i 3 4 1. ) 1= L(=) _ _ .
1—2i — (1—2i)(1+2) 12422 — 5 5 "5 O i =3 =¥
Exercise 21.2. Express the following complex numbers in the form z + yi for z,y € R:
a) (~2+3)(1+1i); b) (V2-1)% ©) o5 d) gl

Exercise 21.3. Show that for 2z =z +yi € C, k=1,2,3,
a) z1-22=29-21; b) (21-22)-23 =21 (22-23); ¢) 21 (224 23) = 21 - 20 + 21 - 23;
d) z1- 20 € Rif 21,290 € R.

21.2 Complex Conjugate and Absolute Value of Complex Numbers

Definition 21.2. The number zZ := x — yi is sad to be the conjugate of a complex number
z=x+yieC.

Theorem 21.1. Let z1, 22,z € C. Then the following equalities hold:
a) 21+ 22 =7 + 7
b) =7 T
c) z+zZ=2Rez and z —zZ =2iIm z;
d) z-Z=Re?z+1Im?z = |z|? (for the definition of |z| see Definition 21.3 below);

1_ z _ 7 )
6) z ~ ReZz+Im2z |22’ z 7&0’

1) (2) ==/ 2 #0;

Proof. Equalities a), b), ¢), d), f) and g) immediately follow from the definition of complex conjugate
and (42), (43), (44). Equality e) follows from d). Indeed, multiplying the nominator and denominator
of % by Z and using d), we have

1 z z i

z 2Z Relz+Im?z |22

Exercise 21.4. Prove equalities a)-d), f) and g).

Definition 21.3. The number |z| = \/22 +y2 = \/Re? z + Im? 2 is called the absolute value of a

complex number z = x + yi € C.

Theorem 21.2. Let z1, 22,z € C. Then the absolute value satisfies the following properties:
a) |z =Vz-%;
b) |z| > 0 unless z =0;

c) 2| = [2l;
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d) |21 - zo] = |21] - |22l;
e) — |z 29 # 0;

=i,
f) [Rez| < z], [Imz] < zf;

Z1
22

9) |21+ 22| < 21| + |22]-

Proof. Properties a), b), ¢) and f) easily follow from Definition 21.3. To show d), we compute for
z1 =x1 + y1t and 2o = X9 + Yot

(43)
|21 - 222 = Re?(21 - 22) + Im? (21 - 22) = (2122 — Y1y2)” + (Y122 + 2192)?
= xiwy — 2w1ay1ye + YTy + Yiws + 20132012 + 2105
= 2iw5 + yivs + yias + aiys = (a1 + i) (@3 + 43) = |2 - 22

Thus, d) holds. Next, we prove e). So, for zs # 0 we have

Z1| Thm 21.1e) |21 - 22| d) |2’1| : |72| c) ‘Zl‘
29 |z2]? | z2|2 ‘22"
Now, we check triangle inequality g):
———————— Thm 21.1
2P it zm) Gtz 2 Y ) F 4B = Bt a Tt At

a) & Thm 21.1 g) 9 Thm 21.1 b), g)

|21|? + 21 - T + 22 - 21 + | o] 21> + 21 - T+ 72 - 21 + | 2]?

Thm 21.1 f)
m211c) 1212 4 2Re(21 - 3) + |22)* < |21]? + 2|21 - 72| + |22)?

) d)
=T P 4 20z - |zo] + |22 = (2] + |22))%

Exercise 21.5. Let z,w € C. Prove the parallelogram law |z — w|? + |z + w|? = 2(|z|* + |w|?).
Exercise 21.6. Let z,w € C with Zw # 1 such that either |z| =1 or |w| = 1. Prove that

zZ—w
=1.

1—7Zzw

Exercise 21.7. Let 2 be a complex number with |z| < 1. Show that

3
|(1414)2% 4 iz| < T

Exercise 21.8. Solve the following equations:
a) |z| —z2=1+2i; b) |z|+2=2+1.

21.3 Complex Plane and Polar form of complex numbers

In this section, we will identify complex numbers with points of a plane which we will call the complex
plane. So, we will identify a number z = x + iy € C with the point (z,y) of R2. The point (z,y) is
called the rectangular coordinates of z. We will also identify z with its polar coordinates (r,@),
where r is the length of the vector (0,0), (z,y) and equals the absolute volume of z, and 6 is the angle
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between the positive real axis and the vector
(0,0), (z,y). The angle 0 is called the argu-
ment of z and is denoted by 6 = arg z. We
remark that for z # 0 the argument 0 is y
uniquely determined up to integer multiples
of 2.
By the definition of sin and cos, it is easy
to see that =1z

cosf = z and sinf = Q.
r r

Consequently, we can write the number z =

z=x+yl

T + yi in the form

z =r(cosf + isinfh),

where r = |z| and § = arg z. This form is called the polar form of the complex number z.

Example 21.3. Let us write the number z = 1 + ¢ in the polar form. For thls we compute r =
V12 +12 = /2. The argument @ can be found from the equalities cos = % and sinf = %

0= %. Hence, zzl—i—z’:\/ﬁ(cos%vtisin%).

Exercise 21.9. Write the following complex numbers in the polar form:
a)i; b)1—i; ¢) —14++/3i; d) —2 — 2i.

It turns out, that the polar form of complex numbers is convenient for the multiplication and

division.

Theorem 21.3. Let z; = ri(cos 0y +isinf) and zo = ro(cos Oz +isinby) be complex numbers, written

in the polar form. Then

21 - 29 = rira(cos(01 + 62) + isin(61 + 6)),
21
z2

Proof. The equalities immediately follows from (43), (44) and the formulas

cos(fy £ 03) = cos b1 cos B2 F sin 6 sin O,

sin(fy £ 02) = sin 0 cos Oy £ cos 6 sin Os.

Remark 21.4. Setting
¢ = cos +isinf,!

equalities (45) and (46) can be rewritten as follows
2122 = <7’16i91> : <T26i92> = Tngei(01+92)’

161
A _ne Eei(ﬁ*@z)
2o Toef2 1y ’

2’2750

= E(cos(01 —02) +isin(6; — 02)), 22 #0.
T2

!This formula is called Euler’s formula and can be obtain from the Taylor expansion of functions of complex argument.
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Exercise 21.10. Simplify the expression 2> ===> Otisind
p—ising

(1—+/34)(cos H+isin 0)

2(1—i)(cos f—isinh) -

Exercise 21.11. Compute

Corollary 21.1 (De Moivre’s formula). Let z = r(cosf +isinf) # 0 be a complex number. Then for
each n € Z

2" = 1r"(cosnb + isinnd).

Proof. The corollary immediately follows from Theorem 21.3. O

N 20 24
Exercise 21.12. Compute: a) (1414)%%; b) (v/3 —3i)%; ¢) (M) ; d) (1 - %) .

1—2

21.4 Roots of Complex Numbers
Let n € N be fixed.
Definition 21.4. A complex number w is called an n-th root of z € C if w" = z.

Theorem 21.4. Let z = r(cosf +isinf) # 0 be a complex number. Then z has n different n-th roots
given by the formula

wy = Yr (COS

W+isinw>, k=01,...,n—1,
n n

where {/r is the usual n-th root of the positive real number r.

Proof. Let w = p(cos ¢ + isin ) be a complex number written in the polar form such that w™ = z.
Then

" = p"(cosny +isinny) = r(cosf + isinf),
by Corollary 21.1. Thus, p" = r and ny = 0 + 27k, k € Z. This implies that p = ¢/r and ¢ = 9+2”"",
k € Z. So, we obtain that the numbers

0+ 27k 0+ 2mk
wk:{l/?<cos+7r+isin+7r), keZ,
n

n

are n-th roots of z. By the periodicity of sin and cos, one can see that there are only n different wy,

k=0,...,n—1. O
Example 21.4. Let us compute 4-th root of z = —1. First we write —1 in the polar form:
—1=1(cosm +isinm). Then wy, = cos T2 4 jgin =275 | = 0,1,2,3, are 4-th roots of —1, by
_ 1 1 7r+27r T2 1 L
Theorem 2144 Thus, ujlo = 00814 + zlsm 1= 7 + \6/51 wy = C;)S 1 + ZSlln i = + 73h
+ +am _ + +6m _ :
wy = cos ”—i—zsm”4”——ﬁ o w3 = cos T ”+zsm“4”—ﬁ—ﬁz.

Remark 21.5. The n-th roots of z # 0 form a regular n-gon in the complex plane with center 0. The
vertices of this n-gon lie on the circle with center 0 and the radius {/|z]|.

Exercise 21.13. Solve the following equations:
a) 2> —2=0; b) 24 +i=0; ¢) 25— 4i=0.

s 1—q . 144
Exercise 21.14. Compute a) 6-th roots of NGEEE b) 8-th roots of T
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