A particle model for Wasserstein type diffusion

Vitalii Konarovskyi
Leipzig University
Cambridge — 2018
Joint work with

Max von Renesse
vitalii.konarovskyi@math.uni-leipzig.de

T
Alexander von Humboldt
Stiftung/Foundation

UNIVERSITAT LEIPZIG



Dean-Kawasaki equation and Wasserstein diffusion

In some space of probability measures, we consider the equation
d‘LLt = F(ﬂt)dt -+ diV(\/lLLtth).
We mean here that
t
for each test function ¢ (o, 1) —/ (¢, T(us))ds is a martingale with q.v.
0

t
)

/ (VP ) ds
6



Dean-Kawasaki equation and Wasserstein diffusion

In some space of probability measures, we consider the equation

d‘LLt = F(ﬂt)dt -+ diV(\/lLLtth).
We mean here that
t
for each test function ¢ (o, 1) —/ (¢, T(us))ds is a martingale with q.v.
0
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There is no theory that gives existence and uniqueness
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Some partial examples

in the space of probability measures P2 (S) with the finite second moment.

@ Wasserstein Diffusion (von Renesse, Sturm '09): S = [0,1] or is a circle
(0, T'(pe))
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Some partial examples

dpse = T(pe)dt + div(/redWe)

in the space of probability measures P2 (S) with the finite second moment.

@ Wasserstein Diffusion (von Renesse, Sturm '09): S = [0, 1] or is a circle

(0. D)) = BlAg, ) + Y 80”<f+>;¢”<1—>fso’<1+>|;‘so’uf>

Iegaps (ut)

@ Modified Arratia flow (K., von Renesse '15),
Coalescing-Fragmentating Wasserstein Dynamics (K., von Renesse '17): S =R

(T = > ¢ (@),
TESUPP Kt
or shortly
1y
D(pe) = EA/%

Note: We have non-uniqueness in this case



Connection with the Geometry of Wasserstein space

Wasserstein metric on P2(5):

dyy(vi,ve) = inf {Bllm — el mi ~ v, 1= 1,2}

For the mentioned processes the Varadhan formula holds:

a2, (10,v)

Pl =vh~me 2, t< 1




Connection with the Geometry of Wasserstein space

Wasserstein metric on P2(5):

dyy(vi,ve) = inf {Bllm — el mi ~ v, 1= 1,2}

For the mentioned processes the Varadhan formula holds:

a2, (10,v)

Pl =vh~me 2, t< 1

Today: We will discus a construction of a solution to the equation
dllzt = F(/Lt)dt + diV(\/ﬂtth)

for some I', using a particle approach.



Lift of n-particle motion

w1, we — independent Brownian particles on R with diffusion rates a1 and a2

ot 2= M8y (1) + M26wy (1)
q.v.

if a1 %1 and as

| mtetun(s)an+ mipun()ar) ds = [ (2 )i

The Ito formula gives that (o, u:) = mip(wi(t)) + map(w2(t)) is a semimartingale with
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Lift of n-particle motion

w1, we — independent Brownian particles on R with diffusion rates a1 and a2

et 2= M0y, (1) + M200w, (1)

The Ito formula gives that (o, u:) = mip(wi(t)) + map(w2(t)) is a semimartingale with
q.v.

| mtetun(s)an+ mipun()ar) ds = [ (2 )i
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The diffusion rate of each particle has to be inversely proportional to its mass!



Lift of n-particle motion

w1, we — independent Brownian particles on R with diffusion rates a1 and a2

et 2= M0y, (1) + M200w, (1)

The Ito formula gives that (o, u:) = mip(wi(t)) + map(w2(t)) is a semimartingale with
q.v.

t t
/ (m2p(wi (5))%ar + m2p(wa(s))?az) ds = / (6%, pa)ds,
(0] 0
ifa; = -+ and as =

m1 mo

The diffusion rate of each particle has to be inversely proportional to its mass!

=y mibu, o)
k=1

diverges, if g — Lebljo,1], since the diffusion rate of each particle tends to infinity.



Modified Arratia flow on the real line (K., von Renesse '15)

To overcome the problem with the increasing of the diffusion rates of particles,
we can coalesce particles after their meeting.

Grayscale colour coding is for atom mass.



Modified Arratia flow on the real line (K., von Renesse '15)

To overcome the problem with the increasing of the diffusion rates of particles,
we can coalesce particles after their meeting.

Grayscale colour coding is for atom mass.

Physical interpretation:
@ each particle has a mass that obeys the conservation law;
@ diffusion rate of each particle inversely depends on its mass;
@ particles move independently and coalesce after meeting.

In this case, x4 — p. and

1 . . .
du = iAM dt + div(y/uedWy) in - P2(R)

2
dyy (ko,v)

P{us=vli~e 2 | tx1



New model of sticky-reflecting particles (k., von Renesse '17)

Can we replace the coalescing of
particles by something else?

So, we assume that:
@ each particle has a mass that obeys the conservation law;
@ diffusion rate of each particle inversely depends on its mass;

@ particles move independently and can reflect from each other.

“to 02 o4 06 08 10

Grayscale colour coding is for atom mass. . = =




Two particle model

x1(t) < x2(t) denote the positions of particles at time ¢t > 0
1

m1 = mg = 5 particle mass at start (the total mass is always 1)

180

Let w1, w2 be two indep. Brownian motions with Var (w;(t))

:m%t =2t
w1 (t) + wa(t
dzi(t) = Loy () <wa(t)pdwi(t) + H{Il(t)im(t)}dM
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Two particle model

(t) < x2(t) denote the positions of particles at time ¢t > 0

m1 =my = % particle mass at start (the total mass is always 1)
Sticky-reflected Brownian motion on R

Let w;

dy(t) = Ly y>o0ydw(t) + Algy =0y dt,
(Engelbert, Peskir '14)

A>0
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Two particle model

x1(t) < x2(t) denote the positions of particles at time ¢t > 0
1

m1 = mg = 5 particle mass at start (the total mass is always 1)

180

Let w1, w2 be two indep. Brownian motions with Var (w;(t))

=—1t=2t

w1 (t) + wa(t

dzi(t) = Lo (1) <an(y dwi(t) + H{m(t)zzz(t)}d%
FAiley ()=o) ydl, A1 < A2
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Three and more particles

the equation?

Can three or more particles occupy the same position and which therms should contain
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Three and more particles
the equation?

2.0

Can three or more particles occupy the same position and which therms should contain
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The equation should contain:
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Loy (t)=es(t)=ca(t)}d
where Var (w;(t))

1) + ws(t) + wa(?)
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Uncountable number of particles. Diffusion term

Let X (u,t) denote the position of the particle labeld by uw € [0, 1] at time ¢ > 0.

X(u,t) < X(v,t),

u<wv




Uncountable number of particles. Diffusion term

Let X (u,t) denote the position of the particle labeld by uw € [0, 1] at time ¢ > 0.

X(u,t) < X(v,t),

u<wv
1
dX(u,t)=d

_ Wi + drift term
m(w,t) Jouny
where 7(u,t) = {v: X(u,t) = X(v,t)} and m(u,t) = Leb{n(u,t)}
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Uncountable number of particles. Drift term
&(u) — an interaction potential of the particle u,
where € :[0,1] = R, £(u) < &(v), u < v.




Uncountable number of particles. Drift term
&(u) — an interaction potential of the particle u,
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1
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1
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@ If £ = const, then particles coalesce.




Uncountable number of particles. Drift term
&(u) — an interaction potential of the particle u,

where € :[0,1] = R, £(u) < &(v), u < v.

dX(ut) = d—"

1
m(Ut) Jrur) Wet (f(U) - m(u,t) ~/77(u‘t) 5) o
w(u,t) ={v: X(u,t) = X(v,t)} and m(u,t) = Leb{m(u,t)}

@ If £ = const, then particles coalesce.

@ If &(u) = &(v), then particles u and v can not split.
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Uncountable number of particles. Drift term

&(u) — an interaction potential of the particle u,

where € :[0,1] = R, £(u) < &(v), u < v.

1 1
D=0t Lo T (5(“) " ) /W> 5) “
w(u,t) ={v: X(u,t) = X(v,t)} and m(u,t) = Leb{m(u,t)}

@ If £ = const, then particles coalesce.

@ If &(u) = &(v), then particles u and v can not split.

Q If f = 51H[071/2> + 6211[1/2,1] and X(u, 0) = :81(0)]1[0’1/2) + .232(0)]1[1/271], then the
equation corresponds its two dimensional analog:

w1 (t) + wa(t
dwi (t) = Liay () <an(t)ydwi(t) + H{m(ﬂ:zz“)}dw

+ Ailgay ()=as (0} 9t
with \; = ¢ — $13%2
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Uncountable number of particles. Drift term

&(u) — an interaction potential of the particle u,

where € :[0,1] = R, £(u) < &(v), u < v.

1 ! ‘
dX(’LL, t) = dm(U7 t) m(u,t) e <£(U) - m ‘/77(“‘t) 5) "

w(u,t) ={v: X(u,t) = X(v,t)} and m(u,t) = Leb{m(u,t)}

@ If £ = const, then particles coalesce.

@ If &(u) = &(v), then particles u and v can not split.

Q If § = 51H[071/2> + 6211[1/2,1] and X(u, 0) = :El(O)]I[oyl/z) + .272(0)]1[1/2’1], then the
equation corresponds its two dimensional analog:

w1 (t) + wa(t)
dzi(t) = Lay (6) <oz (0} 4wi (1) + 1y () =2z (0} 4 5 + Ailfa () =p (0} 4t
with \; = ¢ — $13%2

@ If £(u) = u, then the the system has very complicated structure.
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=d 1

1
W+ (e —
m(u,t) 7(ut) t (u)

m(w, 1) €| dt
m(u,t) /,r(u,t)

Ha



§(u) =u

dX (u,t) = d—

1
- W, _
m(uvt) (u,t) * é-(U) m(

- ¢ at
U, t) [r(u,t)

Let N(t) denote a number of particles at time ¢

Is N(t) finite or infinite?
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The equation in L]0, 1]

dX(u,t) = d—"

1
m(Ut) Jrue) Wet (f(u) B m(u,t) /W(u‘,t,) E) "
w(u,t) ={v: X(u,t) = X(v,t)} and m(u,t) = Leb{m(u,t)}
space L»[0,1]:

This family of equations can be rewritten as a one equation but in infinite dimensional

dX; = pry,dW; + (£ — pry,&)dt in L}[0,1]
where X; := X (-,t) and pr, is the projection in L2[0, 1] onto

La(g) ={f: f is o(g) — measurable}

g:[01]>R

preh
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f(u) =

OJ‘O

N(t) = llprx, |2, denotes a number of particles at time ¢

(t)dt < oo a.s.

oo} is dense in [0, co)

dX¢ =pryx, dWi + (= ertg)dt

Ha



Reversible case.

Dirichlet form approach.



The main results

Theorem (K., von Renesse '17)
that

There exists a o-finite measure = on L}[0, 1] and a Markov process X; in L}[0, 1] such

o The measure Z is invariant for X; and supp= = L} (¢)
o X solves

© The process s = X (-, t)|4Leb|jo,1], that describes the evolution of particle mass,
solves the equation

dX: = pry,dW; + (€ — pry,&)dt in L}[0,1]

d/Lz =

1 « . .
§A#t dt + div(\/uedWy), in Pa(R),
where Zxésupp i O
o The Varadhan formula

2
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P{u: =v}~e 2 t< 1,

holds, if € strictly increases, where dyy denotes the Wasserstein distance




The main results

Theorem (K., von Renesse '17)
that

There exists a o-finite measure = on L}[0, 1] and a Markov process X; in L}[0, 1] such

o The measure Z is invariant for X; and supp= = L} (¢)
o X solves

© The process s = X (-, t)|4Leb|jo,1], that describes the evolution of particle mass,
solves the equation

dX: = pry,dW; + (€ — pry,&)dt in L}[0,1]

d/Lz =

1 « . .
§A#t dt + div(\/uedWy), in Pa(R),
where Zxésupp i O
o The Varadhan formula

2

Ay (ko)

P{u: =v}~e 2 t< 1,

holds, if € strictly increases, where dyy denotes the Wasserstein distance

Note: X solves the equation only for £-q.e. Xy € suppZ = Lg(f)

[m] =




Other cases of drift therm

Drift term: (£ — pry,£)dt, Invariant measure: =

llgl3
Drift term: (£ — pry,{—X;)dt, Invariant measure: e™ 2 “Z2(dg) - finite measure




Invariant measure and the Differential operator

o Invariant measure:

where Z":

[1]

[1]

oo
_ z : n
n=1

n — 1 jumps are distributed according

n

dvg = [[(ar — ax-1)dé(ar) - . - €(gn—1),
k=1

n-values are distributed according to Leb,, <. <z,
o Space of “smooth” functions:

Fe={U = u((h, ), (s el - 17,) }5
o Differential operator: DU(g) = pr,V"*U(g) € L2[0,1];
(Ex. Du((h, 9)) = u'((h, g))pryh,

Dllgll7, = 29)




Integration by parts and Dirichlet form

Integration by parts (K., von Renesse '17)
Let U,V € FC. Then

[, v oV = [ v @)=t

/ V(g)(V*2U(g

):€ = pr €)= (dg).
(Ex. Lu((h. 9)) = u"((h.9)) lpryhl,

Lilgll3, = 2#9)

o>




Integration by parts and Dirichlet form

Integration by parts (K., von Renesse '17)
Let U,V € FC. Then

| (oU).DV(@)=(dg)

/ V(9)(V¥2U (g). € — pr,£)E(dg).

Lllglly, = 2#9)

- / LU (g)V (9)=(dg)

(Ex. Lu((h, 9)) = v ((h, 9))llprghll7,
Dirichlet form

/T (DU(9), DV (g))=(dg), U,V € FC
Ll
Theorem (K., von Renesse '17)
Dirichlet form and || -

€ is a closable bilinear form on LQ(LQ,_), its closure is a quasi-regular local symmetric
|z, is its intrinsic metric




General case.

Finite particle approximation.



Weak existence and some regularity

Theorem (K. '17)
@ For each ¢ € L1[0,1] and X, € L1[0,1] (not only from L] (¢)) the equation
dX, = pry,dW,; + (€ — pry,&)dt in L}[0,1]

has a weak martingale solution.

(1)

T — i —




Weak existence and some regularity

Theorem (K. '17)
@ For each ¢ € L1[0,1] and X, € L1[0,1] (not only from L] (¢)) the equation
dX; = pry,dW; + (€ — pry,€)dt in L0, 1]

has a weak martingale solution.

@ If g, £ are piecewise %—l——H'dIder continuous then there exists

X ={X(u,t), uwe€[0,1], ¢ > 0} in the Skorohod space D([0, 1], C(]0,00))) s.t

@ X(-0)=g;

@ X(u,t) < X(v,t) ifu<uw;

@ M(u,t) = X(u,t) — g(u) — [ (E(u) — (er“S){) (u))ds is a continuous
square integrable martingale;

@ [M(u,-),M(v,")]t = fot 711{}((“7:)”}:)(“ 2t ds, where

m(u,t) := Leb{v X (u,t) = X(v,t)}.

Moreover, the process X (-,t), t > 0, is a weak solution of (1).

(1)
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Weak existence and some regularity

Theorem (K. '17)
@ For each ¢ € L1[0,1] and X, € L1[0,1] (not only from L] (¢)) the equation
dX, = pry,dW,; + (€ — pry,&)dt in L}[0,1] (1)

has a weak martingale solution.

@ If g, £ are piecewise %—l——H'cSIder continuous then there exists
X ={X(u,t), uwe€[0,1], ¢ > 0} in the Skorohod space D([0, 1], C(]0,00))) s.t.:
@ X(-0)=g;
@ X(u,t) < X(v,t) ifu<uw;
@ M(u,t) = X(u,t) — g(u) — [ (E(u) — (er“S){) (u))ds is a continuous
square integrable martingale;
@ [M(u,-),M(v,-)]: = ft 711{}((“7:)”):)(“ 2} ds, where
m(u,t) := Leb{v X (u,t) = X(v,t)}.
Moreover, the process X (-,t), t > 0, is a weak solution of (1).

@ pe = X(-,t)|yLeb|jp,1) solves

1 % . :
dpe = 5 Apydt + div(y/dWe), in Pa(R).
—_———————— e e




Thank you for your attention!
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