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Arratia flow

The system of Brownian particles on the real line that
@ start from all points of R;
© move independently up to the moment of meeting;
© coalesce;
@ the diffusion is unchangeable and equals 1. (R.A. Arratia '79)
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Arratia flow

The Arratia flow, the mathematical description
{z(u,t), t €[0,T],u € R} in D(R,C[0,T7]) such that

Q@ x(u,-) is a continuous square integrable martingale with respect to the joint
filtration;

Q z(u,0) =u, ueR,

Q z(u,t) <z(v,t), u<w;

O (x(u,)) =t;

Q@ (z(u,"),z(v,"))r =0, t< 7y, =inf{t:z(yt)=21a(,t)}
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Main object

We consider the system of diffusion particles on the real line which

@ start from some set of points;
© move independently up to the moment of the meeting and then coalesce;
© masses add after coalescing;

@ the diffusion is inversely proportional to the mass;
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Continuum system

Theorem 1 (K. '14)

There exists a random element {y(u,t), v € [0,1], t € [0,T]} in D([0, 1], C[0,T7)
such that

1°) y(u,-) is a continuous square integrable martingale with respect to
Fi=o0(y(u,s), uel0,1], s<t), te][0,T];

2°) y(u,0) = u, u € [0, 1];

3°) y(u,t) < y(v,t), u<wv;
40) <y(u7 )>t = g‘ mgiis)a m(uv t) = Leb{v : y(’U,t) = y(U‘?t)};

50) <y(u7 -),y(v, )>t =0, t< Tuw = inf{t : y(ua t) = y(v,t)} AT.
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The reason of existence

The main estimation

»3/2
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P{m(u,t) <r} <
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The reason of existence

The main estimation
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The mass growth

For 5 € (O, %)
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The reason of existence

The main estimation

P{m(u,t) <r} < — / = s 27“\[

The mass growth
For g € (O, %)
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(If particles start from interval [0,b], b > 1, then the constant C' is independent of b.)
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Connection with Wasserstein diffusion

Wasserstein diffusion (M.-K. von Renesse, K.-T. Sturm '09)

dpy = BAwdt + T'(pe)dt + div(y/pdWy),
with

ey = 3 [f//(f+)‘;f”(f—)_f/(I+)|;|f'(I+)}
Iegaps(v)

Evolution of particle mass in modified Arratia flow
Let pu; := Leboy(-,t)~! then

where

(LT = Y. ).

zEsupp(v)
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Large deviations

LDP (K., Max von Renesse '15)

The family of processes {y(e-)}.~¢ satisfies a large deviations principle with the

rate function
I(gp) fo H%O HL2(du dt’ Y e H’
400, otherwise.

H = {p € C([0,T), L1([0,1], du)) : ©(0) = id and
t — (t) € La([0, 1], du) is absolutely continuous}.
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Large deviations

LDP (K., Max von Renesse '15)

The family of processes {y(e-)}.~¢ satisfies a large deviations principle with the

rate function
I(gp) fo H%O HL2(du dt’ Y e H’
400, otherwise.

H = {p € C([0,T), L1([0,1], du)) : ©(0) = id and
t — (t) € La([0, 1], du) is absolutely continuous}.

Varadhan's formula for the modified Arratia flow

llid—g]|2

P{y(t) =g} ~e = , t—0.
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Large deviations

LDP (K., Max von Renesse '15)

The family of processes {y(e-)}.~¢ satisfies a large deviations principle with the

rate function
I(gp) fo H%O HL2(du dt’ Y e H’
400, otherwise.

H = {p € C([0,T), L1([0,1], du)) : ©(0) = id and
t — (t) € La([0, 1], du) is absolutely continuous}.

Varadhan's formula for the modified Arratia flow

llid—g]|2

P{y(t) =g} ~e = , t—0.

eb,v 2
For p; := Leboy(-, )71, P{ut:V}Ne*w, t— 0. J
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The aim of talk

Asymptotic behavior of particles

To find ¢(t) and ¥(t), t > 0, such that

E |y(u7t) B y(u,())\ _ .
t—0+ o(t)

— m(u,t) _
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Asymptotic behavior of Arratia flow x

Law of the iterated logarithm

LIL for the cluster size

— t

lim L) >1 as.
it 1/ 2t lnln%

lim 4 <1 as.,

(et 24/t lnln%

where v(t) = Leb{u: x(u,t) = z(0,t)}.

(A.A. Dorogovtsev, A.V. Gnedin, M.B. Vovchanskii "12)
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Asymptotic behavior of the modified Arratia flow

Asymptotic behavior (K. '16)
For all € > 0 and u € [0, 1]
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Asymptotic behavior of the modified Arratia flow

Asymptotic behavior (K. '16)
For all € > 0 and u € [0, 1]

plim -0 ol _plgy med g
=0V (in3) =0 Vi (in )
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Asymptotic behavior of the modified Arratia flow

Llet# >0, A<1landt, =A" neN.
P{m(u,t) >0p(t), for somet € (tnt1,tn]}

< P{m(u,tn) > O0p(tns+1)} Em(u,t,)

< -
= Op(tnt1)
1
Ctp*"t
9t2a1+1 <ln . 1 )H_e oz (ln %)H_E (n+ 1)1‘*‘5'
n41

n+1
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Asymptotic behavior of the modified Arratia flow

Asymptotic behavior (K. '16)
For all e > 0 and u € [0, 1]

1mM: = 7m m(u’t) = 4+ =
P{#O%anif“ 0} {HO%anﬂ‘“ +} §

t) — _ t) —
P limwi)ﬁzo _pdmm et b
V() Vi)

. 1 C
< _ L =
Em(u,t) < CVt, E wd ST t € (0,7]

t
d
y(u,t) —u=w (/ s) +  LIL for Wiener process.
0 m(ua S)
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Asymptotic behavior of the modified Arratia flow

Asymptotic behavior (K. '16)
For all e > 0 and u € [0, 1]
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P{#O%anif“ 0} {HO%anﬂ‘“ +} §
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. 1 C
Em(u,t) < Cvt, E < —, ¢ ,T
m(u,t) < CVt wh) S € (0,7

t
d
y(u,t) —u=w (/ s) +  LIL for Wiener process.
0 m(ua S)
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Rescaling property

1
yp(uvt) = ;y(upv tps)a u € [07 1//)]7 p>0.

y,, satisfies the same properties as y, but is defined for u € [0,1/p],
i.e. it describes the system of particles starting from [0, 1/p]. Moreover

mp(u,t) = Leb{v : y,(u,t) = y,(v,t)} = %m(up, tp%).
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If Em,(0,T) < C for all p € (0,1], then

Em(0,Tp*) < pEm,(0,T) < Cp.

21/43



Rescaling property

1
yp(uvt) = ;y(upv tps)a u € [07 1//)]7 p>0.

y,, satisfies the same properties as y, but is defined for u € [0,1/p],
i.e. it describes the system of particles starting from [0, 1/p]. Moreover

mp(u,t) = Leb{v : y,(u,t) = y,(v,t)} = %m(up, tp%).

If Em,(0,T) < C for all p € (0,1], then

Em(0,Tp*) < pEm,(0,T) < Cp.

Take t = T'p3.
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Estimation Em,,(0,7) < C

1
P

m{0,T)

off = T

5 G
Emp(oa T) = ]E/ H{y,,(O,T):y,,(u,T)}du = / ]P){yp(ov T) = yp(ua T)} du.
0 0
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Estimation Em,,(0,7) < C

Set M,(u,t) = y,(u,t) — y,(0,1).

Using the Paley-Zygmund inequality, we can estimate

P{y,(0,T) = yo(u,T)} =1 —P{M,(u,T) > 0}

(EM,(u,T))* u?
Sl meen T ERwT)
EM2(u,T) EM2(u,T)
u? Var M, (u,T)

=1—- = .
Var M, (u,T) +u?  Var M,(u,T) + u?
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Estimation Em,,(0,7) < C

where we used
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Estimation Em,,(0,7) < C

T 1 T 1
< ; Emp(u, )der/O Emp(O,s)ds <y,
where we used . c
Emp(ws) < 7 s € (0,1
Ths Var M, (u, T') Cy

P{yp(()? T) = yp(u7 T)} <

Var M, (u, T) + u2 ~ u2’
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Estimation Em,,(0,7) < C

T 1 T 1
< Emmt ) Emua s
where we used . c
Emp(ws) < 7 s € (0,1
Thus Var M, (u, T') Cq

= < T -
PLyo(0,7) = yp(u, T)} < Var M, (u,T) +u? — u?

Em, (0, T) = /0; P {y,(0,T) = y,(u, T)} du < C.
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Description of the model

Let 1 be a probability measure on R, A = supp pu.
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Description of the model

Let 1 be a probability measure on R, A = supp pu.

z(&,t) is the position of particles at time ¢ which starts from & € A.
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Description of the model

Let 1 be a probability measure on R, A = supp pu.
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1) z(&,-) is a continuous square integrable martingale;
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Description of the model

Let 1 be a probability measure on R, A = supp pu.

z(&,t) is the position of particles at time ¢ which starts from & € A.

z(&,t), £ € A, t € [0,T], should satisfy the same condition as y:
1) z(&,-) is a continuous square integrable martingale;

2) 2(£,0)=¢ € A

3) 2(&:1) < z(n,1), €<,
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Description of the model

Let 1 be a probability measure on R,

z(&,t) is the position of particles at time ¢ which starts from & € A.

z(&,t), £ € A, t € [0,T], should satisfy the same condition as y:

1)
2) 2(¢,0)
)

3) 2(&,t) < z(n,t), £ <m;

5) <Z(§7 ')a

Z(na )>t =0,

t < Teyp-

A = supp p.

z(&,+) is a continuous square integrable martingale;
=§ €A
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Description of the model

Let 1 be a probability measure on R, A = supp pu.

z(&,t) is the position of particles at time ¢ which starts from & € A.

z(&,t), £ € A, t € [0,T], should satisfy the same condition as y:

1) z(&,-) is a continuous square integrable martingale;

2) 2(£,0)=¢ €€ A;

3)4a)<ZW7)§<W

4) (6N = [ty mul&t) = uln: 2(,t) = 2(6.0)
®<4,) ()M—Q t < Teq.
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Alternative description

Let 1 be the push forward of the Lebesgue measure on (0,1)
p=1Leb[, 097",

where g : (0,1) — R is a non-decreasing right-continuous function.
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Alternative description

Let u be the push forward of the Lebesgue measure on (0,1)

,U/ = Leb|(0,1) o g_la

where ¢ : (0,1) — R is a non-decreasing right-continuous function.

H= Zm 3, my+my+my =1 g:oa]-r
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Alternative description

w= Leb|(071) og~!

Theorem 3 (K. '16)

Let [|g||z,.. < oo (it's equivalent to [ [£[*T¢u(dE) < o0). Then there exists
y(u,t), uw e (0,1), t € [0,T], in D([0, 1], C[0,T]) satisfying
1°) y(u,-) is a continuous square integrable martingale;
) y(u,0) = g(u), u € (0,1);
) y(u,t) < y(v,t), u<v;
¢
) (y(u, ) = of % m(u,t) = Leb{v : y(v,t) = y(u,t)};
)

(y(u, ), y(,)) =0, t<my,=inf{t: ylu,t) =y(v,t)} NT.
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Alternative description

Set A= {g(u), ue(0,1)} and

z(g(u),) :y(uv')a u € (071)
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Alternative description

Set A= {g(u), ue(0,1)} and

z(g(u),) :y(uv')a u € (071)

Since g(u) = g(v) implies y(u,-) = y(v,-), the process z is well-defined.
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Alternative description

Set A= {g(u), ue(0,1)} and
z(g(u),) :y(uv')a u € (071)

Since g(u) = g(v) implies y(u,-) = y(v,-), the process z is well-defined.

If £ = g(u),



Alternative description

Asymptotic behavior (K. '16)

Let ¢'(u) ~ |u — uo|*~ 1, a > % Then forall e >0

it . .t
t—=0 t3a77 (ln ?) t—=0 t3a+7 (ln ¥)

t) - e t)
P lim Iy(iim ) =9l _ o4 _p)Em Iy(:bm ) =9l _ Ay
t—0 {7arT (ln %>§+6 t—0 tToqT (ln%)—g—s
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Alternative description

Asymptotic behavior (K. '16)

Let ¢'(u) ~ |u — uo|*~ 1, a > % Then forall e >0

¢ ¢
P 1imlm(“—°’1)1+6:0 —Pp 1im%:+m —1,
t—0 t2a+1 (]n ?) t—0 4251 (1n ,)

t

pd fim W0 t) —9(o)l _ (U _ p [ (o t) —guo)l _ U _

150 4z (In 1) 3T 90y (1 1) 72

If 1 has the density h and k(&) ~ |€ — &P, where & = g(ug) and =1 < B < 1,

_ 1
then o = e and

1 1+p a 1
204+1 34+p8 2a+1 344
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Thank you for your attention!
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