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Arratia flow

The system of Brownian particles on the real line that
1 start from all points of R;
2 move independently up to the moment of meeting;
3 coalesce;
4 the diffusion is unchangeable and equals 1. (R.A. Arratia ’79)
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Arratia flow

The Arratia flow, the mathematical description
{x(u, t), t ∈ [0, T ], u ∈ R} in D(R, C[0, T ]) such that

1 x(u, ·) is a continuous square integrable martingale with respect to the joint
filtration;

2 x(u, 0) = u, u ∈ R;
3 x(u, t) ≤ x(v, t), u < v;
4 〈x(u, ·)〉t = t;
5 〈x(u, ·), x(v, ·)〉t = 0, t < τu,v = inf{t : x(u, t) = x(v, t)}.
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Main object

We consider the system of diffusion particles on the real line which
1 start from some set of points;
2 move independently up to the moment of the meeting and then coalesce;
3 masses add after coalescing;
4 the diffusion is inversely proportional to the mass;
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Continuum system

Theorem 1 (K. ’14)
There exists a random element {y(u, t), u ∈ [0, 1], t ∈ [0, T ]} in D([0, 1], C[0, T ])
such that
1◦) y(u, ·) is a continuous square integrable martingale with respect to

Ft = σ(y(u, s), u ∈ [0, 1], s ≤ t), t ∈ [0, T ];

2◦) y(u, 0) = u, u ∈ [0, 1];
3◦) y(u, t) ≤ y(v, t), u < v;

4◦) 〈y(u, ·)〉t =
t∫
0

ds
m(u,s) , m(u, t) = Leb{v : y(v, t) = y(u, t)};

5◦) 〈y(u, ·), y(v, ·)〉t = 0, t ≤ τu,v = inf{t : y(u, t) = y(v, t)} ∧ T .
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The reason of existence

The main estimation

P{m(u, t) < r} ≤ 2√
2π

∫ r3/2√
t

0

e−
x2

2 dx ≤ 2r
√
r√

2πt
.

The mass growth
For β ∈

(
0, 32
)
E

1

mβ(u, t)
=

∫ +∞

1

P
{
m(u, t) <

1

r1/β

}
dr ≤ C

3
√
tβ
.

(If particles start from interval [0, b], b ≥ 1, then the constant C is independent of b.)
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Connection with Wasserstein diffusion

Wasserstein diffusion (M.-K. von Renesse, K.-T. Sturm ’09)

dµt = β∆µtdt+ Γ̂(µt)dt+ div(
√
µdWt),

with

〈f, Γ̂(ν)〉 =
∑

I∈gaps(ν)

[
f ′′(I+) + f ′′(I−)

2
− f ′(I+)− f ′(I+)

|I|

]
.

Evolution of particle mass in modified Arratia flow
Let µt := Leb ◦ y(·, t)−1 then

dµt = Γ(µt)dt+ div(
√
µdWt),

where
〈f,Γ(ν)〉 =

∑
x∈supp(ν)

f ′′(x).
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Large deviations

LDP (K., Max von Renesse ’15)
The family of processes {y(ε·)}ε>0 satisfies a large deviations principle with the
rate function

I(ϕ) =

{
1
2

∫ T
0
‖ϕ̇(t)‖2L2(du)

dt, ϕ ∈ H,
+∞, otherwise.

H = {ϕ ∈ C([0, T ], L↑2([0, 1], du)) : ϕ(0) = id and
t→ ϕ(t) ∈ L2([0, 1], du) is absolutely continuous}.

Varadhan’s formula for the modified Arratia flow

P{y(t) = g} ∼ e−
‖id−g‖2

2t , t→ 0.

For µt := Leb ◦ y(·, t)−1, P{µt = ν} ∼ e−
W(Leb,ν)2

2t , t→ 0.
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The aim of talk

Asymptotic behavior of particles
To find ϕ(t) and ψ(t), t ≥ 0, such that

lim
t→0+

|y(u, t)− y(u, 0)|
ϕ(t)

= 1 a.s.,

lim
t→0+

m(u, t)

ψ(t)
= 1 a.s.
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Asymptotic behavior of Arratia flow x

Law of the iterated logarithm

lim
t→0+

|x(0, t)|√
2t ln ln 1

t

= 1 a.s.

LIL for the cluster size

lim
t→0+

ν(t)√
2t ln ln 1

t

≥ 1 a.s.

lim
t→0+

ν(t)

2
√
t ln ln 1

t

≤ 1 a.s.,

where ν(t) = Leb{u : x(u, t) = x(0, t)}.
(A.A. Dorogovtsev, A.V. Gnedin, M.B. Vovchanskii ’12)
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Asymptotic behavior of the modified Arratia flow

Asymptotic behavior (K. ’16)
For all ε > 0 and u ∈ [0, 1]

P

{
lim
t→0

m(u, t)
3
√
t
(
ln 1

t

)1+ε = 0

}
= P

{
lim
t→0

m(u, t)
3
√
t
(
ln 1

t

)−1−ε = +∞

}
= 1,

P

lim
t→0

|y(u, t)− u|
3
√
t
(
ln 1

t

) 1
2+ε

= 0

 = P

lim
t→0

|y(u, t)− u|
3
√
t
(
ln 1

t

)− 1
2−ε

= +∞

 = 1.

Em(u, t) ≤ C 3
√
t, E

1

m(u, t)
≤ C

3
√
t
, t ∈ (0, T ].
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Asymptotic behavior of the modified Arratia flow

P

{
lim
t→0

m(u, t)
3
√
t
(
ln 1

t

)1+ε = 0

}
= 1.

Em(u, t) ≤ C 3
√
t.

Let θ > 0, λ < 1 and tn = λn, n ∈ N.

P{m(u, t) >θϕ(t), for some t ∈ (tn+1, tn]}

≤ P{m(u, tn) > θϕ(tn+1)} ≤ 1

θϕ(tn+1)
Em(u, tn)

≤ Ct
1

2α+1
n

θt
1

2α+1

n+1

(
ln 1

tn+1

)1+ε =
C

θλ
1

2α+1
(
ln 1

λ

)1+ε
(n+ 1)1+ε

.
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Em(u, t) ≤ C 3
√
t, E

1

m(u, t)
≤ C

3
√
t
, t ∈ (0, T ].

y(u, t)− u = w

(∫ t

0

ds

m(u, s)

)
+ LIL for Wiener process.
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Rescaling property

yρ(u, t) =
1

ρ
y(uρ, tρ3), u ∈ [0, 1/ρ], ρ > 0.

yρ satisfies the same properties as y, but is defined for u ∈ [0, 1/ρ],
i.e. it describes the system of particles starting from [0, 1/ρ]. Moreover

mρ(u, t) = Leb{v : yρ(u, t) = yρ(v, t)} =
1

ρ
m(uρ, tρ3).

If Emρ(0, T ) ≤ C for all ρ ∈ (0, 1], then

Em(0, Tρ3) ≤ ρEmρ(0, T ) ≤ Cρ.

Take t = Tρ3.
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Estimation Emρ(0, T ) ≤ C

Emρ(0, T ) = E
∫ 1

ρ

0

I{yρ(0,T )=yρ(u,T )}du =

∫ 1
ρ

0

P {yρ(0, T ) = yρ(u, T )} du.
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Estimation Emρ(0, T ) ≤ C

Set Mρ(u, t) = yρ(u, t)− yρ(0, t).
Using the Paley-Zygmund inequality, we can estimate

P{yρ(0, T ) = yρ(u, T )} = 1− P{Mρ(u, T ) > 0}

≤ 1− (EMρ(u, T ))
2

EM2
ρ (u, T )

= 1− u2

EM2
ρ (u, T )

= 1− u2

VarMρ(u, T ) + u2
=

VarMρ(u, T )

VarMρ(u, T ) + u2
.
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Estimation Emρ(0, T ) ≤ C

VarMρ(u, T ) = E (Mρ(u, T )− u)
2

≤
∫ T

0

E
1

mρ(u, s)
ds+

∫ T

0

E
1

mρ(0, s)
ds ≤ C1,

where we used
E

1

mρ(u, s)
<

C
3
√
s
, s ∈ (0, T ].

Thus
P{yρ(0, T ) = yρ(u, T )} ≤ VarMρ(u, T )

VarMρ(u, T ) + u2
≤ C1

u2
.

Emρ(0, T ) =

∫ 1
ρ

0

P {yρ(0, T ) = yρ(u, T )} du ≤ C.
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Description of the model

Let µ be a probability measure on R, A = suppµ.

z(ξ, t) is the position of particles at time t which starts from ξ ∈ A.

z(ξ, t), ξ ∈ A, t ∈ [0, T ], should satisfy the same condition as y:

1) z(ξ, ·) is a continuous square integrable martingale;
2) z(ξ, 0) = ξ, ξ ∈ A;
3) z(ξ, t) ≤ z(η, t), ξ < η;

4) 〈z(ξ, ·)〉t =
∫ t
0

ds
mµ(ξ,s)

mµ(ξ, t) = µ{η : z(η, t) = z(ξ, t)};
5) 〈z(ξ, ·), z(η, ·)〉t = 0, t ≤ τξ,η.
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z(ξ, t) is the position of particles at time t which starts from ξ ∈ A.

z(ξ, t), ξ ∈ A, t ∈ [0, T ], should satisfy the same condition as y:

1) z(ξ, ·) is a continuous square integrable martingale;
2) z(ξ, 0) = ξ, ξ ∈ A;
3) z(ξ, t) ≤ z(η, t), ξ < η;

4) 〈z(ξ, ·)〉t =
∫ t
0

ds
mµ(ξ,s)

mµ(ξ, t) = µ{η : z(η, t) = z(ξ, t)};
5) 〈z(ξ, ·), z(η, ·)〉t = 0, t ≤ τξ,η.
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Alternative description

Let µ be the push forward of the Lebesgue measure on (0, 1)

µ = Leb
∣∣
(0,1)
◦ g−1,

where g : (0, 1)→ R is a non-decreasing right-continuous function.
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Alternative description

Let µ be the push forward of the Lebesgue measure on (0, 1)

µ = Leb
∣∣
(0,1)
◦ g−1,

where g : (0, 1)→ R is a non-decreasing right-continuous function.

Example
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Alternative description

µ = Leb
∣∣
(0,1)
◦ g−1

Theorem 3 (K. ’16)
Let ‖g‖L2+ε

<∞ (it’s equivalent to
∫
R |ξ|

2+εµ(dξ) <∞). Then there exists
y(u, t), u ∈ (0, 1), t ∈ [0, T ], in D([0, 1], C[0, T ]) satisfying
1◦) y(u, ·) is a continuous square integrable martingale;
2◦) y(u, 0) = g(u), u ∈ (0, 1);
3◦) y(u, t) ≤ y(v, t), u < v;

4◦) 〈y(u, ·)〉t =
t∫
0

ds
m(u,s) , m(u, t) = Leb{v : y(v, t) = y(u, t)};

5◦) 〈y(u, ·), y(v, ·)〉t = 0, t ≤ τu,v = inf{t : y(u, t) = y(v, t)} ∧ T .
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Alternative description

Set A = {g(u), u ∈ (0, 1)} and

z(g(u), ·) = y(u, ·), u ∈ (0, 1).

Since g(u) = g(v) implies y(u, ·) = y(v, ·), the process z is well-defined.

If ξ = g(u),
z(ξ, 0) = z(g(u), 0) = y(u, 0) = g(u) = ξ

mµ(ξ, t) = µ{η : z(η, t) = z(ξ, t)}
= Leb{v : z(g(v), s) = y(u, s)}
= Leb{v : y(v, s) = y(u, s)} = m(u, t).
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Alternative description

Asymptotic behavior (K. ’16)
Let g′(u) ∼ |u− u0|α−1, α > 1

2 . Then for all ε > 0

P

{
lim
t→0

m(u0, t)

t
1

2α+1
(
ln 1

t

)1+ε = 0

}
= P

{
lim
t→0

m(u0, t)

t
1

2α+1
(
ln 1

t

)−1−ε = +∞

}
= 1,

P

lim
t→0

|y(u0, t)− g(u0)|

t
α

2α+1
(
ln 1

t

) 1
2+ε

= 0

 = P

lim
t→0

|y(u0, t)− g(u0)|

t
α

2α+1
(
ln 1

t

)− 1
2−ε

= +∞

 = 1.

Remark
If µ has the density h and h(ξ) ∼ |ξ − ξ0|β , where ξ0 = g(u0) and −1 < β < 1,
then α = 1

1+β and

1

2α+ 1
=

1 + β

3 + β
,

α

2α+ 1
=

1

3 + β
.
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Thank you for your attention!

43 / 43


	Modified Arratia flow
	Asymptotic behavior of individual particles
	Estimation Em(0,t)C[3]t
	Arbitrary mass distribution at the start

