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Abstract

We consider a cylindrical Wiener process, interpreted as a system
of independent Brownian particles starting from different points of the
real line. In this paper, we study the conditional distribution of this
system to the event that particles coalesce. After having introduced
a notion of conditional distribution to a zero-probability event in a
given direction of approximation, we prove that this conditional dis-
tribution coincides with the law of a modified massive Arratia flow,
defined in [Kon17b]. In the case of finitely many particles, this result
is independent of the direction of approximation.
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1 Introduction

The original motivation for this paper was the following simple problem.
Consider two independent Brownian motions Wy and Whs, starting at 1 € R
and xzo € R, respectively, with same variance. What is the conditional
distribution of (W7, Ws) to the event that their paths coalesce, i.e. that
Wi (t) = Wa(t) for every t larger than the first meeting time 77 We will see
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that it should be the law of the process (Y1, Y2) that is equal to (Wq, W)
before time 7 and such that Yi(t) = Ya(t) = w for any t > 7.
We prove in this paper that the conditional distribution of any finite fam-
ily (Wh,Wa,...,W,) of independent real-valued Brownian motions to the

event that the paths coalesce is the law of the modified massive Arratia flow
(MMAF), see Definition 1.3 below.

Moreover, that problem turns out to be more challenging in infinite di-
mension. We still justify that the conditional law of a cylindrical Wiener
process in Ls|0, 1] starting at some non-decreasing function g to the event
of coalescence is the law of a MMAF. But we pay the prize of having to
investigate more carefully the notion of conditional law to a zero-probability
event, allowing to define it only in some directions of approximation.

1.1 Conditional distribution to a zero-probability event

For the purpose of this paper - but possibly also for quite different uses - we
introduce a definition of a conditional distribution along a direction, which
extends the commomly-used notion of regular conditional probability (see
e.g [IW89, Theorem 1.3.3] and [Kal02, Theorem 6.3]).

Let E be a Polish space, B(E) denote the Borel o-algebra on E and
P(E) be the space of probability measures on (E, B(E)) endowed with the
topology of weak convergence.

In general, given a random element X in E and C' € B(E) such that
P[X € C] = 0, defining the conditional probability P[X € :|X € C] has no
sense if we consider {X € C} as an isolated event (see e.g. Borel-Kolmogorov
paradox). However, one can make a proper definition if C is given by
C = T '({20}), where zy belongs to a metric space F and T : E — F
is some measurable map. Let p: B(E) x F — [0, 1] be a regular conditional
probability of X given T(X), see Definition A.1 in appendix. By Proposi-
tion A.2, p(-, z) is well-defined for PT) almost every z € F, where PTX)
denotes the law of T(X). Thus the naive candidate p(-,29) to be the con-
ditional distribution of X given {T(X) = 2} is not well-defined in general.
However, it becomes well-defined if e.g. z + p(+, 2) is continuous at zp, as a
map from F to P(E), and if zy belongs to the support of PT(X),

When the continuity of z — p(-, z) is not obvious, we still can define a
value of p at zp, at least along some given sequence {£"} converging to zp.
To make the random element p(-,£™) independent of the version of p, we
should assume that the law of £” is absolutely continuous with respect to
PT(X). Then the value of p at zg is defined as the weak limit of {p(-, ") }n>1,
in the following sense:

Definition 1.1. Let {{"},>1 be a sequence of random elements in F such
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that

(B1) for each n > 1, the law of £" is absolutely continuous with respect to
the law of T(X);
(B2) {¢"}n>1 converges in distribution to zp in F.

A probability measure v on (E, B(E)) is the value of the conditional distri-
bution of X to the event {T(X) = 2o} along the sequence {{"} if for every
fe Cb(E)

E| [ fl)p(dz,&")| = | flz)v(dz), n— oo, (1)
E E

where p is a regular conditional probability of X given T(X). We denote
this measure by v = Law¢ny (X|T(X) = 2).

In Section 2, we explain that the above definition generalizes the case
where p is continuous at zg and that it is very close to the intuitive defini-
tion of P[X € - |X € C] by approximation of the set C. Furthermore, we
introduce in Section 2 a method to construct v.

1.2 Definition of cylindrical Wiener process and of MMAF

We introduce here the main two probabilistic objects appearing in this paper.
First, define a cylindrical Wiener process according to [GM11, Definition 2.5]:

Definition 1.2. The process %}, t > 0, defined on (2, F, (Ft)i>0,P) is an
(Fi)-cylindrical Wiener process (or shortly, cylindrical Wiener process) in a
Hilbert space H starting at O if

i) for each t > 0, W, : H — Ly(Q2, F,P) is a linear map;
ii) for any h € H, W;(h), t > 0, is an (F;)-Brownian motion starting at 0;
111) for any hi,ho € H and t > 0, E {‘I/Vt(hl)q/l/t(hg)] = t(hl, hQ)H

For any g € H, we say that W, t > 0, is a cylindrical Wiener process in H
starting at g if there is a cylindrical Wiener process n, t > 0, in H starting
at 0 such that Wi(h) = (9, h)g +n:(h), t >0, h € H.

Second, we introduce the MMAF, already investigated in [Kon10, Kon14,
Konl7b, Konl7a, Mar18, KvR19|. Let D((0,1),C|[0,00)) denote the space of
cadlag functions from (0,1) to C([0,00),R). Let g : [0,1] — R be a non-
decreasing cadlag function such that fol |g(u)|Pdu < oo for some p > 2.

Definition 1.3. A random element 9 = {7 (u,t), u € (0,1), t € [0,00)} in
the space D((0,1),C[0,00)) is called modified massive Arratia flow (shortly
MMAF) starting at g if it satisfies the following properties
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(E1) for all uw € (0,1) the process 9 (u,-) is a continuous square-integrable
martingale with respect to the filtration

FP =0a(7(v,s), ve(0,1), s<t), t=>0; (2)

(E2) for all u € (0,1), 9 (u,0) = g(u);

(E3) for all u < v from (0,1) and ¢ > 0, 9 (u,t) < (v, 1);

(E4) for all u,v € (0,1), the joint quadratic variation of 9 (u,-) and 9 (v,-)
is

t ]1 T S
(9 (w, ), 9 (0,), = /0 S g g5,

m(u,s)
where m(u,t) = Leb{v: 3s <t, ¥(v,s) =7 (u,s)} and 7,, = inf{t :
Y(u,t) = (v, t)}.

Intuitively, the massive particles 9 (u,-), for each u € (0,1), evolve like
independent Brownian particles with diffusion rates inversely proportional
to their masses, until two of them collide. When two particles meet, they
coalesce and form a new particle with the mass equal to the sum of masses
of the colliding particles.

Moreover, the random element 9 can be identified with an Lg—valued
process 9%, t > 0, where Lg is the subset of L3[0,1] consisting of all func-
tions which have non-decreasing versions. There exists a cylindrical Wiener
process W in Lo[0, 1] starting at ¢ such that

t
%:g-{-/pr%d‘ws, t >0, (3)
0

where for any f € L; pr; is the orthogonal projection operator in L0, 1]
onto the subspace of o(f)-measurable functions. Those results will be re-
called with further details and references in Section 3.

1.3 Main result

Our main results consists in the construction of the following objects and in
the following theorem.

(S1) We start from 9, a MMAF starting at a strictly increasing map g.

(S2) Thus there exists a cylindrical Wiener process W in Ls]0, 1] starting
at g satisfying (3). 9 can be seen as the coalescing part of W.

(S3) Given X = (9,%), we decompose % into 9 and a non-coalescing
part T(X), so that %W is completely determined by 9 and T(Xx). We
postpone to Section 3.3 the precise definition of the map T. We are
interested in the conditional distribution of X to the event {T(Xx) = 0},
which is the event where W coincides with its coalescing part .
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(S4) For every n > 1, {" is defined as a sequence {{]};>1 of independent
Ornstein-Uhlenbeck processes such that {{"},>1 converges to 0 in dis-
tribution and the law of £" is absolutely continuous with respect to the
law of T(X), which is the law of a sequence of independent standard
Brownian motions.

Theorem 1.4. The value of the conditional distribution of X = (7, W) to
the event {T(X) = 0} along {£"} is the law of (9,9).

Our initial hope was to prove that result for any sequence {{"} satisfying
(B1)-(B2), but unfortunately this seems to be not achievable and possibly
even not true. Nevertheless, a sequence of Ornstein-Uhlenbeck processes
is already a reasonable choice of {{"} satisfying (B1)-(B2). We refer to
Theorem 3.12 for a more precise statement after having carefully defined T
and {£"},>1 among others.

In brief, starting from a modified massive Arratia flow 9, we are able
to construct a cylindrical Wiener process W driving the evolution of 9, and
the conditional distribution of W to the event of coalescing paths along some
direction is the law of 9. Of course, this is only a partial answer to our initial
question, since we are not able to start from a cylindrical Wiener process W
and to recover the law of a MMAF. As we will see, this is possible in finite
dimension. In infinite dimension, the additional difficulty comes from the
fact that it is unknown - and seemingly a difficult problem - whether given
W, equation (3) admits a unique strong solution.

However, the characterization of MMAF as a conditional distribution of a
cylindrical Wiener process to the event of coalescence, given by Theorem 1.4,
is interesting. It explains e.g. the form of the rate function in the large
deviation principle for the MMAF which is the restriction of the rate function
of cylindrical Wiener process to the set of coalescing paths (see [Konl4,
KvR19]).

1.4 Law of the coupling (9, W)

The following statement ensures that the law of a pair (9, W) coupled by
equation (3) is uniquely determined by the law of 9.

Theorem 1.5. Let 9, t > 0, be a MMAF starting at g. Let W and W be
cylindrical Wiener processes in Lo starting at g and such that (9, W) and

(9, W) satisfy equation (3). Then Law(9y, W) = Law (9, W).

Theorem 1.5 has an interest which is independent of the conditional dis-
tribution problem, but it is proved using the same techniques as for Theo-
rem 1.4. Moreover, as a corollary, one can see that steps (S1) and (S2) in
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the statement of the main result can be replaced by starting from any pair
(97, W) coupled by (3), which is a stronger result.

1.5 Finite dimensional case

As a particular case of the above introduced method, we come up with a
complete answer to our initial question in the finite dimensional case. Let
[n] == {1,...,n}. Let Wg(t), t > 0, k € [n], be a family of independent
Brownian motions starting at 29, k € [n], with diffusion rates o7 = m%y
k € [n], where 20 < ... <29 and my + -+ + my,, = 1. Define

9= sz]lﬂ'g’ (4)
k=1

where 7r2 = [ag_1,ax), ap = 0, and ax = ax_1 + mg, k € [n]. Let 9 be a
MMAF starting at g. Then by the coalescing property of the MMAF| it is
easily seen that there exists a unique family of processes y(t), t > 0, k € [n],
such that almost surely

%= (), t=0.
k=1

Moreover, yg, k € [n], describe the evolution of the diffusion particles in the
MMAF and satisfy properties similar to (E1)—(E4) of Definition 1.3 (see also
properties (F1)-(F4) in [Konl7al).

Theorem 1.6. Let X = (W (t))}_,, t = 0. Then the conditional distri-
bution of X to the event {X coalesces}! is the law of a MMAF (y,(t))7_,,
t >0, starting at (2Q)7_,.

We obtain that stronger result for several reasons. Mainly, we know that
the law of a MMAF starting at a step function ¢ is uniquely determined.
That is, for any given g as in (4) and any X as in Theorem 1.6, there is a
unique strong solution to equation (3). Moreover, the map T can now be
more easily defined. E.g, in the case of our initial problem of two Brownian
motions with the same variance, T : C[0, 00)? — Cg[0, o0) is defined by

1 (T+t)—z2(T+1) if 7 < 00
s

T@Kﬂz{o 2 ’ t>0,

, if 7= o0,

where 7 = inf {t > 0: x1(t) = z2(¢)}. Furthermore, the regular conditional
probability p of X given T(X) is now continuous at 0, which allows us to

see Section 5 for the precise definition of this set.



define a conditional distribution of X to {T(X) = 0} independently of the
direction.

Content of the paper. In Section 2, we propose a method to effectively
construct a conditional distribution according to Definition 1.1. In Section 3,
we recall needed properties of the MMAF and we define the non-coalescing
map T, using a construction of an orthonormal basis in L3[0,1] which is
tailored for the MMAF. Finally in that section, we state the main result in
Theorem 3.12. Sections 4, 5 and 6 are devoted to the proofs of Theorem 3.12,
Theorem 1.6 and Theorem 1.5, respectively.

2 On conditional distributions

2.1 On the definition of conditional distribution

is continuous at zp, then by the continuous mapping theorem p(-, zg)
Law ¢ny (X|T(X) = 20) for any sequence {£"},>1 satisfying (B1) and (B2)
Actually, it is an equivalence, as the following lemma shows.

Definition 1.1 is consistent with the continuous case. Indeed, if z — p(-, z)

Lemma 2.1. Let zy belong to the support of PTX) . There exists a probability
measure v such that v = Law ey (X|T(X) = 20) along any sequence {§" },>1
satisfying (B1) and (B2) if and only if there exists a version of p which is
continuous at zg € F. In this case, v is equal to the value of the continuous
version of p at zg.

We postpone the proof of the lemma to Section A.2 in the appendix.

Remark 2.2. Definition 1.1 extends the intuitive definition of the conditional
distribution of X given {X € C} as the weak limit

IP’[XG-|X€C}:1H%P[X6-|XeC€],
e—

where C denotes a closed subset of E and C; is its e-extension, i.e. C. =

{r e E: dg(C,x) <e}. We assume P[X € C.] > 0 for any € > 0. Then T

can be defined by T(z) := dg(C, z). We note that {X € C} = {T(X) = 0}

and {X € C.} = {T(X) < ¢} for all € > 0. The sequence {£"} could then
be defined by

1

Pl¢"ed]=——— [ 1 PTX)(dz), A e B(E).

€ e A= prrgy =y, Heety? 0@ (B)

One can easily check that {¢"} satisfies conditions (B1) and (B2) with zp = 0,

and that

E [/E f(x)p(dx,gn)] = /Ef(x)]P’ [X € dz|X € Cyp).
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Therefore, the weak limit of P [X €| XeC /n] coincides with the measure

2.2 Method of construction of conditional distribution

We introduce here an idea to build a conditional distribution of X given
{T(X) = 2} along a sequence {¢"}. The idea is to split the random element
X into two independent parts, Y and Z, so that Z has the same law as T(X).

More precisely, we assume that there exists a quadruple (G, ¥,Y, 7)
satisfying the following conditions

P1) G is a measurable space;

P2) Y and Z are independent random elements in G and F, respectively;

(P1)
(P2)
(P3) ¥: G x F — E is a measurable map such that T(¥(Y, 7)) = Z a.s;
(P4) X and ¥(Y, Z) have the same distribution.

Proposition 2.3. Let (G, V,Y, Z) be a quadruple satisfying (P1)-(P4). The
map p defined by

p(A4,2)=P[U(Y,z) € 4], AecB(E), z€F (5)

is a reqular conditional probability of X given T(X).

Moreover, if {€"}n>1 is a sequence of random elements in F independent
of Y and satisfying (B1) and (B2) of Definition 1.1, then U(Y, &™) converges
in distribution to the measure Law eny (X|T(X) = 2).

Proof. Since V¥ is measurable, p defined by (5) satisfies properties (R1) and
(R2) of Definition A.1. Moreover, for every A € B(E) and B € B(F)

(P4)

P[X € A, T(X) € B] '=' P[U(Y, Z) € A, T(V(Y,Z)) € B

B pru(y,2)e A, Ze B
(22) / p(A, 2)P?(dz2).
B

Furthermore, since X and ¥(Y,Z) have the same law, T(X) and Z =
T(¥(Y, Z)) have the same law too, so P = PT(X) This concludes the
proof of (R3).

Let f € Cy(E). By (5) and Proposition A.2, we know that for any regular
conditional probability p of X given T(X), the equality [ f(z)p(dz,z) =
E [f(¥(Y,z2))] holds for PTX)-almost all z € F. It also holds P¢"-almost



everywhere by Property (B1). By independence of £ and Y and Fubini’s
theorem,

E[f(\If(Y,f”))]:/E[f( (Y, 2))] P*" (d2) //f p(dz, 2)P" (dz).

By (1), the last term tends to [ f(z)v(dz), where v = Laweny (X|T(X) =
20). This concludes the proof of the convergence in distribution. O

We show in appendix, see Section A.3, how to apply this method to the
well-known Brownian bridge.

3 Statement of the main result

In Section 1.3, we announced the construction of several objects, including
a modified massive Arratia flow (MMAF) and a non-coalescing remainder
map T. The main part of this construction will be the definition of an
orthonormal basis of L2[0, 1] which is tailored for the MMAF. In this section,
we will follow the steps (S1)-(S4) of Section 1.3 and finally, we will state again
Theorem 1.4 in a more precise form, see Theorem 3.12.

3.1 MMAF and set of coalescing paths

In this section, we define the set Coal of coalescing trajectories in an infinite-
dimensional space and we recall important properties of the MMAF intro-
duced in Definition 1.3 to show that it takes values almost surely in Coal.
Since they are not the central issue of this paper, the proofs of this section
will be succinct, but we will refer to previous works or to the appendix for
the detailled versions.

Fix g belonging to the set Lg . that consists of all non-decreasing cadlag
functions g : (0,1) — R satisfying fol |g(w)|?>T¢du < oo for some € > 0.

Let St denote the set of non-decreasing step functions f :[0,1) — R of
the form

F=> fila, (6)
j=1

wheren > 1, fi < --- < f, and {m,...m,} is an ordered partition of [0,1)
into half-open intervals of the form 7; = [a;,b;). The natural number n is
denoted by N(f) and is by definition finite for every f € St. Recall that
Ly := L3[0,1] and that L; is the subset of Lo consisting of all functions
which have non-decreasing versions.

Definition 3.1. We define Coal as the set of functions y from C([0, o), Lg)
such that
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(G1) y has a version in D((0,1),C|0,o0)), the space of cadlag functions from
(0,1) to C([0,00),R);

(G2) yo = g;
(G3) for each t > 0, y; € St;

(G4) for each u,v € (0,1) and s > 0, ys(u) = ys(v) implies y¢(u) = y¢(v) for
every t = s;

(G5) t — N(y), t > 0, is a cadlag non-increasing integer-valued function
with jumps of height one and which is constant equal to 1 for suffi-
ciently large time.

We can interpret y as a deterministic particle system, where y;(u), t > 0,
describes the trajectory of a particle labeled by u. Condition (G3) means
that there is only a finite number of particles at each positive time. By Con-
dition (G4), two particles coalesce when they meet. Moreover, by Condition
(G5), there can be at most one coalescence at each time, and the number of
particles is equal to one for large time.

Note that, according to Lemma B.2 in appendix, the set Coal is mea-
surable in C([0, 00), Lg) We will also consider Coal as a metric subspace of
C([0, 00), L}).

Recall the following existence property of modified massive Arratia flow.

Proposition 3.2. Let g € L;r. There exists a MMAF starting at g.

Proof. See [Konl7a, Theorem 1.1]. O

Remark 3.3. However it is not known if properties (E1)-(E4) uniquely de-
termine the distribution of a MMAF starting at g, except the case where
g € St (see e.g [Konl7a, Proposition 3.3|).

Equivalently, we may also define a MMAF as an Lg—valued process, in
the following sense. For every f € Lg, pry denotes the orthogonal projection
operator in Ly onto the subspace of o( f)-measurable functions.

Lemma 3.4. Let g € L;r and {9 (u,t), uwe (0,1), t € [0,00)} be a MMAF
starting at g. Then the process 9%, t > 0, defined by 9% = 7 (-, t), t > 0,
satisfies

(M1) 9%, t > 0, is a continuous Lg—valued process with E [||9’t||%2] < 00,
t>0;

(M2) for every h € Lo the La-inner product (93, h)r,, t = 0, is a continuous
square integrable martingale with respect to the filtration generated by
%, t = 0, that trivially coincides with (]—"ty)@o;
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(M3) the joint quadratic variation of (9, h1)r,, t =0, and (9%, ha)r,, t =0,
6qUGlS <(.{y7 hl)L27 (9/7 h2)L2>t = f(f(pr:)’s hlu hZ)LQdS; t>0.

Furthermore, if a process 9%, t > 0, starting at g satisfies (M1)-(M3), then
there exists a MMAF {9 (u,t), u € (0,1), t € [0,00)} such that 9 = 9 (-, 1)
i Lo a.s. for allt > 0.

Proof. The first part of the statement follows directly from Lemma B.3 in
appendix, for Property (M1), and from [KvR19, Lemma 3.1], for properties
(M1) and (M2). As regards the second part of the lemma, it is proved
in [Konl7a, Theorem 6.4]. O

According to Lemma 3.4, we may identify the modified massive Arratia
flow {9 (u,t), u € (0,1), t € [0,00)} and the L)-valued martingale 9, t > 0,
using both notations for the same object.

Lemma 3.5. The process 9, t > 0, belongs almost surely to Coal.

Proof. By construction, the process satisfies properties (G1) and (G2). Prop-
erties (G3) and (G4) were proved in [Konl7a|, propositions 6.2 and 2.3 ibid,
respectively. Property (G5) is stated in Lemma B.4 in appendix. O

3.2 MMAYF and cylindrical Wiener process

The goal of this section is to explain how to construct, given a MMAF o,
a cylindrical Wiener process % starting at the same point which satisfies
equation (3), in order to complete step (S2) of Section 1.3.

For any f € L; let Lo(f) denote the subspace of Lo consisting of o(f)-
measurable functions. In particular if f is of the form (6), then La(f) consists
of all step functions which are constant on each ;. For any f € Lg, let pry
(resp. pr]%) denote the orthogonal projection in Ly onto Lo(f) (resp. onto
Lo f)l) Moreover, for any progressively measurable process k¢, t > 0, in
Ly and for any cylindrical Wiener process B in Lo, we denote

t t
/ Ks - dBg := / K,dB;.
0 0

where K; = (kt,+)p,, t = 0.

Proposition 3.6. Let g € Lg+ and 9%, t >0, be a MMAF starting at g. Let
B, t >0, be a cylindrical Wiener process in Lo starting at 0 defined on the

same probability space and independent of 9. Then the process W;, t > 0,
defined by

t
m:—%+/pr9%sst, t>0, (7)
0
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is a cylindrical Wiener process in Lo starting at g, where equality (7) should
be understood® as follows:

t
wy(h) == (%, h)r, +/ pry. h-dBs, t>0, h€ L.
0
Moreover, (7, W) satisfies equation (3).
Proof. 1t follows from Property (M3) and from [GM11, Corollary 2.2] that

there exists a cylindrical Wiener process B in Ly starting at 0 (possibly on
an extended probability space also denoted by (€2, F,P)) such that

t
Q’t—g—l—/ pry, dBs, t>0.
0

Moreover, we may assume that B is independent of B. It is trivial that
the map W, : Ly — Lo(Q), F,P) defined by (7) is linear. Let (F;)t>0 be the
natural filtration generated by B and B. Let us check that W(h), t >0, is
an (F;)-Brownian motion starting at (g, h)r, with diffusion rate ||h||7, for

any h € Ly. Using the independence of B and B, we have that #}(h), t > 0,
is a continuous (F;)-martingale with quadratic variation

t t t
<W(h)>t=/0 Hpr%hH%QdSJF/O I pry; hHQLQdSZ/O 1R]1Z,ds = ¢RI,

This implies ii) and iii) of Definition 1.2 by Lévy’s characterization and by
the polarization equality, respectively.

Moreover, for every h € Ly and t > 0,
t t t
/ pry. h-dws = / (9%, pry, h)r,ds +/ pri opry, h-dBs
0 0 0
t
= / (%7h)L2d5 = (%7 h)Lz - (97 h)Lz'
0

Therefore 9; = g + fg pr,, dWs, which is equality (3). O

Note that it is not obvious whether each cylindrical Wiener process W
in Ly starting at g and satisfying (3) is necessary of the form (7). Actually,
this is the result of Theorem 1.5 and will be proved in Section 6.

2The process pr; ,t > 0, does not take values in the space of Hilbert-Schmidt operators
in Lo. Therefore, the integral fg pri dBs is not well-defined but h — fg prj,s h-dBs is.
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3.3 Construction of non-coalescing remainder map

Up to now and until the end of Section 4, we fix a strictly increasing func-
tion g in L;_ and X := (9, W), where %, t > 0, is a modified massive
Arratia flow starting at g and W, t > 0, is defined by (7). In particular, the
assumption on g implies that La(g) = Lo. In this section, we consider step
(S3) of Section 1.3.

Let us introduce for every y € Coal the corresponding coalescence times:
) =inf{t >0: N(y,) <k}, k=>0. (8)

Since ¢ is a strictly increasing function, one has that N(g) = +oo, and
therefore, the family {77, k > 0} is strictly decreasing for all y € Coal, i.e.

0<-- <7 <7 <7 =400,

by Condition (G5).

Now we are going to define an orthonormal basis {e], k > 0} in Lo
which depends on y € Coal. Since y;, t > 0, is an Ls-valued continuous
function and La(g) = Lo due to the strong increase of g, it is easily seen that
the closure of |J;2 Lg(yTg) coincides with L. Let H} be the orthogonal

complement of LQ(yT;;:) in Ly, k > 1.

Lemma 3.7. For every y € Coal there exists a unique orthonormal basis
{ef, 1 >0} of Ly such that

1) the family {e]/, 0 <1< k} is a basis of Lg(yTi/) for each k > 1;
2) (8?, ]l[O,u])Lz > 0 for every u € (07 1)
Moreover, the family {e}, | > k} is a basis of HY for each k > 1.

In other words, the map ¢ — pr,, is a projection map onto a subspace
which decreases from exactly one dimension whenever a coalescence of y
occurs, and the basis {e?, [ > 0} is adapted to that decreasing sequence of
subspaces.

Proof. Let us construct the family {ef, k > 0} explicitly. Since Yrv 1s con-
stant on [0, 1], the only choice is ef = 1 1.
We say that an interval I is a step of a map f if f is constant on I but

not constant on any interval strictly larger than I. At time 7/ a coalescence
occurs. So there exist a < b < ¢ such that [a,b) and [b, ) are steps of Y

and [a,c) is a step of Yo We call b the coalescence point of Yru- The only
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possible choice for e} so that it has norm 1, it belongs to Lg(yTg+l), it is
orthogonal to every element of Lo (yTg) and it satisfies Condition 2) is:

1 c—b b—a
%= Je—a (\/ b—atled) \/cb]l[b’c)> ' ©)

Since UyZy L2(y,v) = L2, we get that {e}, k > 0} form a basis of L.

The last part of the statement follows from the fact that for each k > 1,
H} = La(y.v) ™ O

Remark 3.8. The construction of the basis {ez, k> 0} in the above proof

easily implies that the map Coal 5 y — e% € Lo is measurable for any

k > 0, where Coal is endowed with the induced topology of C(]0, c0), Lg)
Moreover, by (9), for every k > 1, e} is uniquely determined by y. ATY-

According to step (S3), given X = (9, W), we will define now the non-
coalescing part T(X) of W. Note that Tg are (F})-stopping times for all
k > 0, where (F7 )¢>0 is the complete right-continuous filtration generated by
the MMAF 9. Furthermore, Remark 3.8 yields that eg isan F g—measurable

k
random element in Lo. To simplify the notation, we will write ey and T
nstead of ez and T,g/, respectively.

Recall that % is defined by equality (7). In particular, the real-valued
process W;(eg), t > 0, satisfies:

t
Wi(er) = (9%, ex) L, —I—/ Lis>ryer dBs,
0

because pri ex = s> yek. By construction of ey in Lemma 3.7, (9%, ex) L,
vanishes for all ¢ > 7,. Thus we note that for ¢ € [0, %], Wi(ex) = (9%, €x)rL,
and that %, (er) = 0, whereas for ¢t > 7, W;(ex) = Bi(ex) — Br, (ex). Since
B is independent of 9 and thus of ey, Bi(ex) is well-defined by Bi(ex) =
fot er - dBs, t > 0. To recap, in space direction ey, the projection of W is
equal to the projection of its coalescing part 9" before stopping time 73, and
is equal to the projection of a noise B which is independent of 9 after 7.
Therefore, we define formally £ = T(X) = T(9, W) as follows

o

étzzekm-i-Tk(ek)a t>o
k=1

More rigorously®, we define ¢ as a map from the Hilbert space L9 := Ly ©

3Similarly as for the cylindrical Wiener process W, & can not be defined as a random
process taking values in Lo.
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span{ljg 1} to La(£2). We set

o0
=Y (ers D)y Wein(er), 20, helLl. (10)
k=1

Proposition 3.9. For every h € LY the sum (10) converges almost surely in
C[0,00). Moreover, &, t > 0, is a cylindrical Wiener process in LY starting
at 0 that is independent of the MMAF .

In order to prove the above statement, we start with the following lemma.
Lemma 3.10. The processes W, (ex), k = 1, are independent standard
Brownian motions that do not depend on the MMAF .

Proof. Let us denote

”k(t) = ‘M/t-l—m(ek) = Bt-i—Tk(ek‘) - BTk(ek)a t 2 07 k 2 1 (11)

We fix n > 1 and show that the processes 9, n, k € [n], are independent
and that 7, k € [n], are standard Brownian motions. Let

Fy:C([0,00), L) = R, Fy:C0,00) = R, ke l[n],

be bounded measurable functions. By strong Markov property of B and the
independence of B and o, B.,,, — By, is also independent of 9. Moreover
for every y € Coal,

77]%( ) Bt+T ( k) BTIg(GZ), t 2 07 k € [TL],

are independent standard Brownian motions. Therefore, we can compute

H (m)| =E |E|F (¥ H () y”

=E |Fo(7)E HFk(mzi)]
k=1 y=9

=E |Fy(9)E Fk(wk)] ] =E[F (v H [ (wy,)]
k=1 y= k=1

where wy, k € [n], are independent standard Brownian motions that do not
depend on 9. This completes the proof of the lemma. O

Proof of Proposition 3.9. Let h € LY and y € Coal be fixed. For every
n € IN we define

n

MP™Mh) =Y (el h),mk(t), >0,
k=1
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where g, k > 1, are defined by (11). By Lemma 3.10, 1, k > 1, are inde-
pendent standard Brownian motions, hence M (h) , t > 0, is a continuous
square-integrable martingale with respect to the filtration (F}')¢>0 generated
by nx, k = 1, with quadratic variation

n

(MY (h))e = (e, )7 t, t>0.
k=1

Moreover, for each T' > 0 the sequence of processes {MY"(h)},>1 restricted
to the interval [0, 7] converges in Lo(£2,C[0,T]). Indeed, for each m < n, by
Doob’s inequality

2

E | sup [M"(h) — M{™"(h)|”

> (@ h) ()
te[0,7

k=m+1

=E | sup
te[0,7)

n

<4 ) (el W)7,T,
k=m+1

The sum Y7 (ef,h)7, converges to [|h]|7, because {e}, k > 1} is an
orthonormal basis of LY. Thus, {M¥"(h)},>1 is a Cauchy sequence in
Ly(92,C[0,T]), and hence, it converges to a limit denoted by MY(h) =
> oneq (e, h)p,ny. Trivially, MY (h) can be well-defined for all ¢ > 0, and,
by [CE05, Lemma B.11], M{(h), t > 0, is a continuous square-integrable
(F{")-martingale with quadratic variation (MY(h)); = lim, 0o (MY"(h)); =
Bli2,t, ¢ > 0.

Remark that >3 (e}, h) £, is a sum of independent random elements
in C[0,T]. Hence, by It6-Nisio’s Theorem [IN68, Theorem 3.1], the sequence
{MY"™(h)}n>1 converges almost surely to MY(h) in C[0,T] for every T' > 0,
and therefore, in C[0, 00). Recall that by Lemma 3.10, the sequence {ny }r>1
is independent of 9, and by Lemma 3.5, 9 belongs to Coal almost surely.
Then > ;2 (ex, h)1,Mk also converges almost surely in C[0, 00) to a limit that
we have called £(h).

Moreover, similarly as the proof of Lemma 3.10, we show that the pro-
cesses 9 and {&(hy), i € [n]} for every h; € LY, i € [n], n > 1, are indepen-
dent. We conclude that £ is independent of 9.

Let us show that ¢ is a cylindrical Wiener process. Obviously, h +— &(h)
is a linear map. We denote F;"” = F'V o (), t > 0. We need to check that
for every h € LY, £(h) is an (F"”)-Brownian motion. According to Lévy’s
characterization of Brownian motion [IW89, Theorem II.6.1], it is enough
to show that £(h) is a continuous square-integrable (F"”)-martingale with
quadratic variation ||h||%2t. So, we take n > 1 and a bounded measurable
function

F :C[0,00)" x C([0,00), L2) — R.
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Then using Lemma 3.10 and the fact that MY(h) is an (F;')-martingale, we
have for every s <t

El&(h)F ((ne(- A )iy » )] = E [E [&(R)F (- A 8))jzy ,9) |]]

_E [E (M (R)F ((nk(- A 8))—1 )] \y:y}

- [E [MY(R)F ((k(- A 8))i=r > 9)] ‘y:y}
=B [&(h)F (m(- A s))p_y . )]

Hence, £(h) is an (F;» )-martingale. Similarly, one can prove that & (h)? —
[R]|7,t, t > 0, is also an (F"”)-martingale. This proves that £(h) is a contin-
uous square-integrable (F;"”)-martingale with quadratic variation HhH%Qt,
t > 0. The equality E [&(h1)&(h2)] = t(h1,h2)L,, t = 0, trivially follows
from the polarization equality and the fact that {(h1) and &£(hg) are mar-
tingales with respect to the same filtration (F;"”)¢o. Thus, & is an (F;"7)-
cylindrical Wiener process in L3 starting at 0. This finishes the proof of the
proposition. O

We conclude this section by defining properly the space E on which
the random element X take values and the non-coalescing remainder map
T : E — F needed to achieve step (S3) of Section 1.3. However, as we
already noted, the cylindrical Wiener process W is not a random element
in C([0,00), Ly). So we define E := C([0,00), L)) x C[0,00)N and F :=
Co[0,00)N. Here, C[0, 00) is the space of continuous functions from [0, 00) to
R equipped with its usual Fréchet distance, Cy[0, 00) denotes the subspace
of all functions vanishing at 0 and Ny := NU{0}. Equipped with the metric
induced by the product topology, E is a Polish space.

Now, we fix an orthonormal basis {h;, j > 0} of La such that hg = 1 y).
In particular, {hj, j > 1} is an orthonormal basis of L. We identify
the cylindrical Wiener process W with the following random element in
[0, oo)No:

W= (WD) = (W) 20

Indeed W and W are related by Wi(h) = 3252 Wj(t)(h, hj)1,, for all t > 0
and h € Lo, where the series converges in C[0, 00) almost surely for every
h € L.
Similarly, we identify ¢ with & = (é}(t)) = (&t(hj));51, t 2 0, and
> =

7 with 5 = (%(1)) = ((9,hj)1a) 20 ¢ > 0. By equality (10),  and %

=



3.4 Statement of the main result 18

are related by

o0

o
=33 (er by (ers i) Ly Wilt + 7). £>0, =1 (12)
k=1 1=1

We define X = (9”,/‘147), which is a random element on in E. By (12),

there exists a measurable map T :E — F such that

~ A~ o~

§="T(x) (13)

almost surely.

3.4 Statement of the main result

Let us clarify step (S4) of Section 1.3. According to Definition 1.1, we need
to define a random sequence {¢"},>1 in F = Co[0,00)™ converging to 0 in
distribution and such that P¢" is absolutely continuous with respect to the
law of T(X). By (13) and Proposition 3.9, PTX) is the law of a sequence of
independent Brownian motions.

Let for each n > 1, £" := (§}')j>1 be the sequence of Ornstein-Uhlenbeck
processes, independent of 9, that are strong solutions to the equations

d€P(t) = =1 (e €7 (1)dE + dE; (L),
§(0)=0

where {04;‘, n,j > 1} is a family of non-negative real numbers such that

(14)

(O1) for every n > 1 the series > 222, ( ?)2 < 4005
(02) for every j > 1, a7 — 400 as n — o0.

Remark 3.11. (i) Using Kakutani’s theorem [Kak48, p. 218] and Jensen’s
inequality, it is easily seen that Condition (O1) guaranties the abso-
lute continuity of P" with respect to P¢ on C[0,00)N. The indicator
function in the drift is important, otherwise the law is singular. Hence,
Assumption (B1) of Definition 1.1 is satisfied by the sequence {£"},,>1.

(ii) Condition (0O2) yields the convergence in distribution of {{"},>1 to 0
in C[0,00)N (see Lemma 4.7 below). Thus Assumption (B2) is also
satisfied.

The following theorem is the main result of the paper.

Theorem 3.12. The value of the conditional distribution of X = (9”,/’1/1\/) to
the event {T(X) = 0} along {€"} is the law of (9,).
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The event {T(X) = 0}, which equals to {€ = 0}, is by construction the
event where the non-coalescing part of W vanishes.

Remark 3.13. For simplicity, we assumed in sections 3.3 and 3.4 that the
initial condition g is strictly increasing. Actually, everything remains true if
g is an arbitrary element of Lg 1, up to replacing the space Lg by the space
Ls(g). In particular, if g is a step function, then La(g) has finite dimension,
equal to N(g), and the orthonormal basis constructed in Lemma 3.7 and the
sum in the definition of £ consists of finitely many summands.

4 Proof of the main theorem

In order to prove Theorem 3.12, we follow the strategy introduced in Sec-
tion 2.2. We start by the construction of a quadruple (G, ¥, Y, Z) satisfying
(P1)-(P4). The idea behind the construction of ¥ is inspired by the result of
Proposition 3.6, stating that % can be build from the MMAF 9 and some
independent process.

4.1 Construction of quadruple

Define G := Coal, Y :=9 and Z := 2, where Z is a cylindrical Wiener pro-

cess in LY starting at 0 that is independent of 9. By the same identification as

previously, for the same basis {h;, j > 0}, Z = (ZA](t)) = (Z¢(hj)) 515
Jjz ~

t > 0, is a sequence of independent standard Brownian motions and is a
random element in F. Therefore, properties (P1) and (P2) are satisfied.

We define
V(Y 2) = (7, 0(,2)),
where (7, Z) is a map from Ly to La(€2) defined by

@t(gf? Z)(h) = (%7 h)Lz + Z(ekv h)LQ]l{t>Tk}Zt—7'k (ek) (15)
k=1
for all t > 0 and h € Ly. As in the proof of Lemma 3.10, one can show
that Z(ex), k > 1, are independent standard Brownian motions that do not
depend on 9.

Lemma 4.1. For each h € Ly, the sum in (15) converges almost surely in
C[0,00). Furthermore, (9, 2) is a cylindrical Wiener process in Lo starting
at g and the law of Y(7, Z) is equal to the law of X = (7, W).

Remark 4.2. Before giving the proof of the lemma, note that the map ¢
constructs a cylindrical Wiener process from 9, by adding to 9 some non-
coalescing term. Actually, for each y € Coal, ¢(y, z) belongs to Coal if and
only if z = 0. This statement is proved in Lemma B.9.
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Proof of Lemma 4.1. Let us first show that the sum in (15) converges almost
surely in C[0,00). Fixing y € Coal and h € Lo, we define for every n > 1

n

RY™(h) =) (e} A e A CON U
k=1

Since Z(ex), k > 1, are independent standard Brownian motions, one can
easily check that RY""(h), t > 0, is a continuous square-integrable martingale
with respect to the filtration generated by Zt_Tg(ek), k > 1. As in the
proof of Proposition 3.9, one can show that the sequence of partial sums
{RY"™(h)}n>1 converges in C[0, c0) almost surely for each y € Coal. By the
independence of Z(ey), k > 1, and 9, one can see that the series

oo

R?,?/(h) = (eka h)LQ]l{tZTk}Zt—Tk (ek)a t 2 07
k=1

also converges almost surely in C[0, 00).

Next, we claim that there exists a cylindrical Wiener process 6;, t > 0,
in LY starting at 0 independent of 9 such that

t
wtz%+/ pry. dfs, t > 0. (16)
0

Indeed, by Proposition 3.6, there is a cylindrical Wiener process By, t > 0,
in Ly starting at 0 independent of 9 and satisfying equation (7). Taking
0 equal to the restriction of B to the sub-Hilbert space Lg, we easily check
that fot pri df, = fot pri dBs, t > 0, since for all s > 0, pri = prpg opri
almost surely. Furthermore, almost surely

t 00
/ pr 6y = 3 ekl ony (rnm (65) — Ory(en)), 3 0.
0 k=1

For each fixed y € Coal, the family
{]l{tgrg}(et/\flf (6%) - 97’,3 (6%))7 t20, k> 1} )
has the same distribution as
{]l{t)r;j}zt—ﬁ?(e%)’ t>0, k> 1} .

Therefore, using the independence of 9 and 6 on the one hand and the
independence of 9 and Z on the other hand, we get the equality

t
Law{(%,/ pr#s d95> St > 0}
0

= Law { (%) Z ek]]-{t>7'k}zt—7'k(ek)> - 0} .

k=1
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This relation and equalities (15) and (16) yield that the law of X = (9, W)
is equal to the law of (9, 2) = (9, 9(7, Z)). In particular, p(9,Z) is a
cylindrical Wiener process in Lo starting at g. O

Moreover, there exists a measurable map @ : E — C[0, 0c0)™0 such that

P, 2) = (7, 2).

almost surely. Let us define ¥ : G x F — E by

Uy, z) = (y,2(y,2)).- (17)
It follows from the last two equalities and from Lemma 4.1 that
Corollary 4.3. The laws of ¥(, Z) and of X = (9’,/‘1/1\/) are the same.

Hence Property (P4) is satisfied. It remains to check (P3). By equali-
ties (12) and (13), we compute T(¥ (v, Z)):

o0

(o0
T<\Ij Z 6k7 L2 6k7 )LQSO(D/-7 Z)Z(t+7k)7 t 2 O? ] 2 1.
k=11i=1

Proposition 4.4. Almost surely T(¥(, Z)) = Z.

Proof. By continuity in t of T(¥(9, )) (t) and Z; i(t ) it is enough to show
that for each ¢t > 0 and 7 > 1 almost surely ( (7, ))](t) = Z;(t). Since
{hi, i > 1} is an orthonormal basis of L}, we have

[e.9]

Mg

T(\IJ(Q/, = eka LQ ek; )LQ(Pt-FTk(D/a Z)(hz)

k =1

Il
—

tnqg

(e 1)Ly Ptam, (9, Z)(er).

i
I

By (15) and Lemma 3.7, we have

o0
Prin (7, Z)(er) = (Fipmr €)1 + D (€1 k) 1o Litsmyzn) Zrimy—m (€1)
=1

= Loy Ztam—m (ek) = Zilep).

Hence, almost surely
~ 0 ~
T(\If Z ek, LQZt ek) Zt(h]) = Zj(t),
k=1

because {eg, k > 1} is an orthonormal basis of LY. O
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Thus, Property (P3) holds. Hence, by Proposition 2.3, the probability
kernel p defined by

p(A, 2) :=PU(y,2) e A|=P[(7,2(,2)) € 4] (18)
for all A € B(E) and z € F, is a regular conditional probability of X given
T(X).

Remark 4.5. Informally, we understand the event {T(X) = 0} as an equiva-
lent to the event {#W € Coal}. Nevertheless, we should not expect to prove
that both events are equal, since the map T was defined up to a set of mea-

sure zero with respect to the law of X. But in view of Remark 4.2, this
equivalence seems reasonable.

4.2 Value of p along a sequence of Ornstein-Uhlenbeck pro-
cesses

According to Proposition 2.3, it remains to show the following to complete
the proof of Theorem 3.12. Let {£"}, -, be the sequence defined by (14) and
independent of 9. Let U be defined by (17). Then W(9,£") converges in
distribution to (%, 7).

For y € Coal we consider

U(y,&") = (v, 2(y,€"))s

where the map @ : E — C[0,00)N0 was defined in Section 4.1. Since for
every n > 1 the law of £™ is absolutely continuous with respect to pé (which
is equal to pZ ), we have that for almost all y € Coal with respect to P

@j (ngn y h + ZZ ekv L2 hl7€k;)L2]]‘{ >Ty}£l ( lg) (19)

k=11=1

for each j > 0, where the series converges in C[0, c0) almost surely. Without
loss of generality, we may assume that equality (19) holds for all y € Coal.
Otherwise, we can work with a measurable subset of Coal of P?-measure
one for which equality (19) holds.

Proposition 4.6. Let ¢ € (0,1) and y € Coal be such that the series
ot 1(7’,?)1_8 converges. Then the sequence of processes V(y,&"), n > 1,

converges in distribution to (y,y) in E = C([0, 00), LT) x C[0,00)No  where
Y= ((yv h; )L2)J>0'

Let us fix y € Coal satisfying the assumption of Proposition 4.6. Before
starting the proof we define for all j > 0

Z ekﬂ L2 hl7 ek)LQ]l{t>7—y}€l (t - Tk:) t >0,
k=1 1=1
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and R} := (R}(t));>0, t > 0. Remark that R{j = 0. Note that it is sufficient
to prove that

B %0 in C[0,00)™, n— 0. (20)

Indeed, this will imply that
U(y,§") = (y,9(y,") = (v, + R") = (y,) in E.

Let us first prove some auxiliary lemmas.

Lemma 4.7. The sequence of random elements {£"},>1 converges in distri-
bution to 0 in C[0, 00)N.

Proof. In order to prove the lemma, we first show that the sequence {£"},,>1
is tight in C[0, 00)™. This will imply that the sequence {¢"},>1 is relatively
compact, by Prohorov’s theorem. Then we will show that every (weakly)
convergent subsequence of {€"},>1 converges to 0. This will immediately

yield that &" 4 0in C[0, 00)N.

According to [EK86, Proposition 3.2.4], the tightness of {£"},>1 will
follow from the tightness of {£}'},>1 in C[0,00) for every j > 1. So, let
j = 1land T > 0 be fixed. Since the covariance of Ornstein-Uhlenbeck

processes is well-known, one can easily check that for every n > 1 and every
0<s<t<n,

E [0 -g)] < % AE—s), (21)
J

where % := +00. Since £ is a Gaussian process, it follows that for every
0<s<t<Tand everyn > T,
2

E (60 - &))" <3E (0 - &()°] <3(t—9)?

Moreover, £7(0) = 0. Hence, by Kolmogorov-Chentsov tightness criterion
(see e.g. [Kal02, Corollary 16.9]), the sequence of processes {&] }n>1 restricted
to [0,77 is tight in C[0, T Since T' > 0 was arbitrary, we get that {7 }n>1
is tight in C[0, 00). Hence, {£"},,>1 is tight in C[0, c0)N.

Next, let {€"},>1 converges in distribution to £ in C[0,00)N along a

subsequence N C IN. Then for every ¢ > 0 and j > 1 {£7(¢)}n>1 converges
in distribution to £5°(¢) in R along N. But on the other hand, for each n > ¢,

t
n
Q;

E [(5?(15))2} < — 0, n— oo,
by (21) and Assumption (O2) in Section 3.4. Hence, £7°(t) = 0 almost surely

for all t > 0 and j > 1. Thus, we have obtained that £*° = 0, and therefore,
§”iOinC[O,oo)]N as n — oo. O
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To prove that {R"},>1 converges to 0, we will use the same argument as
in the proof of Lemma 4.7. So, we start from the tightness of { R"}.

Lemma 4.8. Under the assumption of Proposition 4.6, the sequence { R" },,>0
is tight in C[0, 00)No

Proof. Again, according to [EK86, Proposition 3.2.4], it is enough to check
that the sequence {R]},>1 is tight in C[0, 00) for every j > 0. For j = 0,
= 0 so the result is obvious. So, let 5 > 1 be fixed. We set

=3 > (e )& (2), >0,
k=1 1=1
and
n, 2 n n
R = ZZ ek? L2 hlﬂek)L2 (]l{tgq-ig}gl (t - Tl?) - gl (t)> , t=20.
k=1 1=1

Then R} = R;-L’l —|—R;-1’2. We will prove the tightness separately for {R;’l}n>1
and {R;L’2}n>1.

Tightness of {R?’l}n>1. Using the fact that {e}, k > 1} and {hy, | > 1}
are bases of L9, a simple computation shows that almost surely

=33 e b )& = &,

k=11=1

Due to the absolute continuity of the law of £ with respect to the law of E
and the equality T’ (f”) = R™!, we get that Ry = = ¢} Hence it follows from

Lemma 4.7 that R? Converges in dlstrlbutlon to 0in C[0,00). In particular,
{R;L’l}n>1 is tight in C[0, o), according to Prohorov’s theorem.

Tightness of {R;"2}n>1.

Step I. For any t € [0, n] the vector

= ZZe ek,hl Lo (]l{t>Tg}flTL(t - T;f) - ‘fln(t))

k=1 1=1

belongs almost surely to LY and E [[|[V/[|7,] < Y32, (E A1) < oo.

Indeed, by Parseval’s equality (with respect to the orthonormal family
{el, k> 1}) and by the independence of {£]'};>1,

o0

E[IV7I15,] = 30 D (e m?, B, (22)

k=11=1
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where EJl(t) = E [(11 (o & (= T0) _gln(t))Q]_ Since £7(0) = 0, we

have

B y(®) = 1y E [ (6 = 70) = 6 (0)°] + 1gey B [(€0(0) - 6(1))°
(23)
By inequality (21), we can deduce that

El?,l(t) < ]l{thlg}T]g + ]l{t<7_]z€/}t =tA Tlg‘ (24)
Therefore,
oo 00 00
(2] <SS hbtam) =S eary),  (29)
k=1 1=1 k=1

by Parseval’s identity (with respect to the orthonormal family {h;, [ > 1}).
Moreover, Y o2 ((ATY) < 83 521 (77)1 ¢ < co. Therefore, for any t € [0, n],
V;" belongs to LY almost surely. In particular, for every ¢ € [0,n] the inner
product (V;", hj)r, is well-defined, and almost surely R;L’2(t) = (V™ hj) L,

Step II. Let T'> 0. There exists Cy . depending on y and ¢ such that for
al0<s<t<Tandn>T,

n,2 n,2 2 e
E (R]» (t) — R (s)) < Cye(t—s).
Indeed, proceeding as in Step I, we get

B (20 - ;)| <2 ve - VIR,

oo o0 2
<SP | (g )~ 0~ U5 - )+ gl"(s)) }
k=1 1=1
<Y D (e )i a(t—s)Ard) =4 ((t—s)AT) =) (),
k=1 I=1 k=1 k=1

where we use as previously inequality (21). By assumption on y, the series
> ney (7)€ converges, so the proof of Step II is achieved.

Step III. There exists a > 0, 8 > 0 and Cy . depending on y and ¢ such
that foral 0 < s <t <T andn >1T,

E HR;P’Z(t) - R;?’Q(s)‘a] < Oyt — )0

Indeed, for any s < t from [0, 77, R?’Q(t) — R;"Q(s) is a random variable
with normal distribution A'(0,02). By Step II, 0 < Cy . (t — s)°. Therefore,
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for any p > 1,

E ||R™(t) — R o <(@2p-DN (?P<LC — 5)°P
j (t) j (s) < (2p MW (0%)P < Cpyelt —5)7P.

The statement of Step I1I follows by choosing p larger than %

Step 1V. By Kolmogorov-Chentsov tightness criterion (see e.g. [Kal02,
Corollary 16.9]), it follows from Step III and the equality R;-L’Z(O) =0,n>1,
that the sequence of processes {R}l’2 }n>1 restricted to [0, T is tight in C[0, T']
for every T' > 0. Hence, {R?’Q}n>1 is tight in C[0, 00).

Conclusion of the proof. As the sum of two tight sequences, the
sequence {R7},>1 is tight in C[0,00) for any j > 1. Since C[0,00)N is
equipped with the product topology, it follows from [EK86, Proposition 3.2.4]
that the sequence {R"},> is tight in C[0, 00)™. O

Lemma 4.9. For every j > 1 andt >0, E [(R?(t))z} — 0 as n — o0.

Proof. Let j > 1 and ¢ > 0 be fixed. We recall that R} = R;L’l + R?’Q.
Remark that R;”’l = ¢} almost surely. Thus, E {(R?’%t))? — 0 follows
immediately from inequality (21).

Due to the equality R;L’Q(t) = (V{", hj)L,, we can estimate for n > ¢

2 [(m20)] <= [I012,] = 32 St mot, B o

k=1 1=1
By (23) and (21), we have for every k,l > 1

1

Therefore, inequalities (24) and (25) and the dominated convergence theorem
imply that E [HV}”H%Q} — 0. This concludes the proof. O

Proof of Proposition 4.6. Lemma 4.8 and Prohorov’s theorem yield that the
sequence { R"},,>1 is relatively compact in C[0, 00)No. Moreover, by Lemma 4.9,
we deduce that each weakly convergent subsequence of {R"},>1 converges
in distribution to 0. It implies convergence (20), which achives the proof of
the proposition. O

Proof of Theorem 3.12. By lemmas 3.5 and B.6, 9 belongs almost surely to
Coal and the series 3% | (77 )1~ converges almost surely for each ¢ € (0,1).
Therefore, Proposition 4.6 and the independence of 9 and {£"},>1 imply
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that U(9,£"), n > 1, converges in distribution to (9, QAf) in E. By Proposi-
tion 2.3, the same sequence converges in distribution to the conditional law
Law (¢ny (X|T(X) = 0). Thus Law ¢ny (X|T(X) = 0) = Law (9, 9). O

5 Finite dimensional case

Let Wi(t), t > 0, k € [n], be a family of independent Brownian motions

starting at z9, k € [n], with diffusion rates o7 = mik, k € [n], where
> op_ymi = 1. Without restriction of generality, we may assume that

) << a2l Let g =37, x%]lﬂg be the initial condition given by (4).
Then

n
wf = ZWk(t)]lﬂg, t>0,
k=1

is a continuous process taking values in La(g) and it can be considered as a
cylindrical Wiener process in Lo(g) starting at g, taking W (h) = (W2, h)r,.

Let 9 be a MMAF obtained as the unique solution to the equation

t
%=g+/pr%d‘W§, el t>0,
0

which exists according to Corollary B.8. We remark that X = (9, W9) is
now a random element in E := C([O,oo),Lg(g)) x C(]0,00), La(g)), where
Lg(g) = L; N La(g). Since the space La(g) is finite dimensional,

1

3
|

§=T(x) = Zek(w+7’k’ek)L2
k=1
is a random element in F := C([0,00), LY(g)) with L(g) = LY N La(g),
s

where the stopping times 7, = 7;, k € [n — 1], and the basis e, = eg,
k € [n— 1] U{0}, of La(g) are defined as in Section 3.3. By equality (18)
and Remark 3.13, we can conclude that the regular conditional probability
of X given T(X) is defined as

p(A,z) =Px € AIT(X) =2] =P[(7,p(7,2)) € A], AcB(E), z€F,

where
n—1
0(7,2) =9+ Z ek]l{~>7'k}(z-—7kv k) Lo
k=1
Obviously, the map z — p(+, z) is continuous. Thus p(-,0) is the value of the
conditional distribution of X to the event {T(X) = 0} along every direction.
In particular, for every A € B(C([0,0), La(g)))

Pw? e AIT(y, w?) = 0] = Plp(7,0) € A] =P[y € A].  (26)
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Denote EY := {z € C (]0,00), La(g)) : zo = g} and

Yu,v € (0,1) Vs > 0, 4(u) = z4(v) } .

implies x¢(u) = z4(v), Vt > s (27)

Coal™ := {x ceEI:
Remark 5.1. Trivially, every function from Coal® satisfies properties (G1)-
(G4) of the definition of the set Coal (see Definition 3.1). So, the only
difference between Coal and Coal®™ is that in elements of Coal®™ there
could appear more that one coalescence at the same time and the number of
particles does not need to be one for large time.

Lemma 5.2. There exists a map T : E9 — F such that T(W9) = T(7, w9)
almost surely and T~1({0}) = Coal®*.

Before the proof of the lemma we introduce a map S : Eg — Coal®™

setting S(z) = y for the unique solution from Coal®™ to the deterministic
equation

t
yt:g+/ prys d$87 t>07
0

which exists, by Lemma B.7. By the construction of y it is easily seen that
the map S is measurable, where Coal®™ is considered as a metric space with
the induced topology of Ej.

Proof of Lemma 5.2. We are going to define the map T as follows

n—1
T(x) := Z]I{Tg<oo}ez (m_+ﬁg,ez>L2 , y==5S(z), xze€kEy. (28)
k=1

However, the problem is that the stopping times 77, k € [n — 1], and the
basis e}, k € [n — 1] U {0} in La(g) were defined in Section 3.3 only for
y € Coal. The stopping times 77/, k € [n — 1], can be defined as in (8)
also for y € Coal®™. If 7‘,3{” = 400 for some k > 1, the definition of the
corresponding e} does not matter since it does not appear in (28).

Let y € Coal®™ such that there exists k € [n — 2] and p € [n — k — 1]
such that T,i”+p+1 < Tngrp = T,f < 7']‘371, where Té’ = 400 and 7 = 0. This
means that at time T,f there are p + 1 coalescence points, according to the
terminology of Lemma 3.7. Then we define e}, .. ., eZer as we would do in the
proof of Lemma 3.7, if those p + 1 coalescences happened one after another,
in the increasing order of coalescence points. Moreover, the equality

(€Z7 yt)L2 = 07 t= T]ga (29)

remains true for y € Coal®*.* Hence the map T is well-defined for every z €
Ey. Since P[9 € Coal] = 1 and S(WY) = 9, we have T(W9) = T(y, W9)
a.s. This completes the proof of the first part of the lemma.

4This equality holds for y € Coal by Lemma 3.7.
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Next, we are going to show that T~1({0}) = Coal®™*. Let z € Coal®™.
Then, trivially, y = S(z) = 2. Hence, if 7/ < oo, one can conclude that
(_l't+TIg, e, = Wesrvs el)r, = 0 for all k € [n — 1], by (29). Consequently,
T(x) = 0.

We next assume that T(z) = 0. Let y = S(z). We fix t > 7/, for some
k € [n— 1] and deduce from the equality T(z) = 0 that (x4, ¢})r, = 0 for all
L €{k,...,n—1}. Consequently, ; € Ly(y,v) that implies that

pr, , xt =z for all t > T,f.
Tk

For k = n, the above equality follows from the fact that x; € La(g), t = 0.
Therefore, for all ¢ > 0

n

le_l/\t
E / pry , dzs = 4.
T i

t
yt=g+/ pry dzs =g+
0 1=1 /7'

This implies that € Coal®™. The lemma is proved. O

Corollary 5.3. Let W9 and 9 be defined as above and T be given by (28).
Then for every A € B(Eg)

P[w9 € A|lw? € Coal™] =P [w9 € AIT(W9)=0] =P[y € A].
Proof. The corollary directly follows from equality (26) and Lemma 5.2. [

Proof of Theorem 1.6. Remark that there exists an isomorphism Z,, be-
tween Lo(g) and the Hilbert space R™ furnished with the inner product
(a,b)m = > p_; axbpmy, a,b € R", defined as

En(f) = (fe)i=1,

where f =Y frlzo € L(g). We also determine Em : C([0,00), La(g)) —
C[0,00)™ as )

Eny)(t) =Em(ye), t=0.
Set

Coal,, := =1 (Coal®™)

—{o = (@i e oo

Vk,l € [n], Vs 20, zk(s) = x;(s)
implies x(t) = x;(t), Vt > s '

~(y) E‘l(y))

We define for y € Coal,, the times 7/ := TkE and vectors ef = Z(e},

k>1. Let

(@) = ((@(+7)el),,) o+ y=(EoSeE) (@),
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be a map from C[0, c0)™ to C[0, 00)" 1.

By the construction of W9, we have that X = (Wy)p_, = Z(W9). We
remark that T(X) is a standard Brownian motion in R"~!, according to
Lemma 3.10 and Remark 3.13. Define y = (,)?_, := Z(9). Then using the
fact that Lo(g) and R™ are isomorphic Hilbert spaces and Corollary 5.3, we

can conclude that for every A € B(C[0,00)")
P[X € A|X € Coal,,| =P [X € A|T;,(X) =0] =P [y € 4] .

This completes the proof of the theorem. O

6 Coupling of MMAF and cylindrical Wiener pro-
cess

We have already seen, in Proposition 3.6 and its proof, that for every MMAF
7 starting at g there exists a cylindrical Wiener process W in Lo starting at
g such that equation (3) holds. However, it is unknown whether equation (3)
has a strong solution. At least, we know that strong well-posedness holds in
finite dimension, see Section 5.

In Proposition 3.6, we considered a process W defined by (7) and we
proved that the pair (9, W) satisfies (3). The reverse statement holds true,
in the following sense.

Proposition 6.1. Let 93, t > 0, be a MMAF and W;, t > 0 be a cylindrical
Wiener process in Lo both starting at g and such that (9, W) satisfies (3).
Then there exists a cylindrical Wiener process By, t > 0, in Lo starting at 0
independent of (9, W) such that for every h € Ly almost surely

t
Wi(h) = (9%, h)1, +/ pri h-dB,, >0, (30)
0
As a direct consequence, we prove Theorem 1.5.

Proof of Theorem 1.5. By Proposition 6.1, there are cylindrical Wiener pro-
cesses B and B in Ly starting at 0, independent of (97, W) and of (9, W),
respectively, such that equation (30) holds for (97, W, B) and for (7, w, B),
respectively. Thus (9, B) and for (9, B) have the same distribution, and
it follows from (30) that (97, W) and for (9”,%) have the same distribution
too. U

In Section 6.1, our goal is to prove Lemma 6.2 and we will show several
auxiliary statements in order to achieve this. Then we will apply Lemma 6.2
to show Proposition 6.1 in Section 6.2. Interestingly, the proofs rely on the
basis {e}, k > 0} defined by Lemma 3.7.



6.1 Some auxiliary lemmas 31

6.1 Some auxiliary lemmas

Recall that we denote ey := ez and 7 = Tky, and that for every k£ > 1,
the random element ey is f%—measurable. Let (F{)i=0 be the complete
right-continuous filtration generated by X := (9, W).

For every k > 1 we remark that W} := Wigr, — Wy, t 2> 0, is a cylindrical
Wiener process starting at 0 independent of ]-"ﬁ;. Moreover, if | > k, then
71 < 7 almost surely and the random element e; is ]-"ﬁg—measurable, hence
also ]:é—measurable. Therefore, the process

t 47
wk(e)) == / e - d‘Wsk = / e -dw,, t>=0, (31)
0 Tk

is well-defined.
Lemma 6.2. The processes 9, WF(ey), k > 1, are independent.

In order to prove that lemma, we start by some auxiliary definitions and
results. The process

t
¢k ::/0 Pry, dwk, t>0,

is a well-defined continuous Lo-valued (F7, )-martingale, because pry, s

Fﬁ;—measurable and ‘Wtk, t > 0, is independent of fﬁ;. Let Gy be the complete
o-algebra generated by X(t A 74) = (Yinry, Winr, ), t = 0, and by ¢F, t > 0.
Lemma 6.3. For every k > 1 the MMAF v is Gi.-measurable as a map from
Q to C([0,00), LY).

Proof. In order to show the measurability of 9 with respect to G, it is
enough to show the measurability of 95, 1+, t > 0.

By Corollary B.8, we know that for every g € St and cylindrical Wiener
process W, there exists a unique continuous Lg—valued process Y such that
almost surely

¢
Ytzg—l-/ pry dW¢, t >0,
0

where W7 = fg pr, dWs, t > 0.

Let us consider the equation
t
Z =9, +/ pry d¢F, t>0, (32)
0

where (f = fot Ty, dwF. We note that 9, belongs to St almost surely and
is independent of W*. Furthermore, the process Vrtts t =0, is a strong
solution to (32). Therefore, it is uniquely determined by ¢¥ and 9;,, thus it
is Gr-measurable. OJ
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Lemma 6.4. Let y € Coal and k > 1. Then the processes

t

wf(e?):/ e - dwrF, t>0,1>k

0

are independent standard Brownian motions that do not depend on
. t
¢y ;:/ pr, , dwr, t>0.
0 Tk

Proof. By Lemma 3.7, the family {e],l > 0} is orthonormal. Consequently,
Wk(e%’), Il > 0, are independent Brownian motions. Moreover, again by

Lemma 3.7, Cf’k = Z? é ;“‘I/Vt (e .), t > 0, thus it is independent to W*(e}),

1> k. O

Lemma 6.5. For every k > 1 the processes W*(e;), | > k, are independent
Brownian motions and do not depend on Gi. Furthermore, for each | > k,
‘W-l/\‘rk,l(@l) is Gp-measurable, where Ty, == 1, — 7.

Proof. Let n > k and m > 1 be fixed. Let hj, j > 0, be an arbitrary
orthonormal basis of Ly. We consider bounded measurable functions

Go : C(]0,00), L) x €[0,00)™ — R
G1 2C<[0,00),L2) — R
F :Cl0,00) = R, I=k,...,n.

We then use the independence of W* from F7.

EF =K

Go (Fnms (Wr (h))]2y ) G (@I z(%ﬂonﬁl

=k

=E |Gy (9/:/\@7 (ka(hj))T=1> E |G1(¢") HF’ (Wk el))
I I Ik

p”

—E |G, (yATk, (‘W-Ark(hj));n:J E [G1(¢¥ k) (‘W’f(ez ))]

L =k

y=9. ATg

Then we apply Lemma 6.4 and we denote by w;, | = k,...,n, a family of
standard independent Brownian motions that do not depend on 9 and W.

= |Go (S nms (War (h))]y ) G }HEEW

which achieves the proof of the first part of the statement.



6.2 Proof of Proposition 6.1 33

Furthermore, for every [ > k, we remark that e; and 77 are Gg-measurable
because they are F7-measurable and 7' € F2 C Gi. Then the process

‘MIATM = Winr,)4n — Wn, t = 0, is Gg-measurable, and consequently,
‘W,l/\ml(el) is also Gg-measurable. This finishes the proof of the second part
of the lemma. O

Next, we define the gluing map Gl : C[0,00)? x [0,00) — Cp[0,00) as
follows
Gl(z1, 22, 7)(t) = x1(EAT) + 32 (E—1)F), t>0, (33)

where a® := a V 0. It is easily seen that the map Gl is continuous and
therefore measurable.

Since almost surely, W} (e;) = th+rk—n(€l) — W (e, t >0, for every
k

0
> 1 almost

Te—T1
I >k > 1, a simple computation shows that for every [ >

surely
Wl(el) =Gl (wl/\Tkyl(el% wk(el)a Tk’,l) ) (34)

where 73, == 7, — 7.

Proof of Lemma 6.2. In order to prove this lemma, it is enough to show that
for each k > 1, W*(ey) is independent of o, W' (e;), I > k.

Let us denote by Hji be the complete o-algebra generated by Gi and
W¥(e;), I > k. By Lemma 6.5, the process W (e) is independent of Hy.

Moreover for every [ > k, using Lemma 6.3, 9" and 73 ; are G-measurable,
hence they are Hy-measurable. By Lemma 6.5 and by the definition of Hy,
we also see that ‘W,l,wk’l (e;) and W*(e;) are Hj-measurable. By (34), it follows
that W' (e;) is Hj-measurable for every I > k. Therefore o, W' (e;), | > k,
are independent of W¥(ey). O

6.2 Proof of Proposition 6.1

Let Bk, k > 0, be independent standard Brownian motions, independent of
X = (9, %W). Recall that pré;t er. = Lysqpyek, © 2 0, is a right-continuous
(F}¥)-adapted process in Ly. Thus we can define for every k > 0

t
Bk(t) = ﬁk(t A Tk) + / 1{327k}€k -dws, t=0. (35)
0
Since 19 = 400, we have in particular By(t) = So(t), t > 0.

Lemma 6.6. The processes By, k > 0, defined by (35), are independent
standard Brownian motions.
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Proof. W is an (F{)-cylindrical Wiener process. Since [, k > 0, are in-
dependent of X, the filtration (F;*) can be extended to the complete right-
continuous filtration (f;(’ﬁ)go generated by X and S, k > 0. Hence, W is an
(]-'f B )-cylindrical Wiener process and S, k > 0, are independent standard
(F,;X # )-Brownian motions. Since the Ls-valued right-continuous processes
Tysrrer, t 20, are (]—f”g)—adapted, they are (ff’ﬁ)—progressively measur-
able, and hence, the processes By(t), t > 0, k > 0, are (Ff”g)—continuous
martingales. Moreover, the quadratic variations satisfy (By, B), = Lip—nyt
for every k,I > 0 and t > 0. By Lévy’s characterization of Brownian mo-
tion [IW89, Theorem I1.6.1], By, k > 0, are independent (F;”)-Brownian
motions. [

We will now use the result of Lemma 6.2 to prove the following lemma.

Lemma 6.7. The processes ¥, By, k > 0, are independent.

Proof. Since By = By is independent of 9 by definition and of B, k > 1,
by Lemma 6.6, it is enough to prove that the processes 9, By, k € [n], are
independent, for any given n.

Putting together (31), (33) and (35), we have

B, =Gl (51{; Wk(ek),Tk) , ke [n]

Since Bk, k € [n], is independent of (9, W) and using Lemma 6.2, we de-
duce that the processes 9, Bx, W¥(ex), k € [n], are independent. More-
over, T, k € [n], are measurable with respect to F7 := o(9). Let Gy :
C([O,oo),Lg) — R, Fj, : C[0,00) — R, k € [n], be bounded measurable
functions. We have

n

E [Go (7 HBk

n

1;[ e (G1(Bes We(er), 7 ‘ﬂ”
ﬁ B (61 (B W4 (en), Tk))] ]

Note that if w; and wo are independent standard Brownian motions and
r > 0, then the process Gl(wy,ws,r) is a standard Brownian motion. It
follows that for any fixed y € Coal, Gl (By, W¥(ex),7}), k € [n], is a family
of independent standard Brownian motions. Thus for every y € Coal,

E ﬁFk(Gl(gk,wk( ))] ﬁ E [F}, (wp)]
k=1 P

=E |Gy (>

=E |Go (Y
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where wy, k € [n], denotes an arbitrary family of independent standard
Brownian motions. Therefore,

E

Go () [] Fx (Br)
k=1

=E[Go (9)] H E [Fy, (wg)],
k=1

which achieves the proof of the lemma because By, k € [n], are independent
standard Brownian motions by Lemma 6.6. O

Now, we finish the proof of Proposition 6.1.

Proof of Proposition 6.1. Define

o

By(h) =Y (h,ex)L,Bi(t), h€ Lo.
k=0

Since By, k > 0, are independent Brownian motions that do not depend on
9 and hence on ey, k > 1, one can show similarly to the proof of Lemma 3.10
that the series converges in C[0, 00) almost surely for every h € Lo, and B,
t > 0, is a cylindrical Wiener process in Lo starting at 0.

Moreover, B is independent of 9. Indeed, for any n > 1, for any
hi,...,hy in Lo, for any bounded and measurable functions F' : C[0,00)" —
R and G : C([0,00), L)) — R,

E[F(B(h1), ., B(ha)) G ()]

[E[F (B(h),...,B(h)) |F] G (9))]
[E[F (w,...,w,)] G ()]
[F (B(h1)7 ceey B hn))} E [G (9/)] ;

E
E
E

where wy, k € [n], denotes an arbitrary family of independent standard
Brownian motions.

Moreover, since pr#t ex = L7, 1€k, we easily check that

t t t t
/ pr;,sh-st—/ pr;sh-dws—/ h-dws—/ pry. h - AW,
0 0 0 0
= Wi(h) = (9, h), — (% — g, M),
for all ¢ > 0, which implies equality (30). O

A Appendix: Regular conditional probability

A.1 Definition

Let E be a Polish space and F be a metric space. We consider random
elements X and £ in E and F, respectively, defined on the same probability
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space (Q, F,P). Let also B(E) (resp. B(F)) denote the Borel o-algebra on
E (resp. F) and P(E) be the space of probability measures on (E, B(E))
endowed with the topology of weak convergence.

Definition A.1. A function p : B(E) x F — [0,1] is a regular conditional
probability of X given & if
(R1) for every z € F, p(-,2) € P(E);
(R2) for every A € B(E), z — p(A, z) is measurable;
(R3) for every A € B(E) and B € B(F),
P[X € A, €€ B]= /Bp(A, z) P8(dz),
where P¢ := P o ¢! denotes the law of &.
Recall the following existence and uniqueness result (see e.g. [Kal02, The-

orem 6.3]):

Proposition A.2. There exists a regular conditional probability of X given &.
Moreover, it is unique in the following sense: if p and p’ are regular condi-
tional probabilities of X given £, then

Pé [z€F: p(-,2)=p'(-2)] =1

A.2 Proof of Lemma 2.1

We first recall that the sufficiency of Lemma 2.1 immediately follows from
the continuous mapping theorem.

We next prove the necessity. We first choose a family {fi, k£ > 1} C
Cp(E) which strongly separate points in E. One can show that such a family
exists since E is separable (see also [BK10, Lemma 2]). By [EKS86, Theo-
rem 4.5] (or [BK10, Theorem 6] for weaker assumptions on the space E),
any sequence {fin}n>1 of probability measures on E converges weakly to a
probability measure p if and only if

/ Fo(@)m(de) / fo@p(dz), n - oo,
E E
forall k> 1

We define the following sets

A’”{zeF/fk p(dz, 2) /fk
Af,;—:{zeF:/fk( v(dz) /fk p(dz,z) >

for all K > 1 and m > 1. Let also A’C Af,lf U Aﬁf

S\H S\H
>
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Lemma A.3. If for every k > 1 and m > 1 there exists 6¥ > 0 such that
P70 [Aﬁl N Bfn} =0, (36)

where BE is the ball in F with center zy and radius 6F,, then p has a version
continuous at zg. Moreover, it can be taken as

pmﬂy_¥ww% if 2 @ USer (A5, 0B,

v, otherwise.

Proof. We first remark that according to (36), p’ = p PT(X)_a.e. Next, let
zn — 20 in F as n — oo. Without loss of generality, we may assume that
2n & UZ?m:l (Afn N Bfn) foralln > 1. Let m > 1 and k > 1 be fixed. Then

there exists a number N such that z, € B for all n > N. Consequently,
2, & AR Wn > N, that yields

/fk p(de, 2n) /fk

for all n > N. This finishes the proof of the lemma. O

We come back to the proof of Lemma 2.1. Let us assume that p has no
version continuous at zg. Then, according to Lemma A.3, there exists k > 1
and m > 1 such that for every § > 0

pT) [Afjl n BJ} >0,

where Bs denotes the ball with center zy and radius 6. Without loss of
generality, we may assume that PT(X) [A,]f,fr N B(;} > 0 for every § > 0. For
every n = 1, let £" be a random element in F with distribution

P A] = / on(PT N [d2], A € BF),
F

where 1
") o T gy e 2 e T

By the construction, P& <« PT(X) > 1. Moreover, it is easy to see that
&" — zp in distribution as n — oco. But

[/ Tr(z)p(de gn} 7L>/fk(95)’/(dﬂc), n — oo.

Indeed, for every n > 1 the random element £™ takes values almost surely in
Aw’f, which implies that

B[ [ itopanen] - [ tawan > L, ws
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We have obtained the contradiction with assumption (1). This finishes the
proof of Lemma 2.1.

A.3 One example: Brownian bridge

Let X = {W;, t € [0,1]} be a standard Brownian motion, seen as a random
element in E = {z € C[0,1] : 2(0) =0}. Let F=Rand T: E — F be
defined by T(xz) = z(1). What is the conditional distribution of X to the
event {T(X) = 2p}?

We construct a quadruple (G, V,Y, Z) satisfying (P1)-(P4). Set G =
{r € E: z(1) = 0}. The process Y = {Y;, t € [0,1]} defined by V; :=
Wy —tW1 and the random variable Z := W are independent. Moreover, let
U(y,2)(t) = y(t) + tz, t € [0,1]. Tt is easily seen that properties (P3) and
(P4) are satisfied.

Moreover, the map z — VU(y,z) is continuous for any fixed y € G.
Therefore, z — p(-, z) is a continuous map from F to P(E). By Lemma 2.1
and Proposition 2.3, we conclude that the law of ¥(Y, 2p) is the conditional
law of the Brownian motion {W;, t € [0,1]} to the event {W; = 2y}, along
any sequences {£"} satisfying (B1) and (B2). This measure is known as the
law of the Brownian bridge from 0 to zp.

B Some properties of MMAF

B.1 Measurability of coalescing set

We recall that the set D((0,1),C[0, 00)) denotes the space of cadlag functions
from (0,1) to C[0,00) equipped with the Skorokhod distance, which makes
it a Polish space. Set

D" :={y € D((0,1),C[0,00)) : Y0 <u<v <1, y(u) <y (v) vt >0}.
It is easily seen that DT a closed subspace of D((0,1),C[0,00)). So, we will
consider DT as a Polish subspace of D((0,1),C[0,00)). Let

Dl = {yEDT: VI e N, 3K € NN, 36€Q+’t1??}; NYellLos <K}

T

m{yeDT: e — vollL, — 0, t—>o} —. D' N D2

Lemma B.1. For every A € B(D") the set AN D; 15 a Borel measurable
subset of CL) = C([0, 00), Lg)
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Proof. First we are going to show that Dg is a subset of CLg. So, we take
NS Dg and check that y is a continuous Le-valued function. The continuity
of y at 0 follows from the definition of D; Let t > 0 and t, — t as n — oo.
Without loss of generality, we may assume that ¢, € [%, T] for some T' € N
and all n > 1. We are going to show that y;, — y; in Lz, n — oco. Let us
note that the sequence {y, }»n>1 is relatively compact, according to [Kon17a,
Lemma 5.1] and the fact that v, € Lg, n > 1, are uniformly bounded
in Lois-norm. This implies that there exists a subsequence N C IN and
f € L; such that y;, — f in Lo along N. On the other hand, y;,, —
yr pointwise, that implies the equality f = 3. Moreover, it yields that
every convergent subsequence of {y;, }»n>1 converges to y; in Ly. Using the
relatively compactness of {y, }n>1, we can conclude that y;, — y; in Lg as
n — oo. Thus, y € CL;

Next, we will check that the set Dg is measurable in DT. We fix t > 0 and
make the following observation. For every y € DT the real-valued function
Y+ 1s non-decreasing on (0,1). This implies that it has at most countable
number of discontinuous points. Hence, by [EK86, Proposition 3.5.3|, the
convergence y" — y in DT implies the convergence of y* — y; a.e. (with
respect to the Lebesgue measure on [0,1]). Using Fatou’s lemma, we get
that the set

A(t, f, K, p) == {y eD: |y — fllo, < K} is closed in DT (37)

for every K > 0, p > 2 and f € L,. Hence the set

Dlzﬁ G U ) A0 K 2+96)

T=1 K=15€Qx+ te[ 1 7]

is Borel measurable in DT. Using the standard argument and (37), one can
check the measurability of D2. So, the set Dg = D'ND? is Borel measurable
in DT.

We claim that the identity map @ : Dg — CL; is Borel measurable.
Indeed, let

Bl (y) := {x € CLg : tle%%};“] lxt — yell L, < r} .

)

Then the preimage

o~ (Bl () = ) Alt,yem,2)
te[0,7
is a closed set in DT, by (37). Since the Borel o-algebra on CL; is generated
by the family {B,T(y)7 T,r>0,ye€ CL;}, @ is a Borel measurable func-
tion. Moreover, it is an injective map. So, using the Kuratowski theorem
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(see [Par67, Theorem 3.9]) and the fact that AN D] € B(D'), we obtain
that the image #(AN Dg) =AnN Dg € B(CLg) for every A € B(D"). O

Lemma B.2. Let Coal be defined in Section 5.1. Then Coal is a Borel
measurable subset of CL;

Proof. Let Coalp consists of all functions from DT which satisfies conditions
(G2)-(G5) of the definition of Coal in Section 3.1. Since every function
f € St has a finite L,-norm for every p > 2, it is easily seen that

Coalp N Dg = Coal.

Hence, according to Lemma B.1, the statement of the lemma will imme-
diately follow from the measurability of Coalp in DT. However, this fol-
lows from the fact that the set Coalp can be determined via values of
y(u) € C[0,00) for u from a countable set U. We leave a detailed proof
for the reader. O

B.2 Properties of MMAF

Let {9 (u,t), uw e (0,1), t € [0,00)} be a MMAF starting at g € L;r, and

Lemma B.3. If ||g|/1,.. < oo for some € > 0, then for every T > 0 and

0 € (O, ﬁ) there exists Cr s such that

E [ sup |9 —g|?*° | < Crs (14 lgllay.) -

L
t€[0,7] 2o

Proof. In order to check the estimate, one needs to repeat the proof of
[Konl1T7a, Proposition 4.4] replacing the summation with the integration. [

Recall that for every f € St, N(f) denotes the number of steps of f. We
write N(f) = oo for each non-decreasing cadlag function f which does not
belong to St. For any y € C([0, 00), Lg), define

™ =inf{t >0: N(y;) <k}, k=>0.

The following lemma states that a MMAF satisfies almost surely Prop-
erty (G5) of Definition 3.1.

Lemma B.4. Let 9, t > 0, be a MMAF starting at g. Then

P [Vk: < N(g), 72, < T,ﬂ —1 and P |:’7‘f/ < —i—oo} —1. (39
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Proof. The proof of the statement follows from the fact that with probability
one, three or more independent Brownian motions cannot meet at the same
time, and from mathematical induction. O

Lemma B.5. For every y € Coal, 8 >0 and n > 1 one has
6/ (ye) —m) tﬂ Lat.

Proof. For simplicity of notation we will omit the superscript ¥ in T,f . We
write for m > n

m

ZTk = > (k—n) (75—1 —T/’f) +(m+1—n)r]
k=n+1
= > W) =) (7 =) + (Nr) = )7
k=n+1

:/0 (N (Yevrp,y) —n) dt? = 5/0 ' (N (Wevr,,,,) — n) tP~1dt,

Hence, the statement of the lemma follows from the monotone convergence
theorem. O

Lemma B.6. Let Y be a MMAF starting at g € L;r. Then for every 5 > %,
220:1(7'/2,)6 < 400 almost surely.

Proof. Let g € Loy, for some € > 0. In order to prove the lemma, we will
use the estimate

BIVOD < 5 (1+lglza,.) . e 0.7,

from [Konl7a, Remark 4.6], where C. 7 is a constant depending on ¢ and
T > 0. Take an arbitrary number T > 0 and estimate for g > %

7'19’/\T T
/ N(%)tﬁ—ldt] </ E [N (9;)] "~ tat
0 0

T
3
< Cor (1+gllL,y.) / tP=2dt < +oo0.
0

E

Thus [, [T N(97)t°P~1dt < oo almost surely, for all T > 0. Since 77 <

7
oo almost surely by (38), ;7 N(9;)tP~1dt < oo almost surely. Thus, the
statement of the lemma follows directly from Lemma B.5. 0
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B.3 TUniqueness of solutions to deterministic equation

Let g € St be fixed and N(g) = n. For functions z € C (|0, 00), L2(g)) and
y € Coal®™, defined by (27), we introduce the integral

n

t
/0 pr,, dzs = Z <pryTgM Trv ar pryTgM ng/\t). (39)

k=1
Lemma B.7. For every x € C([0,00),La(g)), there exists a unique y €
Coal®™ such that

t
Yt =g+ / pr, dzs, t=0. (40)
0

Proof. Without loss of generality, we assume that xg = g. The function
y € Coal®™ can be constructed step by step. First take g = 0 and 39 = g,
t > 0. Then set

~k . ~k—1 o
Y = yak,l + prg(’j;il Tt prg(’j]:il Lop_1> t 2 Ok—1,

and
oy := inf {t > op_1 : dim Lo(gF) < dim Ly (g%~ ! )}

Yor

for all k € [n—1]. Remark that dim Ly(5% ) € [n—k] for each 0 < k <n—1.
We set 0, = +00. The function y can be defined as

Yt = g]f for t € [op_1,0k), k€ [n].

By construction, y belongs to Coal®™, satisfies (40) and is uniquely deter-
mined. O

Corollary B.8. Let W be a cylindrical Wiener process in Lo(g) starting at
g. Then there exists a unique (F}V)-adapted process Y, t > 0, such that

t
Yt:g—}—/erSdWS, Y}/ELE, t >0,
0

where (FV)i=o is the filtration generated by W.

Proof. The statement of the lemma directly follows from Lemma B.7 and
the fact that L;—Valued continuous martingales starting from g belongs to
Coal almost surely (see [Konl7a, Proposition 2.2]). O
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B.4 On map ¢

In Remark 4.2, we announced the following result.
Lemma B.9. For every y € Coal and z = (z3)r>1 € Co[0,00)N define
similarly to (15)
o0
oy, 2) =y + Z eZ]l{@Tg}zk(t —1), t=0,
k=1

if the series converges in C([0,00), L2). Then for each y € Coal, ¢(y,z)
belongs to Coal if and only if z = 0.

Proof. Tt is obvious that ¢(y,0) =y € Coal.
We assume now that ¢(y, z) belongs to Coal and prove that z = 0. Set

S
7(y7 Z) = Z 6%1{t275}2k(t - T]g)? t > 07
k=1

and show that 7(y, z) = 0. This will immediately imply z = 0.
Step I. Let k > 1 be fixed. By (9), there exist a < b < ¢ such that

1 c—b b—a

The goal of this step is to show that ng(y, 2)(u) = Yry (u) for every u € [a, c),

in other words, that 7. (y, z) is equal to zero on the interval [a,c).

By the construction of 7 and e, Y-y is constant on the interval [a,c).

Furthermore, since ¢(y, z) € Coal, Py (y, z) belongs to Lg. Hence, we can
deduce that . (y,2) = @Tg(y,z) — Yry (y, z) is non-decreasing on [a, c), as
a difference of a non-decreasing function and a constant function. Further-
more,

o0 o0
Yy 2) = Y efalry —=7) = > elalr — 1),
=k I=k+1

since z;(0) = 0. Hence, Ve (y,z) belongs to span {ef, | >k + 1}, whereas
1j,4 and 11, o both belong to span {e}, | < k}. Indeed, 1j, ) € La(yv) =
span {e/, | <k}, by Lemma 3.7, and 11, € span {1}, ), €} }. Recall that
{e/, 1 > 0} is an orthonormal basis of Ly. Thus,

(%,g (yaz)all[a,b)>L2 = (%,g (yaz)all[a,c))L2 =0.
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So, we can deduce that u — (’YT}; (Y, 2), Ljqu)) L, 1 a convex function on [a, c]
which vanishes at a, b and ¢. Thus, it is zero everywhere on [a, ¢|. In particu-
lar, v (y, z)(u) = 0 for every u € (a,c). Consequently, Prv (y,2)(u) = Yry (u)
for every u € (a,c). The equality also holds for u = a, by the right-continuity
of p,v(y,z) and y.v.

Step II. Now let ¢ > 0 be fixed. By Property (G3) of the definition of
Coal in Section 3.1, y; belongs to St, and thus,

yi(u) = Z yj]l[(lj,cj)(u)7
=1

for pairwise distinct y;, j € [n]. Fix j € [n]. By coalescence Property (G4),
there exists k > 1 such that u — y,(u) is constant on [a}, ¢;) for every s > 7}/
and non-constant on [aj,c;) for every s < 7. By Step I, Yrv = Pry (y, 2)
on [aj,c;j). Thus, (Y, z) Is constant on [aj,c;j). By Property (G4) again,
now applied to ¢(y,z), ¢¢(y,z) is constant on [a;,¢;) due to t > 77, As
the difference of two constant functions, v4(y, z) is also constant on [aj, ¢;).
Moreover, by the construction of v and Lemma 3.7, v(y, z) is orthogonal
to La(y:). Hence v(y, z) is also orthogonal to 1j,, .. Therefore, we can
conclude that v(y,2) = 0 on [aj, c;). Since j € [n] and ¢t > 0 were arbitrary,
we deduce that 1¢(y,z) = 0 on [0,1) for every ¢ > 0. This finishes the proof
of the lemma. ]
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