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We consider a system of diffusion particles on
the real line that

1. start from some finite or countable set of points
with masses;

2. move independently up to the moment of the
meeting;

3. coalesce;

4. have their mass adding after sticking;

5. have their diffusion changed correspondingly
to the changing of the mass (02 = 1).
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» Arratia flow

It is the system of Brownian particles which move
independently up to the moment of the meeting. Then
they coalesce and move together as a Brownian
motion (diffusion coefficient of every particle equals
one).

Such flows one can describe by a system of
processes {x(u,t), t > 0,u € R} such that

1. x(u, -) is a Brownian motion;

2.x(u,0) =u, ueck,

3. x(u,t) < x(v,t), u<v, t>0;

4. (x(u,+), x(v,:))r=0, t < 71yyv,where
Tuv = inf{t: x(u,t) = x(v, 1)}.
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For every non-decreasing sequence of real numbers
{x;, i € Z} and sequence of strictly positive real
numbers {b;, i € Z} such that

n—-+oo

there exists a set of processes
{Xk(t), t > 0, k € Z}, satisfying
1°) Xk(-) is a continuous square integrable martingale
with respect to the filtration

Fir=o(Xi(s), s< t, icZ)
2°) X, (0) = xx, k € Z;
3°) Xk(t) < Xi(t), k <1, 1 >0;

t
4°) (Xk( Nt = [ mgds £ >0,

0 mk(s)

where mi(t) = > b,
icAg(t)
A(t)={icZ: I3s<t, X(s) = Xi(s)};
5°) (Xk(-), Xi(-))t = 0,
t < Tk, = inf{t : Xk(t) = X[(t)}.
Moreover, the conditions 1°)-5°) uniquely determine
the distribution of the process in the space

(C([0, 0)))*.




Let {wk(t), t > 0, k € Z} be a system of
iIndependent Wiener processes. For fixed n € N
construct a process X"(t), t > 0in R?™1 py
coalescing and rescaling of the trajectories of
{wk, Kk = —n,...,n}.
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The process X"(t), t > 0 satisfies the conditions
1°) X)(-) is a continuous square integrable martingale;
2°) X)(0) =k, k= —n,...,n;
3°) XA(t) < X"(t) k<I,t>0;

4°) (XZ ()t = fm,,(s)ds t >0,

where mz(t) = |{i: 3s <t X'(s) = X](s)}|,
%) (X((): X ())r =0, t <7,
where Ty = inf{t : X/(t) = X/'(1)}.



We can pass to the limit as the number of particles
tend to infinity by the following lemma

Let {wk(t), t >0, k =0,1,...} be a system of
independent Wiener processes Define

gy
& = max {k+wi(t)}, g = min {k+wi(t)}.

Then forevery T > 0 andd € (0,1)
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We have
P{INVn> NVt e [0, T] X)(t) = X)(t)} =1,
for all k € 7Z. Hence the lemma holds

The sequence {X])(-), n > k} converges almost
surely in G([0, oo)).




Let wy(-), wa(-) be independent Wiener processes
and

Ok, = inf{t . K + W1(t) = | + Wz(t)}.

1. P{riy < t} < Ploky < t};

T mk(t) - .
Z'P{,ETOONW < 1} =1
3. P{Tk,[H_p < -I-OO} = 1.

Using the estimation of asymptotic growth of the mass
and the law of the iterated logarithm for a Wiener
process we have

- | Xk(t)| __ 4.
1'P{,1!Too V2tInint 0} =1

2. P tﬁ 'ff"t—\/gzoo =1, foralle € (0,1).

Open problem: What types of functions ¢ and > are
for which
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Let C = {f € C([0,1];R") : £i(t) < £i(¥), I < J}
and let H be a set of absolutely continuous functions
g € C([0,1]; R™ such that gx € L»[0, 1],

k =1,...,n. Denote

( 1 .
h(g) = | 2] 19(DIPdE, g(0) =x, g € HNC,
| +o00 otherwise.

Let X(t), t € [0, 1], satisfy conditions 1°)-5°) with
X(0)=xandbx =1, k =1,...,n. Then the family
{X(e:), € > 0} satisfies LDP in the space

C ([0, 1); R™) with the good rate function Ix.

Letk,I =1,...,n be fixed. Define
r=min{j: x; = xx A X;}, R=max{j : X; = xx V X},

1 R R X; 2
S?2 : x| .
o R—r+1§<§ﬁ'—r+1 ’)

Then

A
limelnP{r, < e} = ——2g?
e—0 ’ o

where Ak, is the number of elements of { Xy, ..., Xgr}.



System of diffusion particles on the real line that
1. start from some set of points with masses;
2. move independently up to the moment of the
meeting;
3. coalesce;
4. have their mass adding after sticking;

5. have their diffusion changed correspondingly to the
changing of the mass;

6. have evolution of particle described by SDE

_ ax(1)) o(x(1))
dx(t) = m(t) dt + m() dw(t).
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a(x) = —x, |x| < 1,a(x) = sign(x), |x| >1,0(x) = (x> Vv 0,1) A1



Let a, o be bounded Lipschitz continuity functions and

|2ﬂg o(x) > 0. Then for every non-decreasing sequence of
X

real numbers {x;, i € 7} and sequence of strictly positive
real numbers {b,-, i € 7} such that

n——+oo

there exists C,-(t), t >0, i €7, satisfying

= Gi(+) — f a,(,f((:)) a9 gg js g continuous square integrable

martlnga/e W/th respect to the filtration
Ff =o(Ci(s), s<t icZ),wheremi(t)= > b;,

JEA(T)
Ai(t) = {j: 3s < ti(s) = Ci(s)}
2°) C,(O) =X, I € Z;
3°) ¢i(t) < C,(t) i<jt>0;
) (M) = f" LN gg t > 0;

mj(s)

5°) (M, 9)1,), =0, t< Tij = inf{t : {i(t) = C[(t)}
The conditions 1°)-5°) uniquely determine the distribution of
the process in the space (C([0, c0)))*
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Question: Whether there exists a system of
processes {X(u,t), t > 0, u € R} such that
1°) X(u, ) is a continuous square integrable martingale
with respect to the filtration
Fi=o(x(u,s), s<t, uech);
2°) X(u,0) = u, u € R;
3) X(u, t) < X(v,t),u< v, t>0;
t

4°) (X(u, )t = [ —=ds, t >0,

0 m(u,s)

m(u,t) = X{v: X(v,t) = X(u, t)};
5°) (X(u,-), X(v,-))t =0,
t<7yv=Inf{t: X(u,t) = X(v, t)}.
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