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Integers

▶ Fixed-length bit patterns⟹ range of values is finite.

▶ 2 sorts: Signed and Unsigned: machine models for ℤ andℕ, resp.

Unsigned integers UInt

▶ rarely used in scientific computing

▶ used in low-level programming for binary data and memory addresses

▶ are written as hexadecimal numbers: with prefix 0x and digits 0-9a-f

▶ UInts are simple binary numbers with n=8, 16, 32, 64 or 128 bits length and a value range of

0 ≤ 𝑥 < 2𝑛



julia> for t in subtypes(Unsigned) print("$t ") end

UInt128 UInt16 UInt32 UInt64 UInt8

julia> z = UInt64(32); @show z;

z = 0x0000000000000020

julia> x = 0x00fe

0x00fe

julia> @show typeof(x) Int(x) bitstring(x);

typeof(x) = UInt16

Int(x) = 254

bitstring(x) = "0000000011111110"

julia> x = 0x5a

0x5a

julia> @show typeof(x) Int(x) bitstring(x);

typeof(x) = UInt8

Int(x) = 90

bitstring(x) = "01011010"

julia> Char(x)

'Z': ASCII/Unicode U+005A (category Lu: Letter, uppercase)



Integers

julia> for t in subtypes(Signed) print("$t ") end

BigInt Int128 Int16 Int32 Int64 Int8

julia> Int===Int64

true

julia> typemin(Int), typemax(Int)

(-9223372036854775808, 9223372036854775807)

▶ value range of n-bit integer:

−2𝑛−1 ≤ 𝑥 < 2𝑛−1



Integers

▶ value range of n-bit integer:

−2𝑛−1 ≤ 𝑥 < 2𝑛−1

▶ Negative integers: Two’s complement representation

▶ 𝑥 ⇒ −𝑥 corresponds to: flip all bits, then add 1

julia> bitstring(5)

"0000000000000000000000000000000000000000000000000000000000000101"

julia> bitstring(-5)

"1111111111111111111111111111111111111111111111111111111111111011"



Integer Arithmetic

julia> x = 2^62 - 10 + 2^62

9223372036854775798

julia> x + 20

-9223372036854775798

Integer arithmetic is arithmetic modulo 2𝑛. There are no overflow errors/warnings.

▶ The operations +,-,* have the usual exact arithmetic ofℤ2𝑛.
▶ Division always creates a floating point number, 40/5 = 8.0

▶ Powers 𝑎𝑛, 𝑛 ∈ ℕ are also exactmodulo 2𝑛.

julia> 0^0, 2^62, 2^63, 2^64

(1, 4611686018427387904, -9223372036854775808, 0)



Integer Division

▶ The functions div(a,b), rem(a,b), and divrem(a,b) compute the quotient of integer division, the

associated remainder, or both as a tuple, respectively.

▶ For div(a,b), the operator form is a ÷ b (input: \div<TAB>),

and for rem(a,b), the operator form is a % b.

▶ By default, division is rounded toward zero, resulting in the remainder having the same sign as the dividend 𝑎.
▶ All 3 functions allow another rounding mode as third argument. See ?RoundingMode.

julia> rem(-10, 3)

-1

julia> rem(-10, 3, RoundDown)

2

julia> mod(-10,3)

2

▶ mod(a,b) is equivalent to rem(a,b, RoundDown).

▶ For all rounding modes we have

div(a, b, RoundingMode) * b + rem(a, b, RoundingMode) = a.



Arbitrary-precision Integer Arithmetic

▶ If necessary, numerical constants get larger types:

julia> z = 10; typeof(z)

Int64

julia> z = 10_000_000_000_000_000_000; typeof(z)

Int128

julia> z = 10_000_000_000_000_000_000_000_000_000_000_000_000_000; typeof(z)

BigInt

▶ The type BigInt allocates as much storage as necessary – and is much slower.

julia> 3^300 # this is mod 2^64 !

4157753088978724465

julia> BigInt(3)^300

13689147905858837599132602738208831596646369562533743647148019007836899717749907659380020

6155688941388250484440597994042813512732765695774566001



Exponentiation by Squaring

Julia uses for the calculation of integer powers 𝑥𝑛 the method of exponentiation by squaring. So, 𝑥23 is calculated

with 7 multiplications:

𝑥23 = 𝑥 ⋅ (𝑥 ⋅ (𝑥 ⋅ (𝑥2)2)2)
2

function pow_by_sq(x, n)

????

end



Recursion, tail recursion and iteration

Example 1: 𝑆(𝑛) =
𝑛
∑
𝑖=0

𝑖 = 0 + 1 +⋯+ 𝑛

recursive definition:

𝑆(𝑛) = {
0, if 𝑛 = 0
𝑆(𝑛 − 1) + 𝑛, otherwise

function S(n)

if n == 0 return 0 end

return S(n-1) + n

end

S(3)

3 + S(2)

3 + 2 + S(1)

3 + 2 + 1 + S(0)

3 + 2 + 1 + 0

3 + 2 + 1

3 + 3

6

recursion is time- and memory-consuming

make it tail-recursive using accumulator variable

S(n) = S_a(0, n)

function S_a(a, n)

if n == 0 return a end

return S_a(a+n, n-1)

end

S(3) = S_a(0, 3)

S_a(3, 2)

S_a(5, 1)

S_a(6, 0)

6



Recursion, tail recursion and iteration

tail-recursive using accumulator variable

function S_a(a, n)

if n == 0 return a end

return S_a(a+n, n-1)

end

S(n) = S_a(0, n)

iterative variant

function S(n)

a= 0; k = n # for loop invariant

while k>0

a = a + k # or: a += k

k = k - 1 # or: k -= 1

end

return a

end

loop invariant 𝐼 = 𝑎 +
𝑘
∑
𝑖=0

𝑖

▶ The loop invariant is unchanged after each loop iteration.

▶ Start values: 𝑎 = 0, 𝑘 = 𝑛 ⟹ 𝐼 = 𝑆(𝑛)
▶ End values: 𝑘 = 0 ⟹ 𝑎 = 𝑆(𝑛)
▶ helpful in non-trivial examples



Exponentiation by Squaring

Julia uses for the calculation of integer powers 𝑥𝑛 the method of exponentiation by squaring. So, 𝑥23 is calculated

with 7 multiplications:

𝑥23 = 𝑥 ⋅ (𝑥 ⋅ (𝑥 ⋅ (𝑥2)2)2)
2

Complexity:

▶ Naive method: 𝑂(𝑛)multiplications for 𝑥𝑛.
▶ Exponentiation by squaring: 𝑂(log𝑛)multiplications.

function pow_by_sq(x, n)

????

end



Exponentiation by Squaring

▶ Recursive understanding of the algorithm

• either write power as square: 𝑥22 = (𝑥11)2
• or split a factor: 𝑥23 = 𝑥 ⋅ 𝑥22

𝓅(𝑥, 𝑛) =
⎧

⎨
⎩

1, if 𝑛 = 0
[𝓅(𝑥, 𝑛/2)]2, if 𝑛 even

𝑥𝓅(𝑥, 𝑛 − 1), otherwise

add accumulator make tail-recursive

𝓅(𝑥, 𝑛) = 𝑝𝑎(1, 𝑥, 𝑛)

𝑝𝑎(𝑎, 𝑥, 𝑛) =
⎧

⎨
⎩

𝑎 if 𝑛 = 0
𝑝𝑎(𝑎, 𝑥, 𝑛/2)2 if 𝑛 even

𝑝𝑎(𝑎𝑥, 𝑥, 𝑛 − 1) otherwise

𝑝𝑎(𝑎, 𝑥, 𝑛) =
⎧

⎨
⎩

𝑎 if 𝑛 = 0
𝑝𝑎(𝑎, 𝑥2, 𝑛/2) if 𝑛 even

𝑝𝑎(𝑎𝑥, 𝑥, 𝑛 − 1) otherwise



Exponentiation by Squaring

𝓅(𝑥, 𝑛) = 𝑝𝑎(1, 𝑥, 𝑛)

𝑝𝑎(𝑎, 𝑥, 𝑛) =
⎧

⎨
⎩

𝑎 if 𝑛 = 0
𝑝𝑎(𝑎, 𝑥2, 𝑛/2) if 𝑛 even

𝑝𝑎(𝑎𝑥, 𝑥, 𝑛 − 1) otherwise

function pow(x, n)

a = 1

while n ≥ 1

if iseven(n)

x = x * x

n = n ÷ 2

else

a = a * x

n = n - 1

end

end

return a

end



Exponentiation by Squaring

function pow(x, n)

u = x; k = n # only for loop inv.

a = 1

while k ≥ 1

if iseven(k)

u = u * u

k = k ÷ 2

else

a = a * u

k = k - 1

end

end

return a

end

Correctness proof by loop invariant:

𝐼 = 𝑎𝑢𝑘 = 𝑥𝑛

▶ The loop invariant is unchanged after each

loop iteration.

▶ Start values:

𝑎 = 1, 𝑢 = 𝑥, 𝑘 = 𝑛 ⟹ 𝐼 = 𝑥𝑛

▶ End values: 𝑘 = 0 ⟹ 𝑎 = 𝑥𝑛


