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1 Introduction

The initial value formulation allows us to specify initial data on a three-dimensional
hypersurface and then evolve this data forward in time. We will outline the key
principles of the initial value formulation, starting with the constraints that
initial data must satisfy, and explore the fundamental theorems that guarantee
local existence of solutions.

2 Theorem

Let (¢0)1, .-, (¢0)n be any solution of the quasilinear hyperbolic system:
gab<x7 (bj, vc(bj)vavbd)i = Fi(l’, ¢]7 VCQS]) for 27.7 = 17 ey N (1)

for n unknown functions ¢1, ...., ¢, on a manifold M.

Let (o)™ = g°®(, (¢0);, Ve(¢o);) suppose (M, (go)as is globally hyperbolic.
Let ¥ ba a smooth spacelike Cauchy surface of (M, (go)as- Then for initial data
on ¥ sufficiently close to the initial data for (¢g)1, ..., (¢ )n there exists an open
neighborhood O of ¥ such that (1) has a unique solution, ¢4, ...., ¢, in O and
(O, gap(x, 05, Vepj) is globally hyperbolic.

3 Initial value formulation of GR

In general relativity initial data should consists of a triple (X, hap, Kab):

¥ is a three-dimenional manifold.

hap 1s a Riemannian metric on .

K4 is a symmetric tensor field on X.

Consider now the Einstein’s equation in vacuum

0= Gab = Rab - %Rgab

The metric tensor has 10 independent components g, due to its symmetry,
while the Einstein field equation provide 10 equations, in the context of the
initial value formulation we use the 4 constraint equations to set up initial



conditions, and the 6 evolution equations to evolve these initial conditions
forward in time. Therefore,there is only 6 equations for 10 unknown components.
To solve the Einstein’s equation there should be only 6 function in the 10
metric components g,,,,, and this is the case by introducing a choice of coordi-
nates.
Consider harmonic coordinates x*, satisfy

Ht =V, ViHt =0

Writing out the coordinate basis expression for H#:

Ht =3, ﬁaa (\/WZﬁ Qa’gauxﬁ)

= Yo =0a (Vislo™)
)
= Za,p,g [_gapglmaagpa + %ga#gpaaagpo] (2)

where we used the following equations:

a _ _1 / M
VT Zu \/mau( l9|T™*)
%6(,!9 = Zp’o' gpoaagpa

8()(.9&” = Zp,a _gapgupaagpo'
g =det gap

Now we can compute:

o, H*

=05, —0(9779°7)0595p—97" 9 050, 95,
+%aU(gaagﬂp)8ogﬁp + %gaagﬁpaaaygﬁp

=3 5. —97P 9% 050,95,+597* 9% 050,95,
+(lower order terms)(3)

Using (2) and (3), we see that most of second derivative terms in R, can
be reexpressed in terms of H*:

R/,LV = Ea,ﬂ _%gaﬁaaaﬂguu - Za (%gauauHa + %gauap,Ha) + ﬁul/(g?ag)

F is a non-linear function of the metric components and their first deriva-
tives.



Thus the vacuum Einstein equation in harmonic coordinates becomes

O = R;IJ:IV + Za (%ga,uayHa —t %gal/ay,Ha)
=205~ 3970089 + Flu(g,09) = R[L(4)

Einstein’s equation is equivalent to the system (4), together with the har-
monic coordinate condition H* = 0 . Thus equation (4) is knowen as the
"reduced Einstein equation”. The equation is of the form (1) for which the
theorem applies.

4 Local existence

Now we can prove local existence of a solution to Einstein’s equation for initial
data sufficiently near that of flat spacetime.

Let hqp and Kab be given on ¥ satisfying the constraint equations.

Plan: we choose initial data set, which is sufficiently near that of flat space-
time then according to the theorem we can solve (4) in a neighborhood of ¥.
Proof: Rfy = 0 can be solved and suffices to show that H* = 0.

Stepl: choose the metric components at t = 0 as follows:

goo = —1, gop for p=1,2,3
Guv = hyy for p,v=1,2,3
and Ocguw = Ky for p,v=1,2,3

for the rest time derivatives 0;g,, specify these such that H* = 0.

Step2: we prove that if Rfy =0 at t = 0 with initial data set (3, hap, Kap)
then 0; H* = 0. proof: the vanishing of Rfy = 0 gives:

0= Ro, + Zu (%gaoal/Ha + %gavaoHa)

Ry, = 0 and the spatial derivatives of H* vanish (H* = 0) so 0 = 9, H®.
step3:by Bianchi identity, we have

VH (Ryy = 5Rgun) =0
if Rfy = 0 is satisfied then:

R =3, —%gw[“),,Ho‘ - %gwauHa
and R=-9,H"



Hence

0==3,,.09" Vo [~390n0vH* = 59000, H* + 500 H" gy |

- ZP#M [7%9p#gauauapHa - %gpugavauapHa =+ %gpuaaHaguy} +
lower order terms linear in H%)

~ D per 29" 9010,0,H*+ (lower order terms linear in H®)

We have

—~

o, H" = G(H",0H")
with (H",0,H") = (0,0) at t = 0

this proves that H* = 0 throughout the region where a solution to (4) exists.
We proved the local existence of a solution of Einstein’s equation for initial
data sufficiently near that of flat spacetime.



