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Motivation. This thesis studies the maximization of the information divergence from
an exponential family on a finite set, a problem first formulated by Ay in [1]. A special
case is the maximization of the mutual information or multiinformation, a mathematical
problem arising in the study of information theoretic principles underlying learning of
neural networks. Moreover, the information divergence from an exponential family has
been proposed as a complexity measure. Upper bounds and properties of the maximizers
can be used to characterize these complexity measures. A third motivation coming
from machine learning is the search for low-dimensional exponential families that can
approximate arbitrary probability distributions well.
Theoretical results. As Matúš showed [4], any maximizer of DE : P 7→ inf Q∈E D(P kQ)
is a projection point. Projection points appear in pairs (P + , P − ) with disjoint supports,
and the difference vector P + − P − is a facial difference of projection points (f.d.p.),
i.e. P + − P − belongs to the normal space N of E, and the rI-projection PE of P + and
P − lies in the convex hull of P + and P − . Let
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DE : u ∈ N 7→
u(x) log
= D(u+ kν) − D(u− kν).
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Then any f.d.p. u = P + − P − satisfies
exp(DE (P + )) = 1 + exp(D(P + kν) − D(P − kν)).

(1)

In particular, max DE ≥ log(2), unless E contains all probability distributions.
Theorem 1. There is a bijection between projection points and f.d.p.s. that maps the


 local maximizers
 local maximizers
global maximizers of DE onto the
global maximizers of DE .


critical points
critical points
Studying DE instead of directly DE has two advantages:
1. The dimensionality is reduced.
2. To compute DE it is not necessary to rI-project.
Examples. If E is algebraic, then the first order conditions of DE are algebraic, if the
sign vector of u ∈ ∂UN is known. The process of computing the sign vectors and solving
the algebraic equations for each sign vector can be automatized. This strategy is applied
to two difficult examples.
In addition, two classes of exponential families are treated: For one-dimensional families restrictions on the number and the possible support sets of maximizers are found.
Partition exponential families have interesting properties:

Theorem 2. If max DE = log(2), then dim(E) ≥ ⌈ N2 ⌉ − 1. Assume dim(E) = ⌈ N2 ⌉ − 1.
If N is even or if E contains the uniform distribution, then E is a partition exponential
family.
Optimally approximating exponential families. E is dimension D-optimal if every exponential family E ′ of smaller dimension satisfies max DE ≤ D < max D(·kE ′ ). Let
DN,k = min {max DE : E is an exponential family of dimension k on [N ]} .
N
Theorem 2 implies DN,k = log(2) if and only if ⌈ k+1
⌉ = 2. A plausible conjecture is:
N
• DN,k = log⌈ k+1
⌉, and the dimension DN,k -optimal exponential families containing
the uniform distribution are partition exponential family.

The following is a first result in this direction:
Theorem 3. DN,k ≥ log(N/(k + 1)) for all 0 ≤ k < N . If E has dimension k and
satisfies max DE = log(N/(k + 1)), then E is a partition model. In particular, if N is
divisible by (k + 1), then DN,k = log(N/(k + 1)), and the dimension DN,k -optimal models
are partition exponential families.
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