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In 1979, Fischer and Ladner introduced Propositional Dynamic Logic (PDL) as a logical
formalism for reasoning about programs [9]. Since then, PDL has become a classic of logic
in computer science [11], and many extensions and variations have been proposed. Several of
these extensions are inspired by the original application of reasoning about programs, while
others aim at the numerous novel applications that PDL has found since its invention. Notable
examples of such applications include agent-based systems [14], regular path constraints for
querying semi-structured data [2], and XML-querying [1, 17, 16]. In artifical intelligence,
PDL received attention due to its close relationship to description logics [10] and epistemic
logic [18, 19].
The models of PDL formulas and programs are transition systems (also called Kripke
structures) whose transitions are labeled with atomic programs and whose states are labeled
with atomic propositions. Formulas are defined from atomic propositions, are closed by the
boolean operations, and finally for each program π and each formula ϕ, hπiϕ is a again a
formula – with the semantics that there is some state both satisfying ϕ and reachable by
executing π. Hence, formulas define subsets of the state set of Kripke structures. Programs
are built up from atomic ones, are closed under the operations union, composition, and Kleene
star, and finally whenever ϕ is a formula, then ϕ? is a program defining loops in those states
that satisfy ϕ. Hence programs define binary relations on the state set of Kripke structures.
The satisfiability problems asks, given a formula ϕ, whether there exists a Kripke structure
K and a state of K that satisfies ϕ.
The model checking problem asks, given a Kripke structure K, a state x of K, and a formula
ϕ, whether x satisfies ϕ.
In this thesis we investigate the computational complexity of the satisfiability problem and
of the model checking problem over infinite state systems of fragments and of extensions of
PDL. Our first results are concerned with an extension of PDL that allows intersection and
converse on programs and also the usage of fixed points and nominals. Nominals are atomic
propositions that hold in precisely one state of Kripke structures. We call the resulting logic
µ-ICPDLNom . We define an operator # on pointed Kripke structures – these are Kripke
structures K together with a state of K – and show that applying # to any pointed Kripke
structure K yields a pointed Kripke structure K # of bounded tree width (a widespread notion
from graph theory) satisfying the same µ-ICPDLNom formulas.
Theorem 1. Let M be a finite set of nominals. Then for every pointed Kripke structure K
over M we have that K # has tree width at most |M | + 2 and moreover K and K # satisfy the
same µ-ICPDLNom formulas containing nominals from M .
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Next, we introduce a special reasoning problem for µ-ICPDLNom that we call ω-regular tree
satisfiability. Formally, ω-regular tree satisfiability is the question, given a two-way alternating
parity tree automaton over infinite trees T (see also [21]) and a µ-ICPDLNom formula ϕ that is
interpreted over the same trees as T , to decide whether there exists some tree T accepted by T
such that ϕ holds in the root of T . We prove that ω-regular tree satisfiability in µ-ICPDLNom
is complete for 2EXP. As a first application of ω-regular tree satisfiability we reduce general
satisfiability in µ-ICPDLNom to it. This is done by an appropriate encoding of all countable
Kripke structures of bounded tree width as an ω-regular tree language. We introduce an
appropriate notion of nestings of the intersection operator in formulas and programs which
the complexity of (ω-regular tree) satisfiability is doubly exponential in. We call the latter
measure intersection width.
Theorem 2. Satisfiability in µ-ICPDLNom is 2EXP-complete. For every constant c ≥ 1 satisfiability of µ-ICPDLNom formulas of intersection width at most c is complete for EXP.
For µ-ICPDLNom ’s fragment ICPDL, i.e. PDL extended with intersection and converse, the
previously best known upper bound for satisfiability was non-elementary [12].
Next, we investigate infinite state model checking of (fragments of) µ-ICPDLNom . We consider basic process algebras (BPA), pushdown systems (PDS) and prefix-recognizable systems
(PRS). Aside from the natural class of prefix-recognizable systems (introduced by Caucal [5]),
we follow Mayr’s classification of infinite state systems. The reason for blinding out systems
of Mayr’s process rewrite systems [13] that involve parallel composition is that already model
checking test-free PDL over basic parallel processes (also known as communication-free nets)
is undecidable. We show the latter via a reduction from the undecidable model checking
problem of CTL’s fragment EF over Petri nets [7, 8]. Following Vardi [20], we distinguish
three ways of measuring the complexity of the model checking problem: Data complexity
(the formula is fixed, the Kripke structure is the input), expression complexity (the Kripke
structure is fixed, the formula is the input) and combined complexity (both the formula and
the Kripke structure are part of the input).
Again, via a simple reduction to ω-regular tree satisfiability we can prove an upper bound
for infinite state model checking.
Theorem 3. Model checking µ-ICPDLNom over prefix-recognizable systems is in 2EXP. Moreover, for every constant c ≥ 1 model checking µ-ICPDLNom formulas of intersection width at
most c over prefix-recognizable systems is EXP-complete.
We can also show that the previous 2EXP upper bound is tight.
Theorem 4. There exists already a fixed basic process algebra X such that model checking
test-free IPDL over X is 2EXP-hard.
The results for infinite state model checking of (test-free) IPDL/µ-ICDPL over BPA, PDS,
and PRS are summarized in Table 1.
Next, we study an extension of PDL that allows to reason about dynamically changing Kripke
structures. We investigate the complexity of satisfiability in DLP+
dyn , introduced in [6]. Via a
natural satisfiability preserving translation to PDL, Demri proved that satisfiability in DLP+
dyn
is in 2EXP [6]. For DLP+
dyn’s fragment DLPdyn of Pucella and Weissman, the best known
upper bound was NEXP [15]. We close these complexity gaps by showing that satisfiability
in DLP+
dyn is complete for EXP. The starting point for proving this EXP upper bound is a
proposal by Demri from [6] that suggests to translate DLP+
dyn formulas to formulas of an
extension of PDL, called PDL⊕, that allows a certain operator ⊕ on programs. Hence, for
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Table 1: Complexity of infinite state model checking of µ-ICPDLNom
proving an EXP upper bound for DLP+
dyn , the hope would be to prove an EXP upper bound
for PDL⊕. We show that this approach may not be successful by proving that satisfiability
in PDL⊕ is complete for 2EXP. However, we syntactically restrict the ⊕ operator in a subtle
way – this leads to the logic that we call PDL⊕[A]. It is worth mentioning that Demri’s
translation from DLP+
dyn to PDL⊕ does not yield formulas of PDL⊕[A]. Summarizing, we
prove EXP membership of satisfiability in DLP+
dyn in two steps. In a first step, we give a
+
satisfiability preserving translation from DLPdyn to PDL⊕[A]. In a second step, we prove
that satisfiability in PDL⊕[A] is in EXP.
Theorem 5. Satisfiability in DLP+
dyn is EXP-complete.
Finally, for the sake of completeness, we investigate the complexity of infinite state model
checking of test-free and full PDL via reductions from known results of infinite state model
checking of EF, CTL and the modal µ-calculus, respectively. The results are summarized in
Table 2. We emphasize the following quite surprising lower bound result.
Theorem 6. Reachability on prefix-recognizable systems is EXP-hard.
This EXP lower bound matches the complexity of model checking the µ-calculus over prefixrecognizable systems [4]. Too, the EXP lower bound is somewhat surprising, since the complexity of alternating reachability over prefix-recognizable systems is EXP-complete as well.
Note that for most graph classes there is a complexity jump from the reachability problem
to the alternating reachability problem. Furthermore, EXP-completeness of reachability on
prefix-recognizable systems stands in contrast to the rather low complexity (P-completeness)
of reachability on pushdown systems [3].
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