
✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t

✶✳✶ ❲✐❡❞❡r❤♦❧✉♥❣ ❋✉♥❦t✐♦♥❡♥

❍✳ ❲✉s❝❤❦❡

✵✾✳ ❆✉❣✉st ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤❡ ❛♥❣❡❜❡♥

r❡❡❧❧✇❡rt✐❣❡ ❋✉♥❦t✐♦♥st②♣❡♥ ✇✐❡❞❡r❤♦❧❡♥ ✉♥❞ ♠✐t ♠❛r❦❛♥t❡♥
❊✐❣❡♥s❝❤❛❢t❡♥ ❜❡s❝❤r❡✐❜❡♥

❊✐♥✢✉ss ✈♦♥ P❛r❛♠❡t❡r♥ ❛✉❢ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣❡♥ ❜❡s❝❤r❡✐❜❡♥

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❋✉♥❦t✐♦♥✱ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✱ ❲❡rt❡❜❡r❡✐❝❤

❋✉♥❦t✐♦♥✱ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✱ ❲❡rt❡❜❡r❡✐❝❤

❊✐♥❡ ❋✉♥❦t✐♦♥ f ♦r❞♥❡t ❥❡❞❡♠ x ∈ D ❡✐♥❞❡✉t✐❣ ❡✐♥ y ∈W ③✉✳
❉❛❜❡✐ ❤❡✐ÿt D ❛✉❝❤ ❞❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✉♥❞ W ❞❡r
❲❡rt❡❜❡r❡✐❝❤ ✈♦♥ f

❍ä✉✜❣ s❝❤r❡✐❜t ♠❛♥ ❢ür ❞✐❡s❡ ❩✉♦r❞♥✉♥❣✿ y = f (x)✳

❇❡✐s♣✐❡❧❡

f✶(x) = ✷x − ✸
❍✐❡r ✐st D = R ✉♥❞ W = R✱ ❞❛ ❛❧❧❡s ❡✐♥❣❡s❡t③t ✇❡r❞❡♥ ❦❛♥♥ ✉♥❞
❛❧❧❡s ❤❡r❛✉s❦♦♠♠❡♥ ❦❛♥♥✳

f✷(x) = x✷ + ✸
❍✐❡r ✐st D = R ✉♥❞ W = {y | y ≧ ✸}

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❡✐♥❣❡s❝❤rä♥❦t❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤

❋✉♥❦t✐♦♥❡♥ ♠✐t ✉♥❡✐♥❣❡s❝❤rä♥❦t❡♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤

P♦❧②♥♦♠❡

tr✐❣♦♥♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥❡♥

❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥❡♥

❋✉♥❦t✐♦♥❡♥ ♠✐t ❡✐♥❣❡s❝❤rä♥❦t❡♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤

❉✐❡ ❲✉r③❡❧❢✉♥❦t✐♦♥✱ ✇✐❡ ③✉♠ ❇❡✐s♣✐❡❧ f (x) =
√
x ✐st ♥✉r ❢ür

♥✐❝❤t♥❡❣❛t✐✈❡ ✭≧ ✵✮ ❲❡rt❡ ❞❡✜♥✐❡rt✳

❉✐❡ ▲♦❣❛r✐t❤♠✉s❢✉♥❦t✐♦♥✱ ✇✐❡ ③✉♠ ❇❡✐s♣✐❡❧ f (x) = ln(x) ✐st
♥✉r ♣♦s✐t✐✈❡ ✭> ✵✮ ❲❡rt❡ ❞❡✜♥✐❡rt✳

●❡❜r♦❝❤❡♥r❛t✐♦♥❛❧❡ ❋✉♥❦t✐♦♥❡♥ ✇✐❡ ③✉♠ ❇❡✐s♣✐❡❧

f (x) =
✸

x✷ − ✹
s✐♥❞ ♥✐❝❤t ❞❡✜♥✐❡rt✱ ✇❡♥♥ ❞✉r❝❤ ✵ ❣❡t❡✐❧t ✇✐r❞✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❆✉❢❣❛❜❡♥ ❆✶

●❡❜❡♥ ❙✐❡ ❞❡♥ ❣röÿt♠ö❣❧✐❝❤❡♥ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❛♥✿

f (x) =
√
x✷ − ✾

g(x) = −x✸ − ✷x✷

h(x) =
x + ✶

x − ✺
· e✸x

k(x) = ln(x − ✽)

m(x) = ✶

✷
x − ✺+ sin(✷x − ✸)

n(x) =
(x − ✸) · x

x✷ · (x − ✽) · (x + ✼)

p(x) = ✸x −
√
x + ✶✻+

✶

x

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



P♦❧②♥♦♠❡ ✕ ❣❛♥③r❛t✐♦♥❛❧❡ ❋✉♥❦t✐♦♥❡♥

❆❜❜✐❧❞✉♥❣✿ P♦❧②♥♦♠❡ ✸✳ ✉♥❞ ✹✳ ●r❛❞❡s ♠✐t ▼❛t❤❡●r❛✜① ✶✶✱ ❍✳❲✳ ✵✽✴✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❲✉r③❡❧❢✉♥❦t✐♦♥❡♥

f (x) =
√
x g(x) = ✸

√
x h(x) =

√
x✸

❆❜❜✐❧❞✉♥❣✿ ❲✉r③❡❧❢✉♥❦t✐♦♥❡♥ ♠✐t ▼❛t❤❡●r❛✜① ✶✶✱ ❍✳❲✳ ✵✽✴✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥❡♥ ③✉r ❇❛s✐s e

f (x) = ex g(x) = −e−x h(x) = e−x k(x) = −ex

❆❜❜✐❧❞✉♥❣✿ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥❡♥ ♠✐t ▼❛t❤❡●r❛✜① ✶✶✱ ❍✳❲✳ ✵✽✴✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥❡♥

f (x) = ex g(x) = ✺x h(x) = ✶, ✷x k(x) = ✵, ✹x

❆❜❜✐❧❞✉♥❣✿ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥❡♥ ♠✐t ▼❛t❤❡●r❛✜① ✶✶✱ ❍✳❲✳ ✵✽✴✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❚r✐❣♦♥♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥❡♥

f (x) = sin(x) g(x) = cos(x) h(x) = tan(x)

❆❜❜✐❧❞✉♥❣✿ ❚r✐❣♦♥♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥❡♥ ♠✐t ▼❛t❤❡●r❛✜① ✶✶✱ ❍✳❲✳
✵✽✴✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❊✐♥✢✉ss ❞❡r P❛r❛♠❡t❡r

P❛r❛♠❡t❡r❡✐♥✢✉ss

❙❡✐ f (x) ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❋✉♥❦t✐♦♥✳ ❉❛♥♥ ❣✐❧t✿

a · f (x) str❡❝❦t ✭|a| > ✶✮ ♦❞❡r st❛✉❝❤t ✭✵ < |a| < ✶✮ ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥
✈♦♥ f (x) ❡♥t❧❛♥❣ ❞❡r y ✲❆❝❤s❡✳ ❋ür a < ✵ ✇✐r❞ ❞❡r ❋✉♥❦t✐♦♥s❣r❛♣❤ ❛♥ ❞❡r
x✲❆❝❤s❡ ❣❡s♣✐❡❣❡❧t✳

f (b · x) str❡❝❦t ✭✵ < |b| < ✶✮ ♦❞❡r st❛✉❝❤t ✭|b| > ✶✮ ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥
✈♦♥ f (x) ❡♥t❧❛♥❣ ❞❡r x✲❆❝❤s❡✳ ❋ür b < ✵ ✇✐r❞ ❞❡r ❋✉♥❦t✐♦♥s❣r❛♣❤ ❛♥ ❞❡r
y ✲❆❝❤s❡ ❣❡s♣✐❡❣❡❧t✳

f (x + c) ✈❡rs❝❤✐❡❜t ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ❡♥t❧❛♥❣ ❞❡r x✲❆❝❤s❡ ✐♥ −c
❊✐♥❤❡✐t❡♥✳ ❉❛❞✉r❝❤ ✈❡rs❝❤✐❡❜t s✐❝❤ ❛✉❝❤ ❞❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✳

f (x) + d ✈❡rs❝❤✐❡❜t ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ❡♥t❧❛♥❣ ❞❡r y ✲❆❝❤s❡ ✐♥ d

❊✐♥❤❡✐t❡♥✳ ❉❛❞✉r❝❤ ✈❡rs❝❤✐❡❜t s✐❝❤ ❛✉❝❤ ❞❡r ❲❡rt❡❜❡r❡✐❝❤

P❛r❛♠❡t❡r a ❦❛♥♥ ❞❡♥ ❲❡rt❡❜❡r❡✐❝❤ ✈❡r❣röÿ❡r♥✴✈❡r❦❧❡✐♥❡r♥ ✉♥❞ b ❦❛♥♥ ❞❡♥
❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✈❡r❣röÿ❡r♥✴✈❡r❦❧❡✐♥❡r♥✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❢ür ❡✐♥ ❆♣♣❧❡t

❍✐❡r ❣✐❜t ❡s ❡✐♥ ❇❡✐s♣✐❡❧ ❢ür ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ❋✉♥❦t✐♦♥❡♥✳ ❉❛❜❡✐ s✐♥❞ ❞✐❡
P❛r❛♠❡t❡r ♥✐❝❤t ✐♠♠❡r ❡①❛❦t s♦ ❜❡♥❛♥♥t✱ ✇✐❡ ✐♠ ❉❡✜♥✐t✐♦♥s❦❛st❡♥ ❛✉❢ ❞❡r
✈♦r❤❡r✐❣❡♥ ❋♦❧✐❡ ❤tt♣s✿✴✴✇✇✇✳❣❡♦❣❡❜r❛✳♦r❣✴♠✴❣❲●✉❙✇❚❞

❆✉❢❣❛❜❡♥ ❆✷

●❡❣❡❜❡♥ s✐♥❞ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ f (x) = ✶

✸
· x✸ − ✷x✷ + ✹x − ✽✱

g(x) = ln(x − ✷) s♦✇✐❡ h(x) =
√
x✷ − ✽

❛✮ ❱❡rs❝❤✐❡❜❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✿ ✸ ▲❊ ← ✉♥❞ ✷ ▲❊ ↓
❜✮ ❙tr❡❝❦❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣r❛♣❤ ✉♠ ❞❡♥ ❋❛❦t♦r ✸ ✐♥ ❘✐❝❤t✉♥❣ ❞❡r

y ✲❆❝❤s❡✳

❝✮ ❙t❛✉❝❤❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣r❛♣❤ ✉♠ ❞❡♥ ❋❛❦t♦r ✶

✸
✐♥ ❘✐❝❤t✉♥❣ ❞❡r

y ✲❆❝❤s❡✳

❞✮ ❱❡rs❝❤✐❡❜❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✿ ✺ ▲❊ ← ✉♥❞ ✻ ▲❊ ↑
❲❡❧❝❤❡ ❆✉s✇✐r❦✉♥❣ ❛✉❢ ❉❡✜♥✐t✐♦♥s✲ ✉♥❞ ❲❡rt❡❜❡r❡✐❝❤ ❧❛ss❡♥ s✐❝❤
❢❡stst❡❧❧❡♥❄

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t

https://www.geogebra.org/m/gWGuSwTd


✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t

✶✳✷ ❩❛❤❧❡♥❢♦❧❣❡♥ ✉♥❞ ●r❡♥③✇❡rt

❍✳ ❲✉s❝❤❦❡

✶✷✳ ❆✉❣✉st ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

♠✐t ❩❛❤❧❡♥❢♦❧❣❡♥ ❛❧s s♣❡③✐❡❧❧❡♥ ❆❜❜✐❧❞✉♥❣❡♥ ✉♠❣❡❤❡♥

❞❡♥ ●r❡♥③✇❡rt ❜③✇✳ ▲✐♠❡s ❛❧s ❑♦♥③❡♣t ❜❡s❝❤r❡✐❜❡♥

●r❡♥③✇❡rt❡ ❜❡st✐♠♠❡♥ ♠✐t❤✐❧❢❡ ❞❡r ●r❡♥③✇❡rtsät③❡

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❩❛❤❧❡♥❢♦❧❣❡

❊✐♥❡ ❋✉♥❦t✐♦♥ a : N → R; n 7→ an ❤❡✐ÿt r❡❡❧❧❡ ❩❛❤❧❡♥❢♦❧❣❡✳ ❉✐❡

❡✐♥③❡❧♥❡♥ ❋✉♥❦t✐♦♥s✇❡rt❡ ❤❡✐ÿ❡♥ ●❧✐❡❞❡r ❞❡r ❩❛❤❧❡♥❢♦❧❣❡✳

◆♦t❛t✐♦♥✿ (a✶; a✷; a✸; a✹; ...) ♦❞❡r (an)n∈N ♦❞❡r (an)

❱✐❡❧❢❛❝❤❡ ✈♦♥ ✹

a✶ = ✹; a✷ = ✽; a✸ = ✶✷; a✹ = ✶✻; ...

❛❧❧❣❡♠❡✐♥✿ (an) = (✹ · n)

❙t❛♠♠❜rü❝❤❡

a✶ =
✶

✶
; a✷ =

✶

✷
; a✸ =

✶

✸
; a✹ =

✶

✹
; ...

❛❧❧❣❡♠❡✐♥✿ (an) =
(

✶

n

)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



✇❡✐t❡r❡ ❇❡✐s♣✐❡❧❡

(n)n∈N = (✶; ✷; ✸; ...) ❋♦❧❣❡ ❞❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥

((−✶)n)n∈N = (−✶; ✶;−✶; ...) ❛❧t❡r♥✐❡r❡♥❞❡ ❋♦❧❣❡

(c)n∈N = (c ; c ; c ; ...) ❦♦♥st❛♥t❡ ❋♦❧❣❡

(✷n−✶)n∈N = (✶; ✷; ✹; ✽; ...) ❩✇❡✐❡r♣♦t❡♥③❡♥

❆✉❢❣❛❜❡♥ ❆✶

●❡❜❡♥ ❙✐❡ ❞✐❡ ❡rst❡♥ ③❡❤♥ ❋♦❧❣❡♥❣❧✐❡❞❡r ❞❡r ❩❛❤❧❡♥❢♦❧❣❡ ❛♥✳

❛✮ (an) = (✼ · n + ✷)

❜✮ (bn) = ( n
√
✻)

❝✮ (cn) = (
(

✶+ ✶

n

)n
)

❞✮ (dn) =

(

n✷ + ✷n − ✶

✸n✷ − ✺

)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❦♦♥✈❡r❣❡♥t❀ ▲✐♠❡s

❊✐♥❡ ❩❛❤❧❡♥❢♦❧❣❡ (an)n∈N ❤❡✐ÿt ❦♦♥✈❡r❣❡♥t ❣❡❣❡♥ g ∈ R✱ ✇❡♥♥ ❡s

③✉ ❥❡❞❡♠ ε > ✵ ❡✐♥ Nε ∈ N ❣✐❜t✱ s♦ ❞❛ss ❢ür ❛❧❧❡ n ≧ Nε ❣✐❧t✿

|an − g | < ε

❉❡r ❲❡rt g ❤❡✐ÿt ●r❡♥③✇❡rt ♦❞❡r ▲✐♠❡s ❞❡r ❋♦❧❣❡ (an)✳

s②♠❜♦❧✐s❝❤✿ lim
n→∞

an = g

❊♣s✐❧♦♥✲❯♠❣❡❜✉♥❣

❉❡r ▲✐♠❡s ❡✐♥❡r ❩❛❤❧❡♥❢♦❧❣❡ ❣✐❜t ❡✐♥❡♥ ❲❡rt ❛♥✱ ❞❡♠ s✐❝❤ ❞✐❡

❋✉♥❦t✐♦♥ ❜❡❧✐❡❜✐❣ ❞✐❝❤t ♥ä❤❡rt✱ ✐❤♥ ❛❜❡r ♥✐❝❤t ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡

❡rr❡✐❝❤t✳

❉❛❢ür ❦❛♥♥ ♠❛♥ s✐❝❤ ③✉♠ ●r❡♥③✇❡rt ❡✐♥❡♥ ❜❡❧✐❡❜✐❣❡♥ ❆❜st❛♥❞ ✭ε✮

✇ä❤❧❡♥ ✉♥❞ ❛❜ ❡✐♥❡♠ ❜❡st✐♠♠t❡♥ ❋♦❧❣❡♥❣❧✐❡❞ aNε
❤❛❜❡♥ ❛❧❧❡

♥❛❝❤❢♦❧❣❡♥❞❡♥ ❋♦❧❣❡♥❣❧✐❡❞❡r ✭n ≧ Nε✮ ❡✐♥❡♥ ❣❡r✐♥❣❡r❡♥ ❆❜st❛♥❞✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧

❋ür ❞✐❡ ❩❛❤❧❡♥❢♦❧❣❡ (an) = ✸✵+ ✾✵ ·
(

✸

✹

)n
✐st ❞❡r ●r❡♥③✇❡rt g = ✸✵✳

❲ä❤❧❡ ❜❡✐s♣✐❡❧s✇❡✐s❡ ε = ✹✱ ❞❛♥♥ ✐st ❞❛s Nε ❣❡s✉❝❤t✱ ❢ür ❞❛s ❣✐❧t✿

|an − g | < ε

∣

∣

∣

∣

✸✵+ ✾✵ ·
(

✸

✹

)n

− ✸✵

∣

∣

∣

∣

< ✹
❈❆❙⇒ n > ✶✵, ✽

❆❧s♦ ✐st Nε = ✶✶✱ ❞❡♥♥ ❛❜ a✶✶ ❣✐❧t ❢ür ❛❧❧❡ ❋♦❧❣❡♥❣❧✐❡❞❡r |an − ✸✵| < ✹

❲ä❤❧❡ ❜❡✐s♣✐❡❧s✇❡✐s❡ ε = ✵, ✵✵✹✱ ❞❛♥♥ ♠✉ss ❣❡❧t❡♥✿

∣

∣

∣

∣

✸✵+ ✾✵ ·
(

✸

✹

)n

− ✸✵

∣

∣

∣

∣

< ✵, ✵✵✹
❈❆❙⇒ n > ✸✹, ✽

❆❧s♦ ✐st Nε = ✸✺✱ ❞❡♥♥ ❛❜ a✸✺ ❣✐❧t ❢ür ❛❧❧❡ ❋♦❧❣❡♥❣❧✐❡❞❡r |an − ✸✵| < ✵, ✵✵✹

❙♦ ❦❛♥♥ ❞❛s ε > ✵ ❛❧s♦ ❜❡❧✐❡❜✐❣ ❦❧❡✐♥ ❣❡✇ä❤❧t ✇❡r❞❡♥ ✉♥❞ ❡s ❣✐❧t✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ❞❡r ❊♣s✐❧♦♥✲❯♠❣❡❜✉♥❣

❆❜❜✐❧❞✉♥❣✿ ❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ❞✉r❝❤

❤tt♣s✿✴✴❞❡✳✇✐❦✐❜♦♦❦s✳♦r❣✴✇✐❦✐✴▼❛t❤❡❴❢✪❈✸✪❇❈r❴◆✐❝❤t✲❋r❡❛❦s✿

❴●r❡♥③✇❡rt✿❴❑♦♥✈❡r❣❡♥③❴✉♥❞❴❉✐✈❡r❣❡♥③

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t

https://de.wikibooks.org/wiki/Mathe_f%C3%BCr_Nicht-Freaks:_Grenzwert:_Konvergenz_und_Divergenz
https://de.wikibooks.org/wiki/Mathe_f%C3%BCr_Nicht-Freaks:_Grenzwert:_Konvergenz_und_Divergenz


❆❧❧❣❡♠❡✐♥❡r ◆❛❝❤✇❡✐s ❢ür ❞✐❡ ❋♦❧❣❡
(

✶

n

)

n∈N

❉✐❡ ❱❡r♠✉t✉♥❣ ✐st✱ ❞❛ss ❞✐❡ ❩❛❤❧❡♥❢♦❧❣❡ ❣❡❣❡♥ g = ✵ ❦♦♥✈❡r❣✐❡rt✳

❙❡✐ ε > ✵ ✈♦r❣❡❣❡❜❡♥✳

❩✉ ③❡✐❣❡♥ ✐st✱ ❞❛ss ❡s ❡✐♥❡ ♥❛tür❧✐❝❤❡ ❩❛❤❧ Nε ❣✐❜t✱ s♦❞❛ss ❢ür ❛❧❧❡

n ≧ Nε ❣✐❧t✿

|an − g | < ε ❜③✇✳

∣

∣

∣

∣

✶

n
− ✵

∣

∣

∣

∣

< ε

❲ä❤❧❡ Nε >
✶

ε
✭✐♠♠❡r ♠ö❣❧✐❝❤ ♥❛❝❤ ❞❡♠ ❙❛t③ ✈♦♥ ❆r❝❤✐♠❡❞❡s✮✱

❞❛♥♥ ❣✐❧t✿

|an − g | =
∣

∣

∣

∣

✶

n
− ✵

∣

∣

∣

∣

=
✶

n

❢ür n≧Nε

≦
✶

Nε

< ε

�

❉❛❤❡r ❣✐❧t✿ lim
n→∞

✶

n
= ✵

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❜❡s❝❤rä♥❦t❡ ❋♦❧❣❡

❙❡✐ (an)n∈N ❡✐♥❡ r❡❡❧❧❡ ❩❛❤❧❡♥❢♦❧❣❡✳ (an) ❤❡✐ÿt

✭✐✮ ♥❛❝❤ ✉♥t❡♥ ❜❡s❝❤rä♥❦t✱ ✇❡♥♥ ❡s ❡✐♥ s ∈ R ❣✐❜t✱ s♦ ❞❛ss ❣✐❧t✿

s ≦ an ❢ür ❛❧❧❡ n ∈ N

✭✐✐✮ ♥❛❝❤ ♦❜❡♥ ❜❡s❝❤rä♥❦t✱ ✇❡♥♥ ❡s ❡✐♥ S ∈ R ❣✐❜t✱ s♦ ❞❛ss ❣✐❧t✿

an ≦ S ❢ür ❛❧❧❡ n ∈ N

✭✐✐✐✮ ❜❡s❝❤rä♥❦t✱ ✇❡♥♥ s✐❡ ♥❛❝❤ ♦❜❡♥ ✉♥❞ ✉♥t❡♥ ❜❡s❝❤rä♥❦t ✐st✳

❆✉❢❣❛❜❡♥ ❆✷

❯♥t❡rs✉❝❤❡♥ ❙✐❡✱ ♦❜ ❞✐❡ ❋♦❧❣❡ ♥❛❝❤ ♦❜❡♥ ❜③✇✳ ✉♥t❡♥ ❜❡s❝❤rä♥❦t ✐st✿

❛✮ (an) =
(

✸− ✶

n

)

❜✮ (bn) =
(

n

✷

)

❝✮ (cn) =
(

(−✶)n+✶ · ✶

n

)

❞✮ (dn) = ((−✶)n · ✷)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❙❛t③ ü❜❡r ❇❡s❝❤rä♥❦t❤❡✐t ✈♦♥ ❋♦❧❣❡♥

❊✐♥❡ ❩❛❤❧❡♥❢♦❧❣❡ (an)n∈N ✐st ❣❡♥❛✉ ❞❛♥♥ ❜❡s❝❤rä♥❦t✱ ✇❡♥♥ ❡s ❡✐♥

c ∈ R
+ ❣✐❜t✱ s♦ ❞❛ss ❢ür ❛❧❧❡ n ∈ N ❣✐❧t✿ |an| ≦ c

❇❡✇❡✐s✿ ❲❡♥♥ |an| ≦ c ❣✐❧t✱ ❞❛♥♥ ✐st −c ≦ an ≦ |an| ≦ c ✱ ❛❧s♦ ✐st

an ♥❛❝❤ ✉♥t❡♥ ❞✉r❝❤ −c ✉♥❞ ♥❛❝❤ ♦❜❡♥ ❞✉r❝❤ c ❜❡s❝❤rä♥❦t✳

❲❡♥♥ an ❜❡s❝❤rä♥❦t ✐st✱ ❣✐❜t ❡s ❡✐♥❡ ✉♥t❡r❡ ❙❝❤r❛♥❦❡ s ✉♥❞ ❡✐♥❡

♦❜❡r❡ ❙❝❤r❛♥❦❡ S ✳ ❉❡✜♥✐❡r❡ c ♥✉♥ ❛❧s ▼❛①✐♠✉♠ ✈♦♥ |s| ✉♥❞ |S |
✭s②♠❜♦❧✐s❝❤ c := max(|s|, |S |)✮✳
❉❛♥♥ ✐st −c ≦ an ≦ c ✉♥❞ ❞❛♠✐t ❣✐❧t |an| ≦ c ✳ �

❇❡♠❡r❦✉♥❣

❏❡❞❡ ❦♦♥✈❡r❣❡♥t❡ ❋♦❧❣❡ ✐st ❜❡s❝❤rä♥❦t✳

✭❑❛♥♥ ❛✉❝❤ ❜❡✇✐❡s❡♥ ✇❡r❞❡♥✳✮

◆✐❝❤t ❥❡❞❡ ❜❡s❝❤rä♥❦t❡ ❋♦❧❣❡ ✐st ❦♦♥✈❡r❣❡♥t✳

❇❡✐s♣✐❡❧✿ (an) = ((−✶)n)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



●r❡♥③✇❡rtsät③❡

❙❡✐❡♥ (an) ✉♥❞ (bn) ❦♦♥✈❡r❣❡♥t❡ ❋♦❧❣❡♥ ♠✐t ❞❡♥ ●r❡♥③✇❡rt❡♥

lim
n→∞

an = a ✉♥❞ lim
n→∞

bn = b✳ ❉❛♥♥ ❣✐❧t✿

✭✐✮ lim
n→∞

(an + bn) = a+ b

✭✐✐✮ lim
n→∞

(an · bn) = a · b

✭✐✐✐✮ lim
n→∞

an

bn
=

a

b
❢ür (b 6= ✵)

✭✐✈✮ lim
n→∞

|an| = |a|

❇❡✇❡✐s ✈♦♥ ✭✐✮

|(an + bn)− (a+ b)| = |(an − a) + (bn − b)| ≦ |an − a|+ |bn − b|✳
❉❛ (an) ✉♥❞ (bn) ♥❛❝❤ ❱♦r❛✉ss❡t③✉♥❣ ❦♦♥✈❡r❣❡♥t s✐♥❞✱ ❣✐❧t✿

|an − a| < ε

✷
❢ür ❛❧❧❡ n ≧ Nε✶ ✉♥❞ |bn − b| < ε

✷
❢ür ❛❧❧❡ n ≧ Nε✷

❆❧s♦ ✐st |an − a|+ |bn − b| < ε

✷
+ ε

✷
= ε ❢ür ❛❧❧❡ n ≧ max(Nε✶ ,Nε✷)✳ �

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❙❛♥❞✇✐❝❤✲❚❤❡♦r❡♠

❙❡✐❡♥ (an), (bn) ✉♥❞ (cn) ❞r❡✐ ❩❛❤❧❡♥❢♦❧❣❡♥✳ ❊s ❣❡❧t❡ ❢ür ❛❧❧❡

n ≧ N ∈ N : an ≦ bn ≦ cn✳ ❆✉ÿ❡r❞❡♠ s❡✐ lim
n→∞

an = lim
n→∞

cn = g

❉❛♥♥ ❣✐❧t ❛✉❝❤ lim
n→∞

bn = g ✳

❆✉❢❣❛❜❡♥ ❆✸

❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ●r❡♥③✇❡rt ❞❡r ❣❡❣❡❜❡♥❡♥ ❋♦❧❣❡✳

❛✮ (an) =
(

✶+ ✶

n

)

❜✮ (bn) =
(

−✽+
(

✶

✶✵

)n)

❝✮ (cn) =
(

n+✶

n

)

❞✮ (dn) =
(

✷n+✶

n✷

)

❡✮ (en) =
(

✸n✷−✹n✸+✺

✷n✸−✺n+✾

)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t

✶✳✸ ●r❡♥③✇❡rt❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥

❍✳ ❲✉s❝❤❦❡

✶✽✳ ❆✉❣✉st ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

Ü❜❡rtr❛❣✉♥❣ ❞❡r ●r❡♥③✇❡rtsät③❡ ❛✉❢ ❋✉♥❦t✐♦♥❡♥

❆s②♠♣t♦t❡♥ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ❜❡st✐♠♠❡♥

❞✐❡ ❆rt ❡✐♥❡r ❉❡✜♥✐t✐♦♥s❧ü❝❦❡ ❛❧s P♦❧st❡❧❧❡✱ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡

♦❞❡r ❙♣r✉♥❣st❡❧❧❡ ✉♥t❡rs❝❤❡✐❞❡♥

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❜❡st✐♠♠t❡r ●r❡♥③✇❡rt ✈♦♥ ❋✉♥❦t✐♦♥❡♥

❙❡✐ f : D → W ; x 7→ f (x) ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❋✉♥❦t✐♦♥✳
❲❡✐t❡r❤✐♥ s❡✐ (xn)n∈N ❡✐♥❡ ❩❛❤❧❡♥❢♦❧❣❡ ♠✐t lim

n→∞
xn = x✵✳ ❉❛♥♥ ❣✐❧t✿

lim
n→∞

f (xn) = lim
x→x✵

f (x) = c

❉✐❡s ❤❡✐ÿt ❜❡st✐♠♠t❡r ●r❡♥③✇❡rt ❞❡r ❋✉♥❦t✐♦♥ f ❛♥ ❞❡r ❙t❡❧❧❡ x✵✳

❇❡✐s♣✐❡❧

f (x) = ✸ · x✷ − ✺✳ ❩✉ ❜✐❧❞❡♥ ✐st lim
x→✷

f (x)✳

❇❡✐s♣✐❡❧s✇❡✐s❡ ❣✐❧t ❢ür (xn) =
(

✷+ ✶

n

)

✱ ❞❛ss lim
n→∞

xn = ✷ ✐st✳ ❆❧s♦ ✐st

lim
x→✷

f (x) = lim
n→∞

f

(

✷+
✶

n

)

= lim
n→∞

(

✸ ·

(

✷+
✶

n

)✷

− ✺

)

= lim
n→∞

(

✶✷+
✶✷

n
+

✸

n✷
− ✺

)

= ✼

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡♠❡r❦✉♥❣

■♥ ❞❡r ❉❡✜♥✐t✐♦♥ ✐st ❞✐❡ ❩❛❤❧❡♥❢♦❧❣❡ (xn)n∈N ❜❡❧✐❡❜✐❣✳
❆✉s ♠❛t❤❡♠❛t✐s❝❤❡r ❙✐❝❤t✱ ❣❡♥ü❣t ❡s ❛❧s♦ ♥✐❝❤t✱ ❡✐♥❡ ❜❡✐s♣✐❡❧❤❛❢t❡
❋♦❧❣❡ ③✉ ♥❡❤♠❡♥✱ ✉♠ ❞❡♥ ●r❡♥③✇❡rt ③✉ ❜❡st✐♠♠❡♥✳ ❋ür ❞✐❡ ❙❝❤✉❧❡
✐st ❞✐❡s ❥❡❞♦❝❤ ❛✉sr❡✐❝❤❡♥❞✳

✉♥❜❡st✐♠♠t❡r ●r❡♥③✇❡rt ✈♦♥ ❋✉♥❦t✐♦♥❡♥

❙❡✐ f : D → W ; x 7→ f (x) ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❋✉♥❦t✐♦♥✳
❲❡✐t❡r❤✐♥ s❡✐ (xn)n∈N ❡✐♥❡ ❩❛❤❧❡♥❢♦❧❣❡ ♠✐t lim

n→∞
xn = x✵✳ ❉❛♥♥ ❣✐❧t✿

lim
n→∞

f (xn) = lim
x→x✵

f (x) = ∞

♦❞❡r
lim
n→∞

f (xn) = lim
x→x✵

f (x) = −∞

❉✐❡s ❤❡✐ÿt ✉♥❜❡st✐♠♠t❡r ●r❡♥③✇❡rt ❞❡r ❋✉♥❦t✐♦♥ f ❛♥ ❞❡r ❙t❡❧❧❡ x✵✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❆✉❢❣❛❜❡♥ ❆✶

❇❡st✐♠♠❡♥ ❙✐❡ ❢♦❧❣❡♥❞❡ ●r❡♥③✇❡rt❡ ❤ä♥❞✐s❝❤ ✉♥❞ ü❜❡r♣rü❢❡♥ ❙✐❡
❛♥s❝❤❧✐❡ÿ❡♥❞ ♠✐t ❞❡♠ ❈❆❙✳

❛✮ lim
x→✶

(x✸ − ✻x + ✺)

❜✮ lim
x→✷

e
✷x✷+✺

x✹−✶✻

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥

❙❡✐❡♥ (xn) ✉♥❞ (yn) ❩❛❤❧❡♥❢♦❧❣❡♥ ♠✐t lim
n→∞

xn = −∞ ❜③✇✳ lim
n→∞

yn = ∞✳

❉❛♥♥ ❜❡③❡✐❝❤♥❡t ♠❛♥ ❢ür ❞✐❡ ❋✉♥❦t✐♦♥ f : D → W ; x 7→ f (x)

lim
n→∞

f (xn) = lim
x→−∞

f (x)

✉♥❞
lim
n→∞

f (yn) = lim
x→∞

f (x)

❛❧s ❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥ ♦❞❡r ●❧♦❜❛❧✈❡r❤❛❧t❡♥ ✈♦♥ f ✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❆✉❢❣❛❜❡♥ ❆✷

❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞❛s ❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥ ❢ür ❞✐❡ ❣❡❣❡❜❡♥❡♥
❋✉♥❦t✐♦♥❡♥ ♠✐t❤✐❧❢❡ ❞❡s ❈❆❙✳

f (x) = x✸ − ✻x + ✺ k(x) =
✸

x✷ + ✷

g(x) = e
✷x✷+✺

x✹−✶✻ m(x) =
−✸x✷ + ✼x − ✽✵

✺x✷ + ✾

h(x) = −✸x✺ + ✻x✸ + ✷x✷ n(x) = ✶, ✹x + ✸

j(x) = ✼x✷ + ✸x − ✽.✵✵✵ p(x) = ✵, ✸x − ✹

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥ ✈♦♥ P♦❧②♥♦♠❡♥

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ✶✶ ❙❛❝❤s❡♥✱ ❙✳ ✶✹✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



◆♦t❛t✐♦♥

■st lim
x→−∞

f (x) = lim
x→∞

f (x) s❝❤r❡✐❜t ♠❛♥ ❛✉❝❤ lim
x→±∞

f (x)

❇❡✐s♣✐❡❧❡✿

lim
x→−∞

(x✹ + x✷ − x) = ∞ ✉♥❞ lim
x→∞

(x✹ + x✷ − x) = ∞

lim
x→±∞

(x✹ + x✷ − x) = ∞

lim
x→−∞

(−x✹ + x✷ − x) = −∞ ✉♥❞ lim
x→∞

(−x✹ + x✷ − x) = −∞

lim
x→±∞

(−x✹ + x✷ − x) = −∞

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❢ür ●r❡♥③✇❡rt ❛♥ ❡✐♥❡r ❙t❡❧❧❡

g(x) =
✶

x

lim
x→✷

g(x) =
✶

✷
lim

x→−
✷
✹✺

g(x) = −
✹✺

✷

lim
x→✹✷

g(x) =
✶

✹✷
lim

x→−✺✹✸✼

g(x) = −
✶

✺✹✸✼

lim
x→∞

g(x) = ✵ lim
x→−∞

g(x) = ✵

❆❧s♦ ✐st lim
x→±∞

g(x) = ✵

lim
x→✵

g(x) =???

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❢ür ●r❡♥③✇❡rt ❛♥ ❡✐♥❡r ❙t❡❧❧❡

g(x) =
✶

x

x
−✻ −✺ −✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹ ✺ ✻

y

−✺

−✹

−✸

−✷

−✶

✶

✷

✸

✹

✺

g(x)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❧✐♥❦s✲ ✉♥❞ r❡❝❤tss❡✐t✐❣❡r ●r❡♥③✇❡rt

❉❡r ❧✐♥❦ss❡✐t✐❣❡ ●r❡♥③✇❡rt ❡✐♥❡r ❋✉♥❦t✐♦♥ f (x) ❛♥ ❡✐♥❡r ❙t❡❧❧❡ x✵ ✐st ❞❡r
❲❡rt✱ ❞❡♠ s✐❝❤ ❞✐❡ ❋✉♥❦t✐♦♥ ❢ür ❛❧❧❡ x < x✵ ❜❡❧✐❡❜✐❣ ❞✐❝❤t ❛♥♥ä❤❡rt✳

lim
x→x

−

✵

f (x)

❉❡r r❡❝❤tss❡✐t✐❣❡ ●r❡♥③✇❡rt ❡✐♥❡r ❋✉♥❦t✐♦♥ f (x) ❛♥ ❡✐♥❡r ❙t❡❧❧❡ x✵ ✐st ❞❡r
❲❡rt✱ ❞❡♠ s✐❝❤ ❞✐❡ ❋✉♥❦t✐♦♥ ❢ür ❛❧❧❡ x > x✵ ❜❡❧✐❡❜✐❣ ❞✐❝❤t ❛♥♥ä❤❡rt✳

lim
x→x

+

✵

f (x)

❲❡♥♥ lim
x→x

−

✵

f (x) = lim
x→x

+

✵

f (x) s♦ ✐st ❞✐❡s ❞❡r ●r❡♥③✇❡rt lim
x→x✵

f (x)

❲❡♥♥ lim
x→x

−

✵

f (x) 6= lim
x→x

+

✵

f (x) s♦ ❡①✐st✐❡rt ❞❡r ●r❡♥③✇❡rt lim
x→x✵

f (x) ♥✐❝❤t✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❢ür ●r❡♥③✇❡rt ❛♥ ❡✐♥❡r ❙t❡❧❧❡

g(x) =
✶

x
lim
x→✵

g(x) ❡①✐st✐❡rt ♥✐❝❤t✳

x
−✻ −✺ −✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹ ✺ ✻

y

−✺

−✹

−✸

−✷

−✶

✶

✷

✸

✹

✺

g(x)

lim
x→✵−

g(x) = −∞ lim
x→✵+

g(x) = ∞

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❆✉❢❣❛❜❡♥ ❆✸

Ü❜❡r♣rü❢❡♥ ❙✐❡✱ ♦❜ ❞✐❡ ●r❡♥③✇❡rt❡ ❡①✐st✐❡r❡♥✱ ✐♥❞❡♠ ❙✐❡ ❞❡♥ ❧✐♥❦s✲
✉♥❞ ❞❡♥ r❡❝❤tss❡✐t✐❣❡♥ ●r❡♥③✇❡rt ❛♥ ❞❡r ❙t❡❧❧❡ ✉♥t❡rs✉❝❤❡♥✳

❛✮ lim
x→✸

(x − ✷) · (x − ✶)

x · (x + ✷) · (x − ✶)

❜✮ lim
x→✷

(x − ✷) · (x − ✶)

x · (x + ✷) · (x − ✶)

❝✮ lim
x→✶

(x − ✷) · (x − ✶)

x · (x + ✷) · (x − ✶)

❞✮ lim
x→−✷

(x − ✷) · (x − ✶)

x · (x + ✷) · (x − ✶)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❆s②♠♣t♦t❡♥ ✉♥❞ ❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥

✇❛❛❣❡r❡❝❤t❡ ❆s②♠♣t♦t❡

●✐❧t lim
x→±∞

f (x) = c ✱ s♦ ❤❛t f (x) ❡✐♥❡ ✇❛❛❣❡r❡❝❤t❡ ❆s②♠♣t♦t❡ ♠✐t ❞❡r

●❧❡✐❝❤✉♥❣ y = c

❆rt❡♥ ✈♦♥ ❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥

❊✐♥❡ ❉❡✜♥✐t✐♦♥s❧ü❝❦❡ ✐st ❡✐♥❡ ❙t❡❧❧❡ x✵✱ ❛♥ ❞❡r f (x) ♥✐❝❤t ❞❡✜♥✐❡rt ✐st✳

●✐❧t lim
x→x✵

f (x) = c ✱ ❤❡✐ÿt ❞✐❡ ❙t❡❧❧❡ x✵ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡✳

●✐❧t lim
x→x✵

−

f (x) = c ✉♥❞ lim
x→x✵

+

f (x) = d ✱ ❤❡✐ÿt ❞✐❡ ❙t❡❧❧❡ x✵ ❙♣r✉♥❣st❡❧❧❡✳

●✐❧t lim
x→x✵

f (x) = ±∞✱ ❤❡✐ÿt ❞✐❡ ❙t❡❧❧❡ x✵ P♦❧st❡❧❧❡ ♠✐t s❡♥❦r❡❝❤t❡r

❆s②♠♣t♦t❡ x = x✵✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❢ür ❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥ ✕ P♦❧st❡❧❧❡

f✶(x) =
✶

x − ✷
+ ✶ ❆s②♠♣t♦t❡♥ ❜❡✐ x = ✷ ✉♥❞ y = ✶

x
−✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽

y

−✺

−✹

−✸

−✷

−✶

✶

✷

✸

✹

✺

f✶(x)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❢ür ❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥ ✕ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡

f✷(x) =
✵, ✺x · (x − ✷)

(x − ✷)
6= ✵, ✺x

x
−✺ −✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹ ✺

y

−✹

−✸

−✷

−✶

✶

✷

✸

✹

g(x)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❢ür ❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥ ✕ ❙♣r✉♥❣st❡❧❧❡

f✸(x) =

{

x − ✷, x < ✷
✶

✷
x , x > ✷

x
−✺ −✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹ ✺

y

−✺

−✹

−✸

−✷

−✶

✶

✷

✸

✹

g(x)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❆✉❢❣❛❜❡ ❆✹

❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥ f (x) =
(x − ✷) · (x − ✶)

x · (x + ✷) · (x − ✶)
❛✉❢

P♦❧st❡❧❧❡♥✱ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡♥✱ ◆✉❧❧st❡❧❧❡♥ ✉♥❞ ❆s②♠♣t♦t❡♥✳ ❙t❡❧❧❡♥
❙✐❡ ❛♥s❝❤❧✐❡ÿ❡♥❞ ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ✐♥ ❡✐♥❡♠ ❣❡❡✐❣♥❡t❡♥
❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❞❛r✳

❆✉❢❣❛❜❡♥ ❆✺

●❡❜❡♥ ❙✐❡ ❡✐♥❡ ❋✉♥❦t✐♦♥ ♠✐t ❢♦❧❣❡♥❞❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ❛♥✿

❛✮ ✇❛❛❣❡r❡❝❤t❡ ❆s②♠♣t♦t❡ y = ✼✳

❜✮ P♦❧st❡❧❧❡ ❜❡✐ x✵ = ✽✳

❝✮ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡ ❛♥ ❞❡r ❙t❡❧❧❡ x✵ = ✻✳

❞✮ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ D = R \ {✶; ✸}✳

❡✮ P♦❧st❡❧❧❡ ❜❡✐ x✵ = −✺❀ ▲ü❝❦❡ ❜❡✐ x✶ = ✵✳

❢✮ P♦❧st❡❧❧❡♥ ❜❡✐ x✵ = −✶✾ ✉♥❞ x✶ = ✶✼✱ ▲ü❝❦❡ ❜❡✐ x✷ = ✷✸ ✉♥❞
✇❛❛❣❡r❡❝❤t❡ ❆s②♠♣t♦t❡ y = ✶✺✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t

✶✳✹ ❙t❡t✐❣❦❡✐t ✈♦♥ ❋✉♥❦t✐♦♥❡♥

❍✳ ❲✉s❝❤❦❡

✸✵✳ ❆✉❣✉st ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❙t❡t✐❣❦❡✐t

❊✐♥❡ ❋✉♥❦t✐♦♥ f (x) ❤❡✐ÿt st❡t✐❣ ❛♥ ❡✐♥❡r ❙t❡❧❧❡ x✵✱ ✇❡♥♥ ❣✐❧t✿

f (x✵) = c ✉♥❞ lim
x→x✵

f (x) = c

❊✐♥❡ ❋✉♥❦t✐♦♥ f (x) ❤❡✐ÿt st❡t✐❣❡ ❋✉♥❦t✐♦♥✱ ✇❡♥♥ s✐❡ ❛♥
❥❡❞❡r ❙t❡❧❧❡ st❡t✐❣ ✐st✳

❛♥s❝❤❛✉❧✐❝❤❡ ❙t❡t✐❣❦❡✐t

❆♥s❝❤❛✉❧✐❝❤ ❦❛♥♥ ♠❛♥ s❛❣❡♥✱ ❞❛ss ❡✐♥❡ ❋✉♥❦t✐♦♥ st❡t✐❣ ✐st✱ ✇❡♥♥
♠❛♥ s✐❡ ❞✉r❝❤③❡✐❝❤♥❡♥ ❦❛♥♥✳ ❉❛❜❡✐ ❞❛r❢ ♠❛♥ ❥❡❞♦❝❤ ❜❡✐
❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥ ❞❡♥ ❙t✐❢t ❛❜s❡t③❡♥✳

❇❡♠❡r❦✉♥❣

❆❧❧❡ P♦❧②♥♦♠❡ s✐♥❞ st❡t✐❣✳ ■♥ ❞❡r ❘❡❣❡❧ s✐♥❞ ❞✐❡ ❋✉♥❦t✐♦♥❡♥✱ ❞✐❡ ✐♥
❞❡r ❙❝❤✉❧❡ ✈♦r❦♦♠♠❡♥ st❡t✐❣✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❙t❡t✐❣❦❡✐t ✭✇❡♥♥ ❙♣r✉♥❣st❡❧❧❡ ♥✐❝❤t ✐♠ ❉❇ ✐st✮

f✶(x) =

{

x − ✷, x < ✷
✶

✷
x , x > ✷

x
−✺ −✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹ ✺

y

−✺

−✹

−✸

−✷

−✶

✶

✷

✸

✹

f✶(x)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡❣rü♥❞✉♥❣ ❇❡✐s♣✐❡❧ ✶

f✶(x) =

{

x − ✷, x < ✷
✶

✷
x , x > ✷

❋ür x < ✷ ✉♥❞ x > ✷ ❜❡st❡❤t ❞✐❡ ❋✉♥❦t✐♦♥ ❛✉s P♦❧②♥♦♠❡♥ ✭❧✐♥❡❛r❡
❋✉♥❦t✐♦♥❡♥✮✳ ❉♦rt ✐st ❞✐❡ ❋✉♥❦t✐♦♥ ❛❧s♦ st❡t✐❣✳
❑r✐t✐s❝❤ s❝❤❡✐♥t ❛❧s♦ ♥✉r ❞✐❡ ❙t❡❧❧❡ x = ✷ ③✉ s❡✐♥✳
❲❡✐❧ ❛❜❡r f✶(✷) ❣❛r ♥✐❝❤t ❡①✐st✐❡rt✱ ❜r❛✉❝❤t ❤✐❡r ❛✉❝❤ ❦❡✐♥❡ ❯♥t❡rs✉❝❤✉♥❣
❛✉❢ ❙t❡t✐❣❦❡✐t ❣❡♠❛❝❤t ✇❡r❞❡♥✳
❉❛❤❡r ✐st ❛❧s♦ ❞✐❡ ❋✉♥❦t✐♦♥ f✶(x) st❡t✐❣ ❛✉❢ ✐❤r❡♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡✐s♣✐❡❧ ❯♥st❡t✐❣❦❡✐t

f✷(x) =

{

x − ✷, x < ✷
✶

✷
x , x ≧ ✷

x
−✺ −✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹ ✺

y

−✺

−✹

−✸

−✷

−✶

✶

✷

✸

✹

f✷(x)

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❇❡❣rü♥❞✉♥❣ ❇❡✐s♣✐❡❧ ✷

f✷(x) =

{

x − ✷, x < ✷
✶

✷
x , x ≧ ✷

❋ür x < ✷ ✉♥❞ x > ✷ ✐st f✷(x) st❡t✐❣✳ ❊s ✐st f✷(✷) = ✶

✷
· ✷ = ✶✳

❋ür ❞❡♥ ❧✐♥❦ss❡✐t✐❣❡♥ ●r❡♥③✇❡rt ❣✐❧t✿ lim
x→✷−

f✷(x) = ✵✳

❋ür ❞❡♥ r❡❝❤tss❡✐t✐❣❡♥ ●r❡♥③✇❡rt ❣✐❧t✿ lim
x→✷+

f✷(x) = ✶

❉❛ lim
x→✷−

f✷(x) 6= lim
x→✷+

f✷(x) ✐st✱ ❡①✐st✐❡rt lim
x→✷

f✷(x) ♥✐❝❤t✳

❉❛❤❡r ✐st f✷(x) ❛♥ ❞❡r ❙t❡❧❧❡ x = ✷ ✉♥st❡t✐❣✳

❇❡♠❡r❦✉♥❣

❇❡✐ ❞❡r ❙t❡t✐❣❦❡✐ts✉♥t❡rs✉❝❤✉♥❣ ❛♥ ❡✐♥❡r ❙t❡❧❧❡ ♠✉ss ❣❡❧t❡♥✿

●r❡♥③✇❡rt ❛♥ ❞❡r ❙t❡❧❧❡ = ❋✉♥❦t✐♦♥s✇❡rt ❛♥ ❞❡r ❙t❡❧❧❡

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❆✉❢❣❛❜❡♥ ❆✶

Ü❜❡r♣rü❢❡♥ ❙✐❡✱ ♦❜ ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥❡♥ st❡t✐❣ s✐♥❞✿

f (x) =

{

−✸, x < ✺

x + ✷, x ≧ ✺
✭✉♥st❡t✐❣ ❛♥ ❞❡r ❙t❡❧❧❡ x = ✺✮

g(x) =











x✷, x < −✷

x + ✻, −✷ ≦ x < ✷

✾, x ≧ ✷

✭✉♥st❡t✐❣ ❛♥ ❞❡r ❙t❡❧❧❡ x = ✷✮

h(x) =

{

−✸x , x ≦ ✹

x✷ − ✻x − ✹, x > ✹
✭st❡t✐❣✮

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



❩✇✐s❝❤❡♥✇❡rts❛t③

❙❡✐ f (x) ❛✉❢ ❞❡♠ ■♥t❡r✈❛❧❧ [a, b] st❡t✐❣ ♠✐t f (a) < y✵ ✉♥❞ f (b) > y✵✳

❉❛♥♥ ❣✐❜t ❡s ❡✐♥ c ∈ (a, b)✱ s♦❞❛ss ❣✐❧t✿

f (c) = y✵

❉❡r ❙❛t③ ❣✐❧t ❛✉❝❤ ❢ür f (a) > y✵ ✉♥❞ f (b) < y✵✳

◆✉❧❧st❡❧❧❡♥s❛t③

❙❡✐ f (x) ❛✉❢ ❞❡♠ ■♥t❡r✈❛❧❧ [a, b] st❡t✐❣ ♠✐t f (a) < ✵ ✉♥❞ f (b) > ✵✳

❉❛♥♥ ❣✐❜t ❡s ❡✐♥ c ∈ (a, b)✱ s♦❞❛ss ❣✐❧t✿

f (c) = ✵

❉❡r ❙❛t③ ❣✐❧t ❛✉❝❤ ❢ür f (a) > ✵ ✉♥❞ f (b) < ✵✳

❍✳ ❲✉s❝❤❦❡ ✶✳ ●r❡♥③✇❡rt❡ ✉♥❞ ❙t❡t✐❣❦❡✐t



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✶ ▼✐tt❧❡r❡ ✉♥❞ ❧♦❦❛❧❡ ➘♥❞❡r✉♥❣sr❛t❡

❍✳ ❲✉s❝❤❦❡

✸✵✳ ❆✉❣✉st ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡♥ ❜❡s❝❤r❡✐❜❡♥ ✉♥❞ ❜❡r❡❝❤♥❡♥ ❦ö♥♥❡♥

❧♦❦❛❧❡ ➘♥❞❡r✉♥❣sr❛t❡ ❜❡s❝❤r❡✐❜❡♥

❇❡❣r✐✛❡ ❉✐✛❡r❡♥③❡♥q✉♦t✐❡♥t✱ ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t ✉♥❞ ❆♥st✐❡❣

❡r❦❧är❡♥ ❦ö♥♥❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✷ ❍✉s❝❤❦❡✲➘✛❝❤❡♥

❉✐❡ ❜❡s♦♥❞❡rs ♣❛❛r✉♥❣s❢r❡✉❞✐❣❡♥ ❍✉s❝❤❦❡✲➘✛❝❤❡♥ ❡r✇❡✐t❡r♥ s❡✐t ❡✐♥✐❣❡♥
❏❛❤r❡♥ ✐❤r❡♥ ❙t❛♠♠✳ ▼✐t ✻ ❏❛❤r❡♥ ✐st ❞✐❡s❡ s❡❧t❡♥❡ ❆✛❡♥❛rt ❛✉s ❞❡♠
❑✉❧t✉rr❡s❡r✈❛t ❣r♦ÿ❡ ❋r✐❡❞❧ä♥❞❡r ❲✐❡s❡ ❜❡r❡✐ts ❣❡s❝❤❧❡❝❤tsr❡✐❢ ✉♥❞ ❞✐❡
❙❝❤✇❛♥❣❡rs❝❤❛❢t s❡❧❜st ❞❛✉❡rt ❧❡❞✐❣❧✐❝❤ ✺ ▼♦♥❛t❡✳ ❉✐❡ Pr✐♠❛t♦❧♦❣✐♥
❯rs✉❧❛ ✈♦♥ ❆✉✇❛❧❞ ✭✈♦♥ ✐❤r❡♥ ❋r❡✉♥❞❡♥ ❯s❝❤✐ ❣❡♥❛♥♥t✮ ❤❛t ❞✐❡ ❇❡stä♥❞❡
❞✐❡s❡r ♣♦ss✐❡r❧✐❝❤❡♥ ❚✐❡r❝❤❡♥ s❡✐t ✶✾✾✵ ❡r❢❛sst✿

❏❛❤r ✶✾✾✵ ✶✾✾✷ ✶✾✾✺ ✷✵✵✵ ✷✵✵✽ ✷✵✶✷ ✷✵✶✻ ✷✵✶✾
❆♥③❛❤❧ ✻✻ ✽✵ ✶✵✹ ✶✸✹ ✶✻✽ ✶✼✵ ✶✺✽ ✶✸✼

❛✮ ❙t❡❧❧❡♥ ❙✐❡ ❞✐❡ P♦♣✉❧❛t✐♦♥s❡♥t✇✐❝❦❧✉♥❣ ❣r❛✜s❝❤ ❞❛r✳
❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❛s P♦♣✉❧❛t✐♦♥s✇❛❝❤st✉♠ ❞❡r ❡✐♥③❡❧♥❡♥ ❩❡✐trä✉♠❡✳
❝✮ ❉❡r ❋r✐❡❞❧ä♥❞❡r ▲❛♥❞❜♦t❡ ❜❡r✐❝❤t❡t✿ ✒❉✐❡ ❍✉s❝❤❦❡✲➘✛❝❤❡♥ s✐♥❞
♥❛❝❤✇❡✐s❧✐❝❤ s❡✐t ✷✵✵✽ ❤ö❝❤st ❜❡❞r♦❤t✳✏ ◆❡❤♠❡♥ ❙✐❡ ❞❛③✉ ❙t❡❧❧✉♥❣✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✷❜✮

❏❛❤r ✶✾✾✵ ✶✾✾✷ ✶✾✾✺ ✷✵✵✵ ✷✵✵✽ ✷✵✶✷ ✷✵✶✻ ✷✵✶✾
❆♥③❛❤❧ ✻✻ ✽✵ ✶✵✹ ✶✸✹ ✶✻✽ ✶✼✵ ✶✺✽ ✶✸✼

❜✮ ❉❡r ❩✉✇❛❝❤s✴◆❛❝❤❧❛ss ❞❡r ➘✛❝❤❡♥ ♠✉ss ✐♥s ❱❡r❤ä❧t♥✐s ③✉ ❞❡♥ ❏❛❤r❡♥
❣❡s❡t③t ✇❡r❞❡♥✳

❬✶✾✾✵❀✶✾✾✷❪✿ ✽✵−✻✻

✶✾✾✷−✶✾✾✵
= ✶✹

✷
= ✼ ❬✶✾✾✷❀✶✾✾✺❪✿ ✶✵✹−✽✵

✶✾✾✺−✶✾✾✷
= ✽

❬✶✾✾✺❀✷✵✵✵❪✿ ✶✸✹−✶✵✹

✷✵✵✵−✶✾✾✺
= ✻ ❬✷✵✵✵❀✷✵✵✽❪✿ ✶✻✽−✶✸✹

✷✵✵✽−✷✵✵✵
= ✹, ✷✺

❬✷✵✵✽❀✷✵✶✷❪✿ ✶✼✵−✶✻✽

✷✵✶✷−✷✵✵✽
= ✶

✷
❬✷✵✶✷❀✷✵✶✻❪✿ ✶✺✽−✶✼✵

✷✵✶✻−✷✵✶✷
= −✸

❬✷✵✶✻❀✷✵✶✾❪✿ ✶✸✼−✶✺✽

✷✵✶✾−✷✵✶✻
= −✼

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✷❝✮

❏❛❤r ✶✾✾✵ ✶✾✾✷ ✶✾✾✺ ✷✵✵✵ ✷✵✵✽ ✷✵✶✷ ✷✵✶✻ ✷✵✶✾
❆♥③❛❤❧ ✻✻ ✽✵ ✶✵✹ ✶✸✹ ✶✻✽ ✶✼✵ ✶✺✽ ✶✸✼

❝✮ ■♠ ❩❡✐tr❛✉♠ ✈♦♥ ✷✵✵✽ ❜✐s ✷✵✶✷ ❧ässt s✐❝❤ ♥♦❝❤ ❡✐♥❡ ❧❡✐❝❤t❡
❩✉♥❛❤♠❡ ♥❛❝❤✇❡✐s❡♥✱ ❛✉❝❤ ✇❡♥♥ ❞✐❡s❡ ♥✐❝❤t s❡❤r st❛r❦ ✐st✳ ❉❛♥❛❝❤
♥✐♠♠t ❞✐❡ ➘✛❝❤❡♥♣♦♣✉❧❛t✐♦♥ ❛❜✱ ❛❧❧❡r❞✐♥❣s ♥✐❝❤t ❡①tr❡♠ stär❦❡r ❛❧s
s✐❡ ③✉❣❡♥♦♠♠❡♥ ❤❛t✱ ❞❛s ❲♦rt ✒❤ö❝❤st✏ ✐st ♥✐❝❤t ❛♥❣❡❜r❛❝❤t✳

❱❣❧✳ ❬✶✾✾✵❀✷✵✵✽❪≈ ✺, ✻✼ ❬✷✵✵✽❀✷✵✶✾❪≈ −✷, ✽✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ✕ ❉✐✛❡r❡♥③❡♥q✉♦t✐❡♥t

❉❡r ❉✐✛❡r❡♥③❡♥q✉♦t✐❡♥t m =
∆y

∆x
=

y✷ − y✶

x✷ − x✶
✇✐r❞ ❛✉❝❤ ❛❧s ♠✐tt❧❡r❡

➘♥❞❡r✉♥❣sr❛t❡ ❜❡③❡✐❝❤♥❡t✳

❇❡✐ ❡✐♥❡r ❋✉♥❦t✐♦♥ f (x) ❜❡r❡❝❤♥❡t ♠❛♥ ❞✐❡s ❛✉❝❤ ❞✉r❝❤
f (x✷)− f (x✶)

x✷ − x✶
✳

❇❡♠❡r❦✉♥❣

❉✐❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ❜❡s❝❤r❡✐❜t ❡✐♥❡ ❞✉r❝❤s❝❤♥✐tt❧✐❝❤❡
❱❡rä♥❞❡r✉♥❣ ✐♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❙✐t✉❛t✐♦♥❡♥✱ ③✳❇✳ ❞❛s ❞✉r❝❤s❝❤♥✐tt❧✐❝❤❡
❲❛❝❤st✉♠✱ ❞✐❡ ❉✉r❝❤s❝❤♥✐tts❣❡s❝❤✇✐♥❞✐❣❦❡✐t✱ ✳✳✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✸ ❆♥❢❛❤rt ❚r❛♥s♣♦rt❡r

❉✐❡ ❋❛❤rt ❡✐♥❡s ❚r❛♥s♣♦rt❡rs ❦❛♥♥ ❞✐❡ ❡rst❡♥ ✷✵ ❙❡❦✉♥❞❡♥ ♠✐t ❢♦❧❣❡♥❞❡r
❋✉♥❦t✐♦♥ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✿

s(t) =

{

✶,✻✷✻✸

✷
· t✷, ✵ ≦ t ≦ ✶✼

✷✼, ✼✼✽ · t − ✷✸✼, ✷✷✻, ✶✼ < t ≦ ✷✵

❉❛❜❡✐ ✇✐r❞ t ✐♥ ❙❡❦✉♥❞❡♥ ❛♥❣❡❣❡❜❡♥ ✉♥❞ s(t) ✐♥ ▼❡t❡r♥✳

❛✮ ●❡❜❡♥ s✐❡ ❛♥✱ ✇❡❧❝❤❡r ❲❡❣ ♥❛❝❤ ✶ s✱ ✺ s✱ ✶✵ s✱ ✶✺ s✱ ✶✼ s ✉♥❞ ✷✵ s

③✉rü❝❦❣❡❧❡❣t ✇✐r❞✳

❜✮ ❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❉✉r❝❤s❝❤♥✐tts❣❡s❝❤✇✐♥❞✐❣❦❡✐t❡♥ ✐♥ ❞❡♥ ■♥t❡r✈❛❧❧❡♥
❬✵❀✷✵❪✱ ❬✶❀✷✵❪✱ ❬✺❀✷✵❪✱ ❬✶✵❀✷✵❪✱ ❬✶✺❀✷✵❪ ✉♥❞ ❬✶✼❀✷✵❪ ✐♥ km

h
✳

❝✮ ◆❛❝❤ ✶✼ s ✇✐r❞ ❡✐♥❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ✈♦♥ ❝❛✳ ✶✵✵ km

h
❡rr❡✐❝❤t✳

❆♥s❝❤❧✐❡ÿ❡♥❞ ❢ä❤rt ❞❡r ❚r❛♥s♣♦rt❡r ❦♦♥st❛♥t ✶✵✵ km

h
✳ ❲❡✐s❡♥ ❙✐❡ ❞✐❡s ♥❛❝❤✳

❞✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❜❡✐ ✶✵ s✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✸ ❆♥❢❛❤rt ❚r❛♥s♣♦rt❡r

t ✐♥ s✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ✶✶ ✶✷ ✶✸ ✶✹ ✶✺ ✶✻ ✶✼ ✶✽ ✶✾ ✷✵

s(t) ✐♥ m

✷✵

✹✵

✻✵

✽✵

✶✵✵

✶✷✵

✶✹✵

✶✻✵

✶✽✵

✷✵✵

✷✷✵

✷✹✵

✷✻✵

✷✽✵

✸✵✵

✸✷✵

s(t)

S(✶✼|✷✸✺)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✸❛✮

s(t) =

{

✶,✻✷✻✸

✷
· t✷, ✵ ≦ t ≦ ✶✼

✷✼, ✼✼✽ · t − ✷✸✼, ✷✷✻, ✶✼ < t ≦ ✷✵

s(✶) = ✶,✻✷✻✸

✷
· ✶✷ ≈ ✵, ✽✶ m❀

s(✺) = ✶,✻✷✻✸

✷
· ✺✷ ≈ ✷✵, ✸✸ m❀

s(✶✵) = ✶,✻✷✻✸

✷
· ✶✵✷ ≈ ✽✶, ✸✷ m❀

s(✶✺) = ✶,✻✷✻✸

✷
· ✶✺✷ ≈ ✶✽✷, ✾✻ m❀

s(✶✼) = ✶,✻✷✻✸

✷
· ✶✼✷ = ✷✸✺ m❀

s(✷✵) = ✷✼, ✼✼✽ · ✷✵− ✷✸✼, ✷✷✻ = ✸✶✽, ✸✸✹ m

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✸❜✮

s(t) =

{

✶,✻✷✻✸

✷
· t✷, ✵ ≦ t ≦ ✶✼

✷✼, ✼✼✽ · t − ✷✸✼, ✷✷✻, ✶✼ < t ≦ ✷✵

s(✵) = ✵❀ s(✶) ≈ ✵, ✽✶ m❀ s(✺) ≈ ✷✵, ✸✸ m❀ s(✶✵) ≈ ✽✶, ✸✷ m❀

s(✶✺) ≈ ✶✽✷, ✾✻ m❀ s(✶✼) = ✷✸✺ m❀ s(✷✵) = ✸✶✽, ✸✸✹ m

❬✵❀✷✵❪ = ✸✶✽,✸✸✹−✵

✷✵−✵
≈ ✶✺, ✾✷m

s

·✸,✻

≈ ✺✼, ✸km

h

❬✶❀✷✵❪ = ✸✶✽,✸✸✹−✵,✽✶

✷✵−✶
≈ ✶✻, ✼✶m

s

·✸,✻

≈ ✻✵, ✷km

h

❬✺❀✷✵❪ = ✸✶✽,✸✸✹−✷✵,✸✸

✷✵−✺
≈ ✶✾, ✽✼m

s

·✸,✻

≈ ✼✶, ✺km

h

❬✶✵❀✷✵❪ = ✸✶✽,✸✸✹−✽✶,✸✷

✷✵−✶✵
≈ ✷✸, ✼✵m

s

·✸,✻

≈ ✽✺, ✸km

h

❬✶✺❀✷✵❪ = ...
·✸,✻

≈ ✾✼, ✺km

h
❬✶✼❀✷✵❪ = ...

·✸,✻

≈ ✶✵✵km

h

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✸❝✮

s(t) =

{

✶,✻✷✻✸

✷
· t✷, ✵ ≦ t ≦ ✶✼

✷✼, ✼✼✽ · t − ✷✸✼, ✷✷✻, ✶✼ < t ≦ ✷✵

❊s ❣✐❧t ❢ür ❬✶✼❀✷✵❪ ❞✐❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ✸✶✽,✸✸✹−✷✸✺

✷✵−✶✼
= ✷✼, ✼✼✽✳

❉✐❡s ✐st ❞❡r ❆♥st✐❡❣ ❞❡r ❧✐♥❡❛r❡♥ ❋✉♥❦t✐♦♥ s(t) ❢ür ✶✼ < t ≦ ✷✵✳

❇❡✐ ❧✐♥❡❛r❡♥ ❋✉♥❦t✐♦♥❡♥ ✇✐r❞ ❞❡r ❆♥st✐❡❣ m ❞✉r❝❤ ❞❡♥
❉✐✛❡r❡♥③❡♥q✉♦t✐❡♥t ❣❡❜✐❧❞❡t✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✸❞✮

s(t) =
✶, ✻✷✻✸

✷
· t✷, ✵ ≦ t ≦ ✶✼

❋ür ❞✐❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ♠✉ss ❞❛s ■♥t❡r✈❛❧❧ ♠ö❣❧✐❝❤st ✉♠
❞✐❡ ✶✵ ❤❡r✉♠ ✈❡r❦❧❡✐♥❡rt ✇❡r❞❡♥✳

❬✾❀✶✵❪ = s(✶✵)−s(✾)
✶✵−✾

≈ ✶✺, ✹✹✾✾ m

s

❬✾✱✾❀✶✵❪ = s(✶✵)−s(✾,✾)
✶✵−✾,✾

≈ ✶✻, ✶✽✶✼ m

s

❬✾✱✾✾❀✶✵❪ = s(✶✵)−s(✾,✾✾)
✶✵−✾,✾✾

≈ ✶✻, ✷✹✾ m

s

❬✾✱✾✾✾❀✶✵❪ = s(✶✵)−s(✾,✾✾✾)
✶✵−✾,✾✾✾

≈ ✶✻, ✷✻✷✷ m

s

❬✾✱✾✾✾✾❀✶✵❪ = s(✶✵)−s(✾,✾✾✾✾)
✶✵−✾,✾✾✾✾

≈ ✶✻, ✷✻✷✾ m

s

lim
x→✶✵

s(✶✵)− s(x)

✶✵− x
= lim

x→✶✵

s(x)− s(✶✵)
x − ✶✵

= ✶✻, ✷✻✸
m

s

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❧♦❦❛❧❡ ➘♥❞❡r✉♥❣sr❛t❡ ✕ ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t ✕ ❆❜❧❡✐t✉♥❣ ✕ ❆♥st✐❡❣ ✐♥ x✵

❉❡r ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t ❡✐♥❡r ❋✉♥❦t✐♦♥ f (x) ✇✐r❞ ❛✉❝❤ ❛❧s ❧♦❦❛❧❡
➘♥❞❡r✉♥❣sr❛t❡ ♦❞❡r ❆❜❧❡✐t✉♥❣ ❛♥ ❞❡r ❙t❡❧❧❡ x✵ ❜❡③❡✐❝❤♥❡t✳

f ′(x✵) = lim
x→x✵

f (x)− f (x✵)

x − x✵

❊r ❣✐❜t ❞❡♥ ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ f (x) ✐♥ ❞❡r ❙t❡❧❧❡ x✵ ❛♥✳

❇❡♠❡r❦✉♥❣

❉✐❡ ❇❡❣r✐✛❡ ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t ✐♥ x✵✱ ❧♦❦❛❧❡ ➘♥❞❡r✉♥❣sr❛t❡ ✐♥ x✵✱
❆❜❧❡✐t✉♥❣ ✐♥ x✵ ✉♥❞ ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ ✐♥ x✵ s✐♥❞ s②♥♦♥②♠✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❉✐❡ ❊♥t❞❡❝❦✉♥❣ ❞❡r ❆❜❧❡✐t✉♥❣ ✕ ❡✐♥ Pr✐♦r✐tätsstr❡✐t

❙✐r ■s❛❛❝ ◆❡✇t♦♥
✭✶✻✹✷✴✹✸✕✶✼✷✻✴✷✼✮

❆❜❜✐❧❞✉♥❣✿ ❈❈✵

●♦tt❢r✐❡❞ ❲✐❧❤❡❧♠ ▲❡✐❜♥✐③
✭✶✻✹✻✕✶✼✶✻✮

❆❜❜✐❧❞✉♥❣✿ ❈❈✵

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✷ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✉♥❞ ❆❜❧❡✐t✉♥❣sr❡❣❡❧♥

❍✳ ❲✉s❝❤❦❡

✵✾✳ ❙❡♣t❡♠❜❡r ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❇❡❣r✐✛ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ❜❡s❝❤r❡✐❜❡♥ ❦ö♥♥❡♥

❉❡♥ ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t❡♥ ♥✉t③❡♥✱ ✉♠ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥❡♥
❤❡r③✉❧❡✐t❡♥

❆❜❧❡✐t✉♥❣sr❡❣❡❧♥ ü❜❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❧♦❦❛❧❡ ➘♥❞❡r✉♥❣sr❛t❡ ✕ ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t ✕ ❆❜❧❡✐t✉♥❣ ✕ ❆♥st✐❡❣ ✐♥ x✵

❉❡r ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t ❡✐♥❡r ❋✉♥❦t✐♦♥ f (x) ✇✐r❞ ❛✉❝❤ ❛❧s ❧♦❦❛❧❡
➘♥❞❡r✉♥❣sr❛t❡ ♦❞❡r ❆❜❧❡✐t✉♥❣ ❛♥ ❞❡r ❙t❡❧❧❡ x✵ ❜❡③❡✐❝❤♥❡t✳

f ′(x✵) = lim
x→x✵

f (x)− f (x✵)

x − x✵
= lim

h→✵

f (x✵ + h)− f (x✵)

h

❊r ❣✐❜t ❞❡♥ ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ f (x) ✐♥ ❞❡r ❙t❡❧❧❡ x✵ ❛♥✳

❇❡♠❡r❦✉♥❣

❉✐❡ ❇❡❣r✐✛❡ ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t ✐♥ x✵✱ ❧♦❦❛❧❡ ➘♥❞❡r✉♥❣sr❛t❡ ✐♥ x✵✱
❆❜❧❡✐t✉♥❣ ✐♥ x✵ ✉♥❞ ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ ✐♥ x✵ s✐♥❞ s②♥♦♥②♠✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❇❡♠❡r❦✉♥❣ ◆♦t❛t✐♦♥ ❞❡s ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t

❆✉s ❞❡r ♠✐tt❧❡r❡♥ ➘♥❞❡r✉♥❣sr❛t❡

∆y

∆x
=

y✷ − y✶

x✷ − x✶
=

f (x✷)− f (x✶)

x✷ − x✶
=

∆f (x)

∆x

✇✐r❞ ❞✉r❝❤ ❞✐❡ ✐♥✜♥✐t❡s✐♠❛❧❡ ❆♥♥ä❤❡r✉♥❣ ❞❡r ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t✳

❯♠ ❞❡♥ ❯♥t❡rs❝❤✐❡❞ ❞❡r ❉✐✛❡r❡♥③❡♥ ❜❡ss❡r ❜❡s❝❤r❡✐❜❡♥ ③✉ ❦ö♥♥❡♥
s❝❤r❡✐❜t ♠❛♥ st❛tt ∆ ❡✐♥ d ✳ ❙♦♠✐t ✐st ❞✐❡ ❙❝❤r❡✐❜✇❡✐s❡✿

lim
x→x✵

f (x)− f (x✵)

x − x✵
=

df (x)

dx
=

d

dx
f (x)

❉❡r ◆❡♥♥❡r ❣✐❜t ❞❛❜❡✐ ❛♥✱ ♥❛❝❤ ✇❡❧❝❤❡r ❱❛r✐❛❜❧❡ ❞✐❡ ❋✉♥❦t✐♦♥
❛❜❣❡❧❡✐t❡t ✇✐r❞✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥

❉✐❡ ❋✉♥❦t✐♦♥ f ′(x) ❣✐❜t ❛❧❧❡ ❆♥st✐❡❣❡ ❞❡r ❋✉♥❦t✐♦♥ f (x) ❛♥ ✉♥❞
❤❡✐ÿt ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥✳

❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ❜❡st✐♠♠❡♥

●❡s✉❝❤t ✐st ❞✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✈♦♥ f (x) = ✸x✷✳

▼✐t❤✐❧❢❡ ❞❡s ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t❡♥ ❦ö♥♥❡♥ ❞✐❡ ❆♥st✐❡❣❡ ❛♥
✈❡rs❝❤✐❡❞❡♥❡♥ ❙t❡❧❧❡♥ x✵ ❣❡❜✐❧❞❡t ✇❡r❞❡♥✳

x✵ ✲✸ ✲✷ ✲✶ ✵ ✶ ✷ ✸

❆♥st✐❡❣ ✐♥ x✵ ✲✶✽ ✲✶✷ ✲✻ ✵ ✻ ✶✷ ✶✽

❱❡r♠✉t✉♥❣✿ f ′(x) = ✻x

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥

❙t❡❧❧❡♥ ❙✐❡ ❱❡r♠✉t✉♥❣❡♥ ü❜❡r ❞✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥❡♥ ❞❡r
❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ ❛♥✿

g(x) = x✷

h(x) = x✸

k(x) = x✹

m(x) = ✷x✷

n(x) = ✶

✸
x✸

p(x) = ✶

✽
x✹

❋✉♥❦t✐♦♥s✇❡rt❡ ✕ ❍✐❧❢❡st❡❧❧✉♥❣

x ✲✸ ✲✷ ✲✶ ✵ ✶ ✷ ✸

x✷ ✾ ✹ ✶ ✵ ✶ ✹ ✾

x✸ ✲✷✼ ✲✽ ✲✶ ✵ ✶ ✽ ✷✼

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣❡♥sr❡❣❡❧ ❍❡r❧❡✐t✉♥❣

g ′(x) = lim
h→✵

g(x + h)− g(x)

h
= lim

h→✵

(x + h)✷ − x✷

h

= lim
h→✵

x✷ + ✷hx + h✷ − x✷

h
= lim

h→✵

✷x + h = ✷x

h′(x) = lim
k→✵

h(x + k)− h(x)

k
= · · · = ✸x✷

k ′(x) = lim
h→✵

k(x + h)− k(x)

h
= · · · = ✹x✸

❆❜❧❡✐t✉♥❣sr❡❣❡❧ ❢ür P♦t❡♥③❢✉♥❦t✐♦♥❡♥ ✭P♦t❡♥③r❡❣❡❧✮

❋ür P♦t❡♥③❢✉♥❦t✐♦♥❡♥ f (x) = xp ❣✐❧t✿

f ′(x) = p · xp−✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❇❡♠❡r❦✉♥❣ ③✉♠ ❇❡✇❡✐s ❞❡r P♦t❡♥③r❡❣❡❧

❋ür ❞❡♥ ❇❡✇❡✐s ❞❡r P♦t❡♥③r❡❣❡❧ ❢ür ♥❛tür❧✐❝❤❡ ❊①♣♦♥❡♥t❡♥ ✇✐r❞ ❞❡r
❇✐♥♦♠✐s❝❤❡ ▲❡❤rs❛t③ ❣❡♥✉t③t✳ ❉✐❡s❡r ❜❡s❛❣t✱ ❞❛ss ❢ür x , y ∈ R ✉♥❞
n ∈ N✵ ❣✐❧t✿

(x + y)n =

n
∑

k=✵

(

n

k

)

· xn−k · yk = xn+

(

n−✶
∑

k=✶

(

n

k

)

· xn−k · yk
)

+ yn

❉❡r ❇✐♥♦♠✐❛❧❦♦❡✣③✐❡♥t ✐st ❢♦❧❣❡♥❞❡r♠❛ÿ❡♥ ❞❡✜♥✐❡rt✿
(

n

k

)

=
n!

(n − k)! · k!
✵! := ✶

❉❛♥♥ ❣✐❧t ❢ür f (x) = xn✿

lim
h→✵

f (x + h)− f (x)

h
= lim

h→✵

(x + h)n − xn

h
= · · · = n · xn−✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣s❜❡✐s♣✐❡❧❡

d

dx

(

✹ · x✶✷
)

= ✹ · ✶✷ · x✶✷−✶ = ✹✽ · x✶✶

d

dt

(

✶

t✻

)

=
d

dt

(

✶ · t−✻
)

= ✶ · (−✻) · t−✻−✶ = −✻ · t−✼ = −
✻

t✼

d

dr

(

−
✺

r✼

)

=
d

dr

(

−✺ · r−✼
)

= −✺ · (−✼) · r−✼−✶ = ✸✺ · r−✽ =
✸✺

r✽

d

dx

(

✼
√
x✾
)

=
d

dx

(

x
✾
✼

)

= ✾

✼
· x

✾
✼
−✶ = ✾

✼
· x

✷
✼ =

✾

✼
· ✼
√
x✷

d

dx

(

✺
√
x✸
)

=
d

dx

(

x
✸
✺

)

= ✸

✺
· x

✸
✺
−✶ = ✸

✺
· x−

✷
✺ =

✸

✺
·

✶

x
✷
✺

=
✸

✺ · ✺
√
x✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣❡♥sr❡❣❡❧ ❍❡r❧❡✐t✉♥❣

m′(x) = lim
h→✵

✷ · (x + h)✷ − ✷ · x✷

h
= lim

h→✵

✷x✷ + ✹hx + ✷h✷ − ✷x✷

h

= lim
h→✵

✹x + ✷h = ✹x

n′(x) = lim
h→✵

✶

✸
(x + h)✸ − ✶

✸
x✸

h
= · · · = x✷

p′(x) = lim
h→✵

✶

✽
(x + h)✹ − ✶

✽
x✹

h
= · · · =

✶

✷
· x✸

❆❜❧❡✐t✉♥❣sr❡❣❡❧ ❢ür ❋✉♥❦t✐♦♥❡♥ ♠✐t ❦♦♥st❛♥t❡♠ ❋❛❦t♦r ✭❋❛❦t♦rr❡❣❡❧✮

❋ür P♦t❡♥③❢✉♥❦t✐♦♥❡♥ f (x) = k · g(x) ❣✐❧t✿

f ′(x) = k · g ′(x)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣ ✈♦♥ ❦♦♥st❛♥t❡♥ ❋✉♥❦t✐♦♥❡♥

❋ür ❡✐♥❡ ❦♦♥st❛♥t❡ ❋✉♥❦t✐♦♥ f (x) = a (a ∈ R) ❣✐❧t✿

lim
h→✵

f (x + h)− f (x)

h
= lim

h→✵

a− a

h
= lim

h→✵

✵

h
= ✵

❆❜❧❡✐t✉♥❣ ❡✐♥❡s ❦♦♥st❛♥t❡♥ ❙✉♠♠❛♥❞❡♥ ✭❑♦♥st❛♥t❡♥r❡❣❡❧✮

❋ür ❦♦♥st❛♥t❡ ❋✉♥❦t✐♦♥❡♥ f (x) = a ❣✐❧t✿

f ′(x) = ✵

❇❡✐s♣✐❡❧❡
d
dx
✶✺ = ✵ d

dx
✸s = ✵ d

dt
(✹x − ✶✸) = ✵

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣ ✈♦♥ ❙✉♠♠❡♥ ✈♦♥ ❋✉♥❦t✐♦♥❡♥

▲❡✐t❡♥ ❙✐❡ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥❡♥ ♠✐t❤✐❧❢❡ ❞❡s ❈❆❙ ❛❜✳
❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ✐❤r❡ ❋❡stst❡❧❧✉♥❣✳

f (x) = x✸ + x✷

g(x) = ✷x✷ + ✸x

h(x) = ✶

✸
x✸ + ✶

✽
x✹

k(x) = ✼x✷ − ✸x + ✶✺

m(x) = ✶✷x − π

✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣ ✈♦♥ ❛❞❞✐❡rt❡♥ ❋✉♥❦t✐♦♥❡♥ ✭❙✉♠♠❡♥r❡❣❡❧✮

❋ür ❡✐♥❡ ❋✉♥❦t✐♦♥ f (x) = g(x) + h(x) ❣✐❧t✿

f ′(x) = g ′(x) + h′(x)

❍❡r❧❡✐t✉♥❣ ❙✉♠♠❡♥r❡❣❡❧

❋ür f (x) = g(x) + h(x) ✐st ❞✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ f ′(x)

= lim
h→✵

f (x + h)− f (x)

h
= lim

h→✵

g(x + h) + h(x + h)− (g(x) + h(x))

h

= lim
h→✵

g(x + h)− g(x)

h
+ lim

h→✵

h(x + h)− h(x)

h
= g ′(x) + h′(x)

❆❜❧❡✐t✉♥❣ s♣❡③✐❡❧❧❡r ❋✉♥❦t✐♦♥❡♥
d
dx
ex = ex d

dx
sin(x) = cos(x) d

dx
cos(x) = − sin(x)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆♥st✐❡❣❡ ❜❡r❡❝❤♥❡♥

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = ✷x✸ − ✹x✷ + ✺x − ✶✽, ✸✷✽✳

❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❆♥st✐❡❣ ❛♥ ❞❡r ❙t❡❧❧❡♥ x✶ = −✷ ✉♥❞ x✷ = ✶✳

❙❝❤r✐tt ✶✿ ❋✉♥❦t✐♦♥ ❛❜❧❡✐t❡♥✱ ✇❡✐❧ ❞✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥✱
✇❡❧❝❤❡ ❞✐❡ ❆♥st✐❡❣❡ ❞❡r ❋✉♥❦t✐♦♥ ❛♥ ❞❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❙t❡❧❧❡♥ ❛♥❣✐❜t✳

f ′(x) = ✻x✷ − ✽x + ✺

❙❝❤r✐tt ✷✿ ❉✐❡ ❙t❡❧❧❡♥ ✐♥ ❞✐❡ ❆❜❧❡✐t✉♥❣ ❡✐♥s❡t③❡♥✱ ✉♠ ❞✐❡ ❆♥st✐❡❣❡ ❞♦rt ③✉
❜❡st✐♠♠❡♥✳

f ′(−✷) = ✻ · (−✷)✷ − ✽ · (−✷) + ✺ = ✹✺

→ ❞❡r ❆♥st✐❡❣ ❜❡✐ x✶ = −✷ ✐st ✹✺✳

f ′(✶) = ✻ · ✶✷ − ✽ · ✶+ ✺ = ✸

→ ❞❡r ❆♥st✐❡❣ ❜❡✐ x✷ = ✶ ✐st ✸✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❙t❡❧❧❡♥ ❞❡r ❆♥st✐❡❣❡ ❜❡r❡❝❤♥❡♥

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = ✷x✸ − ✹x✷ + ✺x − ✶✽, ✸✷✽✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡♥✱ ❛♥ ✇❡❧❝❤❡♥ ❞❡r ❆♥st✐❡❣ m = ✸ ✐st✳

❙❝❤r✐tt ✶✿ ❋✉♥❦t✐♦♥ ❛❜❧❡✐t❡♥✱ ✇❡✐❧ ❞✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥✱
✇❡❧❝❤❡ ❞✐❡ ❆♥st✐❡❣❡ ❞❡r ❋✉♥❦t✐♦♥ ❛♥ ❞❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❙t❡❧❧❡♥ ❛♥❣✐❜t✳

f ′(x) = ✻x✷ − ✽x + ✺

❙❝❤r✐tt ✷✿ ❉❡♥ ❆♥st✐❡❣ ♠✐t ❞❡r ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ❣❧❡✐❝❤ s❡t③❡♥ ✉♥❞ ❧ös❡♥✳

f ′(x) = ✸ ⇔ ✻x✷ − ✽x + ✺ = ✸
▲ös❡♥ ♠✐t ❈❆❙

⇔ x✶ =
✶

✸
; x✷ = ✶

❆♥ ❞❡♥ ❙t❡❧❧❡♥ x✶ =
✶

✸
✉♥❞ x✷ = ✶ ✐st ❞❡r ❆♥st✐❡❣ ✸✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❇❡❞❡✉t✉♥❣ ❞❡r ❆♥st✐❡❣❡

❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = ✺x✷ − ✸ ❛♥ ❞❡r ❙t❡❧❧❡ x = −✹
♠♦♥♦t♦♥ ❢ä❧❧t ✉♥❞ ❛♥ ❞❡r ❙t❡❧❧❡ x = ✷ ♠♦♥♦t♦♥ st❡✐❣t✳

❙❝❤r✐tt ✶✿ ❋✉♥❦t✐♦♥ ❛❜❧❡✐t❡♥✱ ✇❡✐❧ ❞✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥✱
✇❡❧❝❤❡ ❞✐❡ ❆♥st✐❡❣❡ ❞❡r ❋✉♥❦t✐♦♥ ❛♥ ❞❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❙t❡❧❧❡♥ ❛♥❣✐❜t✳

f ′(x) = ✶✵x

❙❝❤r✐tt ✷✿ ❉✐❡ ❙t❡❧❧❡♥ ✐♥ ❞✐❡ ❆❜❧❡✐t✉♥❣ ❡✐♥s❡t③❡♥✱ ✉♠ ❞✐❡ ❆♥st✐❡❣❡ ❞♦rt ③✉
❜❡st✐♠♠❡♥✳

f ′(−✹) = ✶✵ · (−✹) = −✹✵ < ✵ ❛❧s♦ ❢ä❧❧t ❞✐❡ ❋✉♥❦t✐♦♥ ♠♦♥♦t♦♥ ❛♥ ❞❡r
❙t❡❧❧❡ x = −✹✳

f ′(✷) = ✶✵ · (✷) = ✷✵ > ✵ ❛❧s♦ ❢ä❧❧t ❞✐❡ ❋✉♥❦t✐♦♥ ♠♦♥♦t♦♥ ❛♥ ❞❡r ❙t❡❧❧❡
x = ✷✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆♥st✐❡❣s✇✐♥❦❡❧ ❜❡r❡❝❤♥❡♥

❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ❆♥st✐❡❣s✇✐♥❦❡❧ ❞❡r ❋✉♥❦t✐♦♥
g(x) = ✷x✸ − ✺x✷ + ✼x − ✽ ❛♥ ❞❡r ❙t❡❧❧❡ x = ✶

❙❝❤r✐tt ✶✿ ❋✉♥❦t✐♦♥ ❛❜❧❡✐t❡♥✱ ✇❡✐❧ ❞✐❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥✱
✇❡❧❝❤❡ ❞✐❡ ❆♥st✐❡❣❡ ❞❡r ❋✉♥❦t✐♦♥ ❛♥ ❞❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❙t❡❧❧❡♥ ❛♥❣✐❜t✳

f ′(x) = ✻x✷ − ✶✵x + ✼

❙❝❤r✐tt ✷✿ ❉✐❡ ❙t❡❧❧❡ ✐♥ ❞✐❡ ❆❜❧❡✐t✉♥❣ ❡✐♥s❡t③❡♥✱ ✉♠ ❞❡♥ ❆♥st✐❡❣ ❞♦rt ③✉
❜❡st✐♠♠❡♥✳

f ′(✶) = ✻ · (✶)✷ − ✶✵ · ✶+ ✼ = ✸ ❛❧s♦ ✐st ✼ ❞❡r ❆♥st✐❡❣ ❛♥ ❞❡r ❙t❡❧❧❡ x = ✶✳

❙❝❤r✐tt ✸✿ ❉✐❡ ❋♦r♠❡❧ m = tan(α) ♥✉t③❡♥✳

✼ = tan(α) ⇔ α = tan−✶(✼) ⇔ α ≈ ✽✶, ✾◦

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✸ Pr♦❞✉❦t✲ ✉♥❞ ❑❡tt❡♥r❡❣❡❧

❍✳ ❲✉s❝❤❦❡

✶✺✳ ❙❡♣t❡♠❜❡r ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❊✐♥st✐❡❣s❜❡✐s♣✐❡❧ ✶

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = x✷ · ex ✳
❉❛♥♥ ✐st f ′(x) = ✷x · ex + x✷ · ex

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ g(x) = ✸x✸ · sin(x)✳
❉❛♥♥ ✐st g ′(x) = ✾x✷ · sin(x) + ✸x✸ · cos(x)

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ ✉♥❞

✐❤r❡r ❆❜❧❡✐t✉♥❣✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



Pr♦❞✉❦tr❡❣❡❧

❙❡✐❡♥ u(x) ✉♥❞ v(x) ③✇❡✐ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥❡♥✳ ❙♦ ❣✐❧t✿

d

dx
(u(x) · v(x)) = u′(x) · v(x) + u(x) · v ′(x)

❑✉r③♥♦t❛t✐♦♥ ❞❡r Pr♦❞✉❦tr❡❣❡❧

(u · v)′ = u′v + uv ′

❆✉❢❣❛❜❡ ❆✶

❇✐❧❞❡♥ ❞✐❡ ❡rst❡✱ ③✇❡✐t❡ ✉♥❞ ❞r✐tt❡ ❆❜❧❡✐t✉♥❣ ❞❡r ❣❡❣❡❜❡♥❡♥

❋✉♥❦t✐♦♥❡♥✿

h(x) = (x✸ − ✷x) · ex

k(x) = sin(x) · sin(x) = (sin(x))✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❱❡r❦❡tt✉♥❣ ③✇❡✐❡r ❋✉♥❦t✐♦♥❡♥

❙❡✐❡♥ f : Df → Wf ✉♥❞ g : Dg → Wg ③✇❡✐ ❜❡❧✐❡❜✐❣❡ ❋✉♥❦t✐♦♥❡♥✳

❙♦ ✐st ❞✐❡ ❱❡r❦❡tt✉♥❣ ❜③✇✳ ❑♦♠♣♦s✐t✐♦♥ ❞❡✜♥✐❡rt ❛❧s✿

(g ◦ f )(x) = g(f (x))

✉♥❞

(f ◦ g)(x) = f (g(x))

❉❛❜❡✐ ✐st g ◦ f : Df |g → Wg(f ) ✉♥❞ f ◦ g : Dg |f → Wf (g)

❇❡♠❡r❦✉♥❣ ③✉♠ ❉❡✜♥✐t✐♦♥s✲ ✉♥❞ ❲❡rt❡❜❡r❡✐❝❤

f (x) = ln(x) ❞♦rt ✐st Df = (✵;∞) ✉♥❞ Wf = R

g(x) = x✷ − ✶ ❞♦rt ✐st Dg = R ✉♥❞ Wg = [−✶;∞]

(g ◦ f )(x) = g(f (x)) = g(ln(x)) = (ln(x))✷ − ✶

❊s ❣✐❧t✿ g ◦ f : (✵;∞) → (−✶;∞)

(f ◦ g)(x) = f (g(x)) = f (x✷ − ✶) = ln(x✷ − ✶)
❊s ❣✐❧t✿ f ◦ g : R \ [−✶; ✶] → R

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✷

❇✐❧❞❡♥ ❙✐❡ (g ◦ f )(x) ✉♥❞ (f ◦ g)(x) ❢ür ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✿

❛✮ f (x) = x✷ − ✸x + ✺ ✉♥❞ g(x) =
√
x − ✷

❜✮ f (x) = ex ✉♥❞ g(x) = ✸x✷ − ✺x

❆✉❢❣❛❜❡ ❆✸

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥❡♥✱ ❛✉s ❞❡♥❡♥ ❞✐❡ ❑♦♠♣♦s✐t✐♦♥

❜❡st❡❤t✳

❛✮ f (x) = sin(✸(x − ✷))

❜✮ g(t) = e✸t−✶

❝✮ h(z) = (✸z − ✹)✹✸

❞✮ k(x) = esin(x
✷+✷)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❊✐♥st✐❡❣s❜❡✐s♣✐❡❧ ✷

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = (x✸ − ✷x)✺✳
❉❛♥♥ ✐st f ′(x) = ✺ · (x✸ − ✷x)✹ · (✸x✷ − ✷)

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ g(x) = cos(✸x✷ − ✹x)✳
❉❛♥♥ ✐st g ′(x) = (✻x − ✹) · (− sin(✸x✷ − ✹x))

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ h(x) = ea·x
✷+b·x+c ✳

❉❛♥♥ ✐st h′(x) = (✷a · x + b) · ea·x✷+b·x+c ✳

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ ✉♥❞

✐❤r❡r ❆❜❧❡✐t✉♥❣✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❑❡tt❡♥r❡❣❡❧

❙❡✐❡♥ f (x) ✉♥❞ g(x) ③✇❡✐ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥❡♥✳ ❙♦ ✐st ❛✉❝❤

❞✐❡ ❱❡r❦❡tt✉♥❣ ❞❡r ❋✉♥❦t✐♦♥❡♥ g(f (x)) ❞✐✛❡r❡♥③✐❡r❜❛r ✉♥❞ ❡s ❣✐❧t✿

d

dx
(g(f (x))) = f ′(x) · g ′(f (x))

▼ü♥❞❧✐❝❤❡ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡r ❑❡tt❡♥r❡❣❡❧

❇❡st❡❤t ❡✐♥❡ ❋✉♥❦t✐♦♥ ❛✉s ❡✐♥❡r ä✉ÿ❡r❡♥ ✉♥❞ ❡✐♥❡r ✐♥♥❡r❡♥

❋✉♥❦t✐♦♥❡♥✱ s♦ ❣✐❧t ❢ür ❞✐❡ ❆❜❧❡✐t✉♥❣✿

✭✐♥♥❡r❡ ❋✉♥❦t✐♦♥ ❛❜❣❡❧❡✐t❡t✮ · ✭ä✉ÿ❡r❡ ❋✉♥❦t✐♦♥ ❛❜❣❡❧❡✐t❡t✮

❆✉❢❣❛❜❡ ❆✹

❇✐❧❞❡♥ ❞✐❡ ❡rst❡ ✉♥❞ ③✇❡✐t❡ ❆❜❧❡✐t✉♥❣ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✿

h(x) = (x✹ − ✸x✷ + ✺)✻

k(x) = sin(ex)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆❜❧❡✐t✉♥❣ ✈♦♥ ln(x)

❊s ❣✐❧t✿ d
dx

(ln(x)) = ✶

x

❇❡✇❡✐s✿

e ln(x) = x

◆❛❝❤ ❑❡tt❡♥r❡❣❡❧ ✐st ❛❧s♦ ❞✐❡ ❆❜❧❡✐t✉♥❣

(ln(x))′ · e ln(x) = ✶ ⇔ (ln(x))′ =
✶

x

❆❜❧❡✐t✉♥❣ ✈♦♥ ax

❊s ❣✐❧t✿ d
dx

(ax) = ln(a) · ax

❇❡✇❡✐s✿

ax = e ln(a
x ) = ex ·ln(a)

◆❛❝❤ ❑❡tt❡♥r❡❣❡❧ ✐st ❛❧s♦ ❞✐❡ ❆❜❧❡✐t✉♥❣

ln(a) · ex ·ln(a) = ln(a) · ax

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



◗✉♦t✐❡♥t❡♥r❡❣❡❧

❆✉s ❞❡r ❑❡tt❡♥✲ ✉♥❞ Pr♦❞✉❦tr❡❣❡❧ ❦❛♥♥ ♠❛♥ ❛✉❝❤ ❞✐❡

◗✉♦t✐❡♥t❡♥r❡❣❡❧ ❤❡r❧❡✐t❡♥✳ ❍✐❡r ❣✐❧t✿

d

dx

(

u(x)

v(x)

)

=
u′(x) · v(x)− u(x) · v ′(x)

(v(x))✷

❇❡✐s♣✐❡❧

f (x) = sin(x)
x✷

u(x) = sin(x) ✉♥❞ u′(x) = cos(x) ❜③✇✳ v(x) = x✷ ✉♥❞ v ′(x) = ✷x

f ′(x) =
cos(x) · x✷ − sin(x) · ✷x

x✹
=

cos(x)

x✷
− ✷ · sin(x)

x✸

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✹ ❚❛♥❣❡♥t❡♥ ✉♥❞ ◆♦r♠❛❧❡♥

❍✳ ❲✉s❝❤❦❡

✶✻✳ ❙❡♣t❡♠❜❡r ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❲✐❡❞❡r❤♦❧✉♥❣ ✈♦♥ ❧✐♥❡❛r❡♥ ❋✉♥❦t✐♦♥❡♥ y = m · x + n

❱❡rä♥❞❡r✉♥❣ ❞❡s ❇❡❣r✐✛❡s ❚❛♥❣❡♥t❡

❆✉❢st❡❧❧✉♥❣ ✈♦♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ●❡r❛❞❡♥✲✱ ❚❛♥❣❡♥t❡♥✲ ♦❞❡r

◆♦r♠❛❧❡♥❣❧❡✐❝❤✉♥❣❡♥ ❛♥ ❋✉♥❦t✐♦♥❡♥

❇❡r❡❝❤♥❡♥ ✈♦♥ ❆♥st✐❡❣s✇✐♥❦❡❧♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✶ ♦❤♥❡ ❈❆❙

❇❡❣rü♥❞❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣❡♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ❧✐♥❡❛r❡♥ ❋✉♥❦t✐♦♥❡♥✳

x
−✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹

y

−✹

−✸

−✷

−✶

✶

✷

✸

✹

f (x) = ✷x − ✹

g(x) = ✶

✹
x + ✷

h(x) = −✶

✸
x − ✶

k(x) = ✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥

❊✐♥❡ ❋✉♥❦t✐♦♥ f (x) = m · x + n ❤❡✐ÿt ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥✳

m = y✷−y✶
x✷−x✶

✳✳✳ ❆♥st✐❡❣ ❞❡r ❋✉♥❦t✐♦♥

n = f (✵) ✳✳✳ ❱❡rs❝❤✐❡❜✉♥❣ ❛♥ ❞❡r ②✲❆❝❤s❡✳

❇❡♠❡r❦✉♥❣

❊✐♥❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ ✐st ❡✐♥❞❡✉t✐❣ ❜❡st✐♠♠t ❞✉r❝❤✿

❩✇❡✐ P✉♥❦t❡

❆♥st✐❡❣ ✉♥❞ ❡✐♥❡♥ P✉♥❦t

P❛ss❛♥t❡✱ ❙❡❦❛♥t❡✱ ❚❛♥❣❡♥t❡

●❡r❛❞❡♥ ✇❡r❞❡♥ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ ✐❤r❡r ❇❡rü❤r✉♥❣ ♠✐t ❛♥❞❡r❡♥

❖❜❥❡❦t❡♥ ❜❡③❡✐❝❤♥❡t✿

P❛ss❛♥t❡ ✭❧❛t✳ ♣❛ss❛r❡❂✈♦r❜❡✐❣❡❤❡♥✮✿ ❦❡✐♥❡ ❇❡rü❤r✉♥❣

❚❛♥❣❡♥t❡ ✭❧❛t✳ t❛♥❣❡r❡❂❜❡rü❤r❡♥✮✿ ✶ ❇❡rü❤r✉♥❣s♣✉♥❦t

❙❡❦❛♥t❡ ✭❧❛t✳ s❡❝❛r❡❂s❝❤♥❡✐❞❡♥✮✿ s❝❤♥❡✐❞❡t ✐♥ ✷ P✉♥❦t❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✷

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = (x − ✸)✷ − ✹✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❡r❛❞❡♥❣❧❡✐❝❤✉♥❣ ③✇✐s❝❤❡♥ ❞❡♥ P✉♥❦t❡♥✳

❛✮ A (✶|✷) ✉♥❞ B (✸|f (✸)) ❜✮ C (−✷|f (−✷)) ✉♥❞ A

❝✮ D (✶|f (✶)) ✉♥❞ E (✼|f (✼))

❆♥st✐❡❣ ✐♥ x✵

❉✐❡ ❆❜❧❡✐t✉♥❣ ❛♥ ❞❡r ❙t❡❧❧❡ x✵ ❜❡s❝❤r❡✐❜t ❞❡♥ ❆♥st✐❡❣ mT ❞❡r

❚❛♥❣❡♥t❡ ❛♥ ❣❡♥❛✉ ❞✐❡s❡r ❙t❡❧❧❡✳

f ′(x✵) = mT

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✸

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = ✶

✸
x✸ − ✷x✷ + ✹x − ✸✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡r ❣❡❣❡❜❡♥❡♥

❙t❡❧❧❡ x✵✳

❛✮ x✵ = ✵ ✭❆♥st✐❡❣ ✐♠ ❯rs♣r✉♥❣✮

❜✮ x✵ = ✷

❝✮ x✵ = −✸

❞✮ x✵ =
✶

✷

❆✉❢❣❛❜❡ ❆✹

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = ✶

✸
x✸ − ✷x✷ + ✹x − ✸✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡♥✱ ❛♥ ✇❡❧❝❤❡♥ ❞✐❡ ❚❛♥❣❡♥t❡ ✳✳✳✳

❛✮ ✳✳✳ ❞❡♥ ❆♥st✐❡❣ m = ✶ ❤❛t✳

❜✮ ✳✳✳ ❦❡✐♥❡♥ ❆♥st✐❡❣ ❤❛t✳

❝✮ ✳✳✳ ♣❛r❛❧❧❡❧ ③✉r ●❡r❛❞❡♥ y = −✷x + ✺ ✐st✳

❞✮ ✳✳✳ ❞❡♥ ❆♥st✐❡❣s✇✐♥❦❡❧ ✹✺◦ ❤❛t✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆♥st✐❡❣s✇✐♥❦❡❧

❏❡❞❡ ●❡r❛❞❡ ♠✐t ❆♥st✐❡❣ m ❤❛t ❡✐♥❡♥ ❆♥st✐❡❣s✇✐♥❦❡❧ α✳ ❉❛❜❡✐ ❣✐❧t✿

m = tan(α)

❋ür ❞❡♥ ❆♥st✐❡❣ ❡✐♥❡r ❋✉♥❦t✐♦♥ f (x) ❛♥ ❡✐♥❡r ❙t❡❧❧❡ x✵ ❣✐❧t✿

f ′(x✵) = m = tan(α)

◆♦r♠❛❧❡

❉✐❡ ●❡r❛❞❡✱ ✇❡❧❝❤❡ ❛♥ ❞❡r ❙t❡❧❧❡ x✵ s❡♥❦r❡❝❤t ③✉r ❚❛♥❣❡♥t❡ ✈❡r❧ä✉❢t

❤❡✐ÿt ◆♦r♠❛❧❡✳ ❋ür ✐❤r❡♥ ❆♥st✐❡❣ mN ❣✐❧t✿

mN = −
✶

mT

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✺ ♦❤♥❡ ❈❆❙

●❡❣❡❜❡♥ ✐st ❡✐♥ ❆♥st✐❡❣ ❡✐♥❡r ❚❛♥❣❡♥t❡ mT ✳

●❡❜❡♥ ❙✐❡ ❞❡♥ ❆♥st✐❡❣ ❞❡r ◆♦r♠❛❧❡♥ ❛♥✳

❛✮ mT = ✷ ❜✮ mT = ✷

✺
❝✮ mT = −✹ ❞✮ mT = −✵, ✽

❡✮ mT = ✶ ❢✮ mT = ✶, ✷ ❣✮ mT = −✶✷ ❤✮ mT = ✵

❆✉❢❣❛❜❡♥ ❆✻

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = −x✸ + ✺x✷ − ✼x + ✸

❇❡st✐♠♠❡♥ ❙✐❡✱ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ✉♥❞ ◆♦r♠❛❧❡ s♦✇✐❡ ❞❡♥

❆♥st✐❡❣s✇✐♥❦❡❧ ❜❡✐❞❡r ●❡r❛❞❡♥ ✐♥ x✵✳

❛✮ x✵ = ✵

❜✮ x✵ = ✷

❝✮ x✵ =
✹

✸

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❑✉❣❡❧st♦ÿ

❉❡r ●r❛♣❤ ❡✐♥❡r ❛❜❣❡st♦ÿ❡♥❡♥ ❑✉❣❡❧ ✈❡r❧ä✉❢t ❛✉❢ ❞❡♠ ●r❛♣❤❡♥ ❞❡r

❢♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥✿

k(x) = −✵, ✵✹x✷ + ✵, ✺✹x + ✶, ✻

❉❛❜❡✐ s✐♥❞ x ✉♥❞ y ✐♥ ▼❡t❡r ❣❡❣❡❜❡♥✳

❛✮ ❙❝❤ät③❡♥ ❙✐❡ ❞✐❡ ❑ör♣❡r❣röÿ❡ ❞❡r P❡rs♦♥ ❡✐♥✱ ✉♥t❡r ❞❡r

❆♥♥❛❤♠❡✱ ❞❛ss ❞✐❡ ❑✉❣❡❧ ❛✉❢ ❙❝❤✉❧t❡r❤ö❤❡ ❛❜❣❡st♦ÿ❡♥ ✇✐r❞✳

❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡✱ ✇✐❡ ✇❡✐t ❞✐❡ ❑✉❣❡❧ ✢✐❡❣t✳

❝✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ♦❜ ❞✐❡ ❑✉❣❡❧ ♥❛❝❤ ❡✐♥❡r ❜❡st✐♠♠t❡♥ ❉✐st❛♥③

✷✱✷✵ ♠ ❤♦❝❤ ✢✐❡❣t✳

❞✮ ❊✐♥ ✐❞❡❛❧❡r ❆❜st♦ÿ✇✐♥❦❡❧ ✐st ♥❛❝❤ ❊r❢❛❤r✉♥❣s✇❡rt❡♥ ✹✺◦✳

❇❡✉rt❡✐❧❡♥ ❙✐❡ ❞❡♥ ❲✉r❢✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✺ ▼♦♥♦t♦♥✐❡ ✉♥❞ ❧♦❦❛❧❡ ❊①tr❡♠❛

❍✳ ❲✉s❝❤❦❡

✷✸✳ ❙❡♣t❡♠❜❡r ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ▼♦♥♦t♦♥✐❡ ✉♥❞ ❆❜❧❡✐t✉♥❣ ❤❡rst❡❧❧❡♥

❧♦❦❛❧❡ ❊①tr❡♠❛ ❜❡r❡❝❤♥❡♥ ❦ö♥♥❡♥

❆rt ❞❡s ❊①tr❡♠✉♠s ❦❧❛ss✐✜③✐❡r❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✶ ♦❤♥❡ ❈❆❙

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ▼♦♥♦t♦♥✐❡ ✈♦♥ f (x) = x✷ ♠✐t❤✐❧❢❡ ❞❡r
❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥✳

x
−✹ −✸ −✷ −✶ ✶ ✷ ✸ ✹

y

−✹

−✸

−✷

−✶

✶

✷

✸

✹
f (x) = x✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▼♦♥♦t♦♥✐❡ ❡✐♥❡r ❋✉♥❦t✐♦♥

❙❡✐❡♥ x✶ < x✷ ③✇❡✐ ❜❡❧✐❡❜✐❣❡ ❙t❡❧❧❡♥✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ f (x) ❤❡✐ÿt✿

♠♦♥♦t♦♥ st❡✐❣❡♥❞✱ ❢❛❧❧s ❣✐❧t✿ f (x✶) ≦ f (x✷)

str❡♥❣ ♠♦♥♦t♦♥ st❡✐❣❡♥❞✱ ❢❛❧❧s ❣✐❧t✿ f (x✶) < f (x✷)

♠♦♥♦t♦♥ ❢❛❧❧❡♥❞✱ ❢❛❧❧s ❣✐❧t✿ f (x✶) ≧ f (x✷)

str❡♥❣ ♠♦♥♦t♦♥ ❢❛❧❧❡♥❞✱ ❢❛❧❧s ❣✐❧t✿ f (x✶) > f (x✷)

▼♦♥♦t♦♥✐❡s❛t③

❙❡✐ f (x) ❡✐♥❡ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥✳ ❲❡♥♥

f ′(x) > ✵ ✐st✱ ❞❛♥♥ ✐st f (x) str❡♥❣ ♠♦♥♦t♦♥ st❡✐❣❡♥❞✳

f ′(x) < ✵ ✐st✱ ❞❛♥♥ ✐st f (x) str❡♥❣ ♠♦♥♦t♦♥ ❢❛❧❧❡♥❞✳

❯♠❦❡❤r✉♥❣ ❞❡s ▼♦♥♦t♦♥✐❡s❛t③❡s

❉✐❡ ❯♠❦❡❤r✉♥❣ ❣✐❧t ♥✐❝❤t✦ ❇❡✐s♣✐❡❧✿ f (x) = x✸✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✷

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = −✶✺

✶✻
x✺ + ✷✺

✹
x✸

❛✮ ❲ä❤❧❡♥ ❙✐❡ ❞r❡✐ ❜❡❧✐❡❜✐❣❡ ❙t❡❧❧❡♥ ❛✉s ✉♥❞ ❜❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡
▼♦♥♦t♦♥✐❡ ❛♥ ❞✐❡s❡♥ ❙t❡❧❧❡♥✳

❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss f (x) ❛♥ ❞❡r ❙t❡❧❧❡ x = −✷ ❞✐❡ ▼♦♥♦t♦♥✐❡
✈❡rä♥❞❡rt✳

❝✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss f (x) ❛♥ ❞❡r ❙t❡❧❧❡ x = ✷ ❡✐♥❡♥ ❍♦❝❤♣✉♥❦t
❜❡s✐t③t✳

❞✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss s✐❝❤ ❞✐❡ ▼♦♥♦t♦♥✐❡ ✈♦♥ f (x) ❛♥ ❞❡r ❙t❡❧❧❡
x = ✵ ♥✐❝❤t ✈❡rä♥❞❡rt✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲♦❦❛❧❡s ❊①tr❡♠✉♠

❲❡♥♥ ❞❡r ●r❛♣❤ ❡✐♥❡r ❞✐✛❡r❡♥③✐❡r❜❛r❡♥ ❋✉♥❦t✐♦♥ f (x) ❛♥ ❞❡r ❙t❡❧❧❡ xE ❡✐♥
❧♦❦❛❧❡s ❊①tr❡♠✉♠ ❜❡s✐t③t✱ ❞❛♥♥ ✐st✿

f ′(xE ) = ✵ ✭♥♦t✇❡♥❞✐❣❡ ❇❡❞✐♥❣✉♥❣✮

❍❛t f ′(x) ❛♥ ❞❡r ❙t❡❧❧❡ xE ❡✐♥❡♥ ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ ✈♦♥ + ③✉ −✱ s♦
❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ❡✐♥❡♥ ❧♦❦❛❧❡♥ ❍♦❝❤♣✉♥❦t✴❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠✳

❍❛t f ′(x) ❛♥ ❞❡r ❙t❡❧❧❡ xE ❡✐♥❡♥ ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ ✈♦♥ − ③✉ +✱ s♦
❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ❡✐♥❡♥ ❧♦❦❛❧❡♥ ❚✐❡❢♣✉♥❦t✴❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠✳

❙❛tt❡❧♣✉♥❦t

❲❡♥♥ ❞❡r ●r❛♣❤ ❡✐♥❡r ❞✐✛❡r❡♥③✐❡r❜❛r❡♥ ❋✉♥❦t✐♦♥ f (x) ❛♥ ❞❡r ❙t❡❧❧❡ xS
❡✐♥❡♥ ❙❛tt❡❧♣✉♥❦t ♦❞❡r ❡✐♥❡♥ ❧♦❦❛❧❡♥ ❚❡r❛ss❡♥♣✉♥❦t ❜❡s✐t③t✱ ❞❛♥♥ ✐st
f ′(xS) = ✵ ✉♥❞ f ′(x) ❤❛t ❞♦rt ❦❡✐♥❡♥ ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❙❛t③ ✈♦♥ ❘♦❧❧❡

❙❡✐ f : [a; b] → R ❡✐♥❡ st❡t✐❣❡✱ ❋✉♥❦t✐♦♥✱ ❞✐❡ ❞✐✛❡r❡♥③✐❡r❜❛r ❛✉❢ ❞❡♠
■♥t❡r✈❛❧❧ (a; b) ✐st ✉♥❞ ❣❡❧t❡

f (a) = f (b)

❞❛♥♥ ❣✐❜t ❡s ❡✐♥ x✵ ∈ (a; b)✱ ❢ür ✇❡❧❝❤❡s ❣✐❧t✿

f ′(x✵) = ✵

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✸

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ✉♥❞ ❆rt ❞❡r ❊①tr❡♠♣✉♥❦t❡ ❞❡r
❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✿

❛✮ a(x) = ✶

✾
x✸ − ✸x

❜✮ b(x) = ✹x✸ − ✻x✷ + ✾x

❝✮ c(x) = x✹

❞✮ d(x) = ex · (x − ✷)✷

❡✮ e(x) = x✹ + x✸

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✸ ✭❱❛r✐❛♥t❡ ✶✮

▲ös✉♥❣✈❛r✐❛♥t❡ ✶ ✕ ♠✐t ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ a(x) = ✶

✾
x✸ − ✸x

❙❝❤r✐tt ✶✿ ❆❜❧❡✐t✉♥❣ ❜✐❧❞❡♥

a′(x) = ✶

✸
x✷ − ✸

❙❝❤r✐tt ✷✿ ✶✳ ❆❜❧❡✐t✉♥❣ ♠✐t ◆✉❧❧ ❣❧❡✐❝❤s❡t③❡♥

✵ = ✶

✸
x✷ − ✸ ⇔ ✾ = x✷ ⇔ x✶ = −✸ ✉♥❞ x✷ = ✸

❙❝❤r✐tt ✸✿ ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ ❞❡r ❆❜❧❡✐t✉♥❣ ❜❡tr❛❝❤t❡♥

a′(−✸, ✶) ≈ ✵.✷ ✉♥❞ a′(−✷, ✾) ≈ −✵, ✷ → ❛♥ ❞❡r ❙t❡❧❧❡ x = −✸ ❧✐❡❣t ❡✐♥
❍♦❝❤♣✉♥❦t ✈♦r✱ ❞❛ a(x) ✈♦♥ ♠♦♥♦t♦♥ st❡✐❣❡♥❞ ✐♥ ♠♦♥♦t♦♥ ❢❛❧❧❡♥❞ ü❜❡r❣❡❤t✳

a′(✷, ✾) ≈ −✵, ✷ ✉♥❞ a′(✸, ✶) ≈ ✵, ✷ → ❛♥ ❞❡r ❙t❡❧❧❡ x = ✸ ❧✐❡❣t ❡✐♥
❚✐❡❢♣✉♥❦t ✈♦r✱ ❞❛ a(x) ✈♦♥ ♠♦♥♦t♦♥ ❢❛❧❧❡♥❞ ✐♥ ♠♦♥♦t♦♥ st❡✐❣❡♥❞ ü❜❡r❣❡❤t✳

❙❝❤r✐tt ✹✿ ❑♦♦r❞✐♥❛t❡♥ ❞❡r ❊①tr❡♠❛ ❜❡st✐♠♠❡♥

a(−✸) = ✻ → H(−✸|✻) a(✸) = −✻ → T (✸| − ✻)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



●❧♦❜❛❧❡s ❊①tr❡♠✉♠

❙❡✐ f : D → R ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❋✉♥❦t✐♦♥✳

❋❛❧❧s ❡s ❡✐♥❡♥ P✉♥❦t H(xH |yH) ❣✐❜t ♠✐t f (x) ≦ yH ❢ür ❛❧❧❡ x ∈ D

❣✐❜t✱ s♦ ✇✐r❞ ❞✐❡s❡r ❛❧s ❣❧♦❜❛❧❡s ▼❛①✐♠✉♠ ❜❡③❡✐❝❤♥❡t✳

❋❛❧❧s ❡s ❡✐♥❡♥ P✉♥❦t T (xT |yT ) ❣✐❜t ♠✐t yT ≦ f (x) ❢ür ❛❧❧❡ x ∈ D

❣✐❜t✱ s♦ ✇✐r❞ ❞✐❡s❡r ❛❧s ❣❧♦❜❛❧❡s ▼✐♥✐♠✉♠ ❜❡③❡✐❝❤♥❡t✳

❙❛t③ ✈♦♠ ▼✐♥✐♠✉♠ ✉♥❞ ▼❛①✐♠✉♠

❏❡❞❡ st❡t✐❣❡ ❋✉♥❦t✐♦♥ f : [a; b] → R ✐st ❜❡s❝❤rä♥❦t ✉♥❞ ♥✐♠♠t ❡✐♥
▼✐♥✐♠✉♠ ✉♥❞ ❡✐♥ ▼❛①✐♠✉♠ ❛♥✳

❘❛♥❞❡①tr❡♠❛

❇❡✐ ❋✉♥❦t✐♦♥❡♥ f : [a; b] → R ❦ö♥♥❡♥ ❞✐❡ ❣❧♦❜❛❧❡♥ ❊①tr❡♠❛ ❛✉❝❤ ❛♥
❞❡♥ ❘ä♥❞❡r♥ a ✉♥❞ b s❡✐♥✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❍✐♥r❡✐❝❤❡♥❞❡s ❑r✐t❡r✐✉♠ ❧♦❦❛❧❡r ❊①tr❡♠st❡❧❧❡♥

❋ür ❡✐♥❡ ❋✉♥❦t✐♦♥ f (x) ✉♥❞ ✐❤r❡ ❆❜❧❡✐t✉♥❣❡♥ f ′(x) ✉♥❞ f ′′(x) ❣✐❧t✿

❲❡♥♥ f ′(xE ) = ✵ ✉♥❞ ❣❧❡✐❝❤③❡✐t✐❣ f ′′(xE ) < ✵ ✐st✱ ❞❛♥♥ ❤❛t ❞❡r
●r❛♣❤ ✈♦♥ f (x) ❛♥ ❞❡r ❙t❡❧❧❡ xE ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠✳

❲❡♥♥ f ′(xE ) = ✵ ✉♥❞ ❣❧❡✐❝❤③❡✐t✐❣ f ′′(xE ) > ✵ ✐st✱ ❞❛♥♥ ❤❛t ❞❡r
●r❛♣❤ ✈♦♥ f (x) ❛♥ ❞❡r ❙t❡❧❧❡ xE ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠✳

❆✉❢❣❛❜❡ ❆✹

❇❡❛r❜❡✐t❡♥ ❙✐❡ ❆✉❢❣❛❜❡ ❆✸ ♠✐t❤✐❧❢❡ ❞✐❡s❡s ❤✐♥r❡✐❝❤❡♥❞❡♥ ❑r✐t❡r✐✉♠s✳

❇❡♠❡r❦✉♥❣ ③✉r ❇❡st✐♠♠✉♥❣ ❞❡s ❆rt ❞❡s ❊①tr❡♠✉♠s

❉❡r ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ ❞❡r ❆❜❧❡✐t✉♥❣ ❢✉♥❦t✐♦♥✐❡rt ✐♠♠❡r✳
❉❛s ❤✐♥r❡✐❝❤❡♥❞❡ ❑r✐t❡r✐✉♠ ♠✐t ❞❡r ③✇❡✐t❡♥ ❆❜❧❡✐t✉♥❣ ❢✉♥❦t✐♦♥✐❡rt
♥✐❝❤t ✐♠♠❡r✳
❇❡✐s♣✐❡❧✿ f (x) = x✹

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✹ ✭❱❛r✐❛♥t❡ ✷✮

▲ös✉♥❣✈❛r✐❛♥t❡ ✷ ✕ ♠✐t ③✇❡✐t❡r ❆❜❧❡✐t✉♥❣ a(x) = ✶

✾
x✸ − ✸x

❙❝❤r✐tt ✶✿ ❆❜❧❡✐t✉♥❣❡♥ ❜✐❧❞❡♥

a′(x) = ✶

✸
x✷ − ✸ a′′(x) = ✷

✸
x

❙❝❤r✐tt ✷✿ ✶✳ ❆❜❧❡✐t✉♥❣ ♠✐t ◆✉❧❧ ❣❧❡✐❝❤s❡t③❡♥

✵ = ✶

✸
x✷ − ✸ ⇔ ✾ = x✷ ⇔ x✶ = −✸ ✉♥❞ x✷ = ✸

❙❝❤r✐tt ✸✿ ✷✳ ❆❜❧❡✐t✉♥❣ ③✉r Ü❜❡r♣rü❢✉♥❣ ♥✉t③❡♥

a′′(−✸) = −✷ < ✵ → ❜❡✐ x = −✸ ❧✐❡❣t ❡✐♥ ❍♦❝❤♣✉♥❦t ✈♦r

a′′(✸) = ✷ > ✵ → ❜❡✐ x = ✸ ❧✐❡❣t ❡✐♥ ❚✐❡❢♣✉♥❦t ✈♦r

❙❝❤r✐tt ✹✿ ❑♦♦r❞✐♥❛t❡♥ ❞❡r ❊①tr❡♠❛ ❜❡st✐♠♠❡♥

a(−✸) = ✻ → H(−✸|✻) a(✸) = −✻ → T (✸| − ✻)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✻ ❑rü♠♠✉♥❣s✈❡r❤❛❧t❡♥ ✉♥❞ ❧♦❦❛❧❡ ❲❡♥❞❡♣✉♥❦t❡

❍✳ ❲✉s❝❤❦❡

✷✾✳ ❙❡♣t❡♠❜❡r ✷✵✶✾

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❲❡♥❞❡♣✉♥❦t❡ ❜❡r❡❝❤♥❡♥ ❦ö♥♥❡♥

▲✐♥❦s✲ ✉♥❞ ❘❡❝❤ts❦rü♠♠✉♥❣ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ❜❡s❝❤r❡✐❜❡♥

❇❡❣r✐✛❡ ❦♦♥✈❡① ✉♥❞ ❦♦♥❦❛✈ ❦❡♥♥❡♥

❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣✱ ✶✳ ❆❜❧❡✐t✉♥❣✱ ✷✳ ❆❜❧❡✐t✉♥❣ ✉♥❞ ✸✳
❆❜❧❡✐t✉♥❣ ❦♦rr❡❦t ✈❡r✇❡♥❞❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✶ ♦❤♥❡ ❈❆❙

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ ✉♥❞
✐❤r❡♥ ❜❡✐❞❡♥ ❆❜❧❡✐t✉♥❣❡♥✳

x
✶ ✷ ✸ ✹ ✺ ✻

y

−✹

−✸

−✷

−✶

✶

✷

✸

✹
f (x)

f ′(x) f ′′(x)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❲❡♥❞❡♣✉♥❦t ❡✐♥❡r ❋✉♥❦t✐♦♥

❙❡✐ f (x) ❡✐♥❡ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥✳
❉✐❡ ❙t❡❧❧❡✱ ❛♥ ❞❡r f ′(x) ❡✐♥❡♥ ❊①tr❡♠♣✉♥❦t ❜❡s✐t③t✱ ❤❡✐ÿt
❲❡♥❞❡st❡❧❧❡ xW ✳ ❙❡t③t ♠❛♥ ❞✐❡s❡ ❙t❡❧❧❡ ✐♥ ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣
❡✐♥✱ ❡r❤ä❧t ♠❛♥ ❞❡♥ ❲❡♥❞❡♣✉♥❦t ✈♦♥ f (x)✳ ❉❡s❤❛❧❜ ❣✐❧t✿

f ′′(xW ) = ✵ f ′′′(xW ) 6= ✵

❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❲❡♥❞❡♣✉♥❦t❡s

❆♠ ❲❡♥❞❡♣✉♥❦t ❤❛t f (x) ❞❡♥ ❡①tr❡♠st❡♥ ❆♥st✐❡❣ ❜③✇✳ ❞❛s
❡①tr❡♠st❡ ●❡❢ä❧❧❡✳

❆♠ ❲❡♥❞❡♣✉♥❦t ä♥❞❡rt s✐❝❤ ❞❛s ❑rü♠♠✉♥❣s✈❡r❤❛❧t❡♥ ❞❡r
❋✉♥❦t✐♦♥✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❑rü♠♠✉♥❣s✈❡r❤❛❧t❡♥

❲❡♥♥ f ′′(x) < ✵ ✐st✱ ❤❡✐ÿt ❞✐❡ ❋✉♥❦t✐♦♥ r❡❝❤ts❣❡❦rü♠♠t ♦❞❡r ❦♦♥❦❛✈✳

❲❡♥♥ f ′′(x) > ✵ ✐st✱ ❤❡✐ÿt ❞✐❡ ❋✉♥❦t✐♦♥ ❧✐♥❦s❣❡❦rü♠♠t ♦❞❡r ❦♦♥✈❡①✳

▼❡r❦❤✐❧❢❡♥

▼❡r❦s♣rü❝❤❡ ❢ür ❦♦♥✈❡① ✉♥❞ ❦♦♥❦❛✈✿
❦♦♥❦❛✈✱ ✇✐❡ ❡✐♥ ❙❝❤❛❢ ❦♦♥✈❡① ✢✐❡❣t ❞✐❡ ❍❡①✬

❩✉r ❊♥ts❝❤❡✐❞✉♥❣✱ ü❜❡r ❦♦♥✈❡①✴❦♦♥❦❛✈ ❦❛♥♥ ♠❛♥ ❣✉t ❙♠✐❧❡②s
♥✉t③❡♥✳
f ′′(x) < ✵ → → ❦♦♥❦❛✈

f ′′(x) > ✵ → → ❦♦♥✈❡①

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✷ ♦❤♥❡ ❈❆❙

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = −✷x✸ + ✻x✷ − ✶✷x + ✶

❛✮ ●❡❜❡♥ ❙✐❡ ❞❡♥ ❙❝❤♥✐tt♣✉♥❦t ♠✐t ❞❡r ②✲❆❝❤s❡ ❛♥✳

❜✮ ❇❡st✐♠♠❡♥ ❞❡♥ ❲❡♥❞❡♣✉♥❦t ❞❡r ❋✉♥❦t✐♦♥✳

❝✮ ❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❊✐❣❡♥s❝❤❛❢t ❞❡s ❜❡r❡❝❤♥❡t❡♥
❲❡♥❞❡♣✉♥❦t❡s✳

❞✮ ●❡❜❡♥ ❙✐❡ ❙t❡❧❧❡♥ ❛♥✱ ❛♥ ✇❡❧❝❤❡♥ f (x) ❦♦♥✈❡① ✐st ✉♥❞
❜❡❣rü♥❞❡♥ ❙✐❡ ✐❤r❡ ❆✉s✇❛❤❧✳

❆✉❢❣❛❜❡ ❆✸

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❊①tr❡♠♣✉♥❦t❡ ✉♥❞ ❲❡♥❞❡♣✉♥❦t❡ ❞❡r ❣❡❣❡❜❡♥❡♥
❋✉♥❦t✐♦♥❡♥✳ ❚r❡✛❡♥ ❙✐❡ ❛✉ÿ❡r❞❡♠ ❆✉ss❛❣❡♥ ü❜❡r ▼♦♥♦t♦♥✐❡ ✉♥❞
❑rü♠♠✉♥❣s✈❡r❤❛❧t❡♥ ❞❡r ❋✉♥❦t✐♦♥❡♥✳

❛✮ g(x) = x✸ + ✻x✷ + ✾x

❜✮ h(x) = ✶

✽
x✹ − ✶

✷
x✸

❝✮ k(x) = (x − ✷)✷ · e−x✸+✷x✷+✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❙❛tt❡❧♣✉♥❦t

❊✐♥ ❙❛tt❡❧♣✉♥❦t ♦❞❡r ❧♦❦❛❧❡r ❚❡r❛ss❡♥♣✉♥❦t ✐st ❡✐♥ ❜❡s♦♥❞❡r❡r
❲❡♥❞❡♣✉♥❦t ❛♥ ❞❡r ❙t❡❧❧❡ xS ✱ ♠✐t ❢♦❧❣❡♥❞❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥✿

f ′(xS) = ✵ f ′′(xS) = ✵ f ′′′(xS) 6= ✵

❆✉❢❣❛❜❡ ❆✹ ♦❤♥❡ ❈❆❙

❙❦✐③③✐❡r❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤ ❡✐♥❡r ❋✉♥❦t✐♦♥ b(x) ♠✐t ❞❡♥ ❣❡❣❡❜❡♥❡♥
❊✐❣❡♥s❝❤❛❢t❡♥✳

❛✮ ❡✐♥ ❲❡♥❞❡♣✉♥❦t✱ ❡✐♥ ❍♦❝❤♣✉♥❦t✱ ❡✐♥ ❚✐❡❢♣✉♥❦t

❜✮ ❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡ Sy (✵|✷)✱ Sx✶(−✷|✵) ✉♥❞ Sx✷(✸|✵)✱ ③✇❡✐
❚✐❡❢♣✉♥❦t❡✱ ❡✐♥ ❍♦❝❤♣✉♥❦t✱ ③✇❡✐ ❲❡♥❞❡♣✉♥❦t❡

❝✮ ③✇❡✐ ❲❡♥❞❡♣✉♥❦t❡✱ ❦❡✐♥ ❊①tr❡♠♣✉♥❦t

❞✮ ❡✐♥ ❚✐❡❢♣✉♥❦t✱ ❞r❡✐ ❲❡♥❞❡♣✉♥❦t❡✱ ❡✐♥ ❍♦❝❤♣✉♥❦t

❡✮ ❡✐♥ ❍♦❝❤♣✉♥❦t✱ ③✇❡✐ ❲❡♥❞❡♣✉♥❦t❡

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❍❡✐ÿ❡ ❙♦♠♠❡rr♦❞❡❧❜❛❤♥

❉❛s Pr♦✜❧ ❞❡s ❙❝❤✐❝❦s❛❧s❜❡r❣s ❦❛♥♥ ❛♥ ❞❡r ③✉ ●♦♥❞♦r ❣❡✇❛♥❞t❡♥
❙❡✐t❡ ❡t✇❛ ♠✐t ❞❡r ❋✉♥❦t✐♦♥ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✿

b(x) = −✸, ✶✶·✶✵−✼ ·x✹+✷, ✼✽·✶✵−✹ ·x✸−✵, ✵✻✾✽·x✷+✵, ✵✹·x+✶✷✽✼

❉❛❜❡✐ s✐♥❞ x ✉♥❞ y ✐♥ ▼❡t❡r ❛♥❣❡❣❡❜❡♥✳ ◆❛❝❤❞❡♠ ❙❛✉r♦♥ ❜❡s✐❡❣t
✇✉r❞❡✱ ✇♦❧❧❡♥ ❞✐❡ ❊✐♥✇♦❤♥❡r ✈♦♥ ▼✐♥❛s ❚✐r✐t❤ ✇✐❡❞❡r ❡✐♥ ✇❡♥✐❣
❙♣❛ÿ ❤❛❜❡♥ ✉♥❞ ❡✐♥❡ ❙♦♠♠❡rr♦❞❡❧❜❛❤♥ ❛♠ ❇❡r❣❡s❤❛♥❣ ❡rr✐❝❤t❡♥✳
❙✐❡ s♦❧❧ ✐♠ ■♥t❡r✈❛❧❧ ✵ ≦ x ≦ ✸✷✵ ✈❡r❧❛✉❢❡♥✳

❛✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ③✉ ❇❡❣✐♥♥ ♥♦❝❤ ❡✐♥ ❦❧❡✐♥❡r ❆✉❢st✐❡❣
✈♦r❤❛♥❞❡♥ ✐st✳

❜✮ ❇❡✐ ❡✐♥❡♠ ❋❛❧❧ ✈♦♥ ü❜❡r ✺✸◦ ✐st ❞✐❡ ❋❛❤rt ❢ür ▼❡♥s❝❤❡♥
❧❡❜❡♥s❣❡❢ä❤r❧✐❝❤✳ ❊♥ts❝❤❡✐❞❡♥ ❙✐❡✱ ♦❜ ❞✐❡ ❚❡st❢❛❤r❡r ü❜❡r❧❡❜❡♥✳

❝✮ ❆♠ ❊♥❞❡ ❞❡r ❇❛❤♥ s♦❧❧ ❡✐♥❡ ❙❝❤❛♥③❡ s(x) ③✉♠ ❙♣r✉♥❣ ❛✉❢ ❞❡♥
❇♦❞❡♥ ▼♦r❞♦rs ❣❡❜❛✉t ✇❡r❞❡♥✳
❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ ✈♦♥ s(x) ✉♥t❡r ❞❡r
❇❡❞✐♥❣✉♥❣✱ ❞❛ss s✐❡ ❦♥✐❝❦❢r❡✐ ❛♥ b(x) ❛♥s❝❤❧✐❡ÿt✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆♥s❝❤❧✉ss ❛♥ ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥

❙❡✐ f (x) ❣❡❣❡❜❡♥✳
❊✐♥❡ ③✇❡✐t❡ ❋✉♥❦t✐♦♥ g(x) s♦❧❧ ❛♥ ❞❡r ❙t❡❧❧❡ xA ❛♥ f (x) ❛♥s❝❤❧✐❡ÿ❡♥✳

❉❛❢ür ♠✉ss ❛✉❢ ❥❡❞❡♥ ❋❛❧❧ ❣❡❧t❡♥✿

f (xA) = g(xA)

❉❛♠✐t ❞❡r ❆♥s❝❤❧✉ss ❦♥✐❝❦❢r❡✐✱ ♦❤♥❡ ❑♥✐❝❦✱ t❛♥❣❡♥t✐❛❧✱ ♠✐t ❣❧❡✐❝❤❡♠
❆♥st✐❡❣ ✐st✱ ♠✉ss ❣❡❧t❡♥✿

f ′(xA) = g ′(xA)

❇❡✐ ●❧❡✐s❡♥ ✉♥❞ ❙tr❛ÿ❡♥ ✇✐r❞ ❢ür ❤♦❤❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t❡♥ ③✉sät③❧✐❝❤
❣❡❢♦r❞❡rt✱ ❞❛ss✿

f ′′(xA) = g ′′(xA)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✼ P❛r❛♠❡t❡r❢✉♥❦t✐♦♥❡♥

❍✳ ❲✉s❝❤❦❡

✵✽✳ ◆♦✈❡♠❜❡r ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❆♥✇❡♥❞✉♥❣ ❞❡s ❣❡❧❡r♥t❡♥ ❲✐ss❡♥s ❛✉❢ P❛r❛♠❡t❡r❢✉♥❦t✐♦♥❡♥

❖rts❦✉r✈❡ ✈♦♥ ❊①tr❡♠✲ ♦❞❡r ❲❡♥❞❡♣✉♥❦t❡♥ ❜❡st✐♠♠❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✶ ❲✐❡❞❡r❤♦❧✉♥❣ ❆❜❧❡✐t✉♥❣

❇✐❧❞❡♥ ❙✐❡ ❞✐❡ ❣❡✇ü♥s❝❤t❡♥ ❆❜❧❡✐t✉♥❣❡♥

❛✮ d

dx

(

✸ · x✹ − ✶

✶✷
· x✷ + ex − ✸ · sin(x)

)

❜✮ d

dt

(

✸ · x✹ · t✷ − ✶

✶✷
· x✷ · t + ex − ✸ · cos(t)

)

❝✮ d

da

(

✺ · a✷ · b✸ − ✶✸ · a✸ · b✷ + ✽ · a · b − ✻ · a
)

❞✮ d

db

(

✺ · a✷ · b✸ − ✶✸ · a✸ · b✷ + ✽ · a · b − ✻ · a
)

❡✮ d

dc

(

e✸·x+c + sin(✼c − ✻x)
)

❢✮ d

dx

(

e✸·x+c + sin(✼c − ✻x)
)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



P❛r❛♠❡t❡r❢✉♥❦t✐♦♥

❊✐♥❡ ❋✉♥❦t✐♦♥ fk(x) ❤❡✐ÿt P❛r❛♠❡t❡r❢✉♥❦t✐♦♥ ♠✐t ❞❡r ❱❛r✐❛❜❧❡ x

✉♥❞ ❞❡♠ P❛r❛♠❡t❡r k ✳ ❍✐❡r❜❡✐ ✐st ❞❡r P❛r❛♠❡t❡r k ∈ R ❡✐♥❡ ❢❡st❡
❩❛❤❧✳ ▼❛♥❝❤♠❛❧ ❤❡✐ÿt ❞✐❡s ❛✉❝❤ ❋✉♥❦t✐♦♥ss❝❤❛r✳

❇❡✐s♣✐❡❧

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥s✈♦rs❝❤r✐❢t gt(x) = t✷ · x✸ − t✹ · x + ✻

g✷(x) = ✷✷ · x✸ − ✷✹ · x + ✻ = ✹x✸ − ✶✻x + ✻

g−✺(x) = (−✺)✷ · x✸ − (−✺)✹ · x + ✻ = ✷✺x✸ − ✻✷✺x + ✻

g✵(x) = ✵✷ · x✸ − ✵✹ · x + ✻ = ✵ · x✸ − ✵ · x + ✻ = ✻

g✶(x) = x✸ − x + ✻ ✉♥❞ g−✶(x) = x✸ − x + ✻

g ′

t(x) = ✸ · t✷ · x✷ − t✹

g ′′

t (x) = ✻ · t✷ · x

g ′′′

t (x) = ✻ · t✷ ❏❡❞❡ ✇❡✐t❡r❡ ❆❜❧❡✐t✉♥❣ ✐st ♥❛tür❧✐❝❤ ✵✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❇❡♠❡r❦✉♥❣

◆✉❧❧st❡❧❧❡♥✱ ❊①tr❡♠♣✉♥❦t❡ ✉♥❞ ❲❡♥❞❡♣✉♥❦t❡ s✐♥❞ ♠❡✐st ❛✉❝❤ ✐♥
❆❜❤ä♥❣✐❣❦❡✐t ✈♦♠ ❣❡❣❡❜❡♥❡♥ P❛r❛♠❡t❡r✳

❇❡✐s♣✐❡❧

fa(x) =
✶

✷
x · (a− x)✷ =

✶

✷
· x✸ − a · x✷ +

✶

✷
· a✷ · x ; a ∈ R

fa(x) ❜❡s✐t③t ♦✛❡♥s✐❝❤t❧✐❝❤ ✭❧✐♥❦❡ ❉❛rst❡❧❧✉♥❣ ❞❡s ❋✉♥❦t✐♦♥st❡r♠❡s✮
❞✐❡ ◆✉❧❧st❡❧❧❡♥ x✶ = ✵ ✉♥❞ x✷ = a✳

f ′a(x) =
✸

✷
· x✷− ✷ · a · x +

✶

✷
· a✷; f ′′a (x) = ✸ · x − ✷ · a; f ′′′a (x) = ✸

❉✐❡ ❊①tr❡♠♣✉♥❦t❡ ❧✐❡❣❡♥ ❜❡✐ E✶

(

a

✸
| ✷·a

✸

✷✼

)

✉♥❞ E✷(a|✵)✳

❉❡r ❲❡♥❞❡♣✉♥❦t ❧✐❡❣t ❜❡✐ W
(

✷·a

✸
| a

✸

✷✼

)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✷ ❆❜✐t✉r ✷✵✶✼ ❇✶ ✭❚❡✐❧ ✶✮

❉✐❡ ❆❜❜✐❧❞✉♥❣ ③❡✐❣t ▲ä♥❣ss❝❤♥✐tt❡ ✈♦♥ ❢ü♥❢
●❧äs❡r♥ ❡✐♥❡r ●❧❛s✲❙❡r✐❡❀ ❋üÿ❡ ✉♥❞ ❙t✐❡❧❡
❞❡r ●❧äs❡r s✐♥❞ ♥✐❝❤t ❛❜❣❡❜✐❧❞❡t✳ ❬✳✳✳❪ ❡✐♥❡
▲ä♥❣❡♥❡✐♥❤❡✐t ❡♥ts♣r✐❝❤t ✶ ❝♠ ✐♥ ❞❡r
❲✐r❦❧✐❝❤❦❡✐t✳ ❉✐❡ ❋♦r♠❡♥ ❞❡r ●❧äs❡r s✐♥❞ s♦
❣❡✇ä❤❧t✱ ❞❛ss ❥❡❞❡r ❞❡r ❢ü♥❢ ▲ä♥❣ss❝❤♥✐tt❡
♠♦❞❡❧❧❤❛❢t ♠✐t❤✐❧❢❡ ❡✐♥❡r ❞❡r ✐♥ R

❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥❡♥ fk ♠✐t

fk(x) = −
✸

✺✶✷
k ·x✹+

✸

✸✷
k✷·x✷ ✉♥❞ k ∈ R

+

❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥ ❦❛♥♥✳ ❉❛❜❡✐ ❣❡❤ört f✷ ③✉♠ ▲✐❦ör❣❧❛s ❞❡r ❙❡r✐❡✱ ❞✐❡
❋✉♥❦t✐♦♥ f✸ ③✉♠ ❈♦❝❦t❛✐❧❣❧❛s✳ ❉❛s ❙❡❦t❣❧❛s ❤❛t ❡✐♥❡ ❍ö❤❡ ✈♦♥ ✶✷ ❝♠✱ s❡✐♥
❘❛♥❞ ❡✐♥❡♥ ❉✉r❝❤♠❡ss❡r ✈♦♥ ✻ ❝♠✳ ❉✐❡ ▼❛t❡r✐❛❧stär❦❡ ❞❡r ●❧äs❡r s♦❧❧
✈❡r♥❛❝❤❧äss✐❣t ✇❡r❞❡♥✳

❛✮ ❖r❞♥❡♥ ❙✐❡ ❞❡♠ ▲✐❦ör❣❧❛s ✉♥❞ ❞❡♠ ❈♦❝❦t❛✐❧❣❧❛s ❥❡✇❡✐❧s ❞❡♥
③✉❣❡❤ör✐❣❡♥ ●r❛♣❤❡♥ ❛✉s ❞❡r ❆❜❜✐❧❞✉♥❣ ③✉✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✷ ❆❜✐t✉r ✷✵✶✼ ❇✶ ✭❚❡✐❧ ✷✮

fk(x) = −
✸

✺✶✷
k · x✹ +

✸

✸✷
k✷ · x✷ ✉♥❞ k ∈ R

+

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❢ür ❞❛s ❙❡❦t❣❧❛s ❞❡♥ ③✉❣❡❤ör✐❣❡♥ ❲❡rt ✈♦♥ k ✳

❝✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ❞❡r ●r❛♣❤ ✈♦♥ fk ❢ür ❥❡❞❡s k ∈ R
+ s②♠♠❡tr✐s❝❤

③✉r y ✲❆❝❤s❡ ✐st✳

❞✮ ❇❡st✐♠♠❡♥ ❙✐❡ ▲❛❣❡ ✉♥❞ ❆rt ❞❡r ❊①tr❡♠st❡❧❧❡♥ ✈♦♥ fk ✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❖rts❦✉r✈❡

❉❡r ●r❛♣❤ ❡✐♥❡r ❋✉♥❦t✐♦♥✱ ❛✉❢ ❞❡♠ ❛❧❧❡ ❊①tr❡♠✲ ❜③✇✳ ❲❡♥❞❡♣✉♥❦t❡ ❡✐♥❡r
P❛r❛♠❡t❡r❢✉♥❦t✐♦♥ ❧✐❡❣❡♥✱ ❤❡✐ÿt ❖rts❦✉r✈❡ ❞❡r ❊①tr❡♠♣✉♥❦t❡ ❜③✇✳
❖rts❦✉r✈❡ ❞❡r ❲❡♥❞❡♣✉♥❦t❡✳

❇❡♠❡r❦✉♥❣

❏❡❞❡r ❊①tr❡♠✲ ❜③✇✳ ❲❡♥❞❡♣✉♥❦t ❜❡s✐t③t ✐♥ ❞❡r ❘❡❣❡❧ ❡✐♥❡ ❡✐❣❡♥❡ ❖rts❦✉r✈❡✳

❇❡✐s♣✐❡❧

fa(x) =
✶

✷
x · (a− x)✷ =

✶

✷
· x✸ − a · x✷ +

✶

✷
· a✷ · x ; a ∈ R

E✶

(

a

✸
| ✷·a

✸

✷✼

)

→ x = a

✸
⇔ a = ✸ · x → y = ✷·(✸x)✸

✷✼
= ✷x✸

E✷(a|✵) → x = a ✉♥❞ y = ✵

W
(

✷·a

✸
| a

✸

✷✼

)

→ x = ✷·a

✸
⇔ a = ✸x

✷
→ y =

( ✸x✷ )
✸

✷✼
= x

✸

✽

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✽ ❋✉♥❦t✐♦♥s❜❡st✐♠♠✉♥❣

❍✳ ❲✉s❝❤❦❡

✵✻✳ ❉❡③❡♠❜❡r ✷✵✷✶

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❛❧❧❣❡♠❡✐♥❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣❡♥ ❛♥❣❡❜❡♥

❛✉s ❣❡❣❡❜❡♥❡♥ ■♥❢♦r♠❛t✐♦♥❡♥ ●❧❡✐❝❤✉♥❣❡♥ ❛✉❢st❡❧❧❡♥

❞❛s ❧✐♥❡❛r❡ ●❧❡✐❝❤✉♥❣ss②st❡♠ ❧ös❡♥ ✉♥❞ ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣

❜❡st✐♠♠❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✶

▲❡✐t❡♥ ❙✐❡ ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ ❥❡✇❡✐❧s ③✇❡✐♠❛❧ ♥❛❝❤ x ❛❜✳

✶ f : x 7→ a · x✷ + b · x + c

✷ g : x 7→ a · x✸ + b · x✷ + c · x + d

✸ h : x 7→ a · x✹ + b · x✸ + c · x✷ + d · x + e

✹ k : x 7→ a · x✺ + b · x✹ + c · x✸ + d · x✷ + e · x + f

❆✉❢❣❛❜❡ ❆✷

❇❡st✐♠♠❡♥ ❙✐❡ ❡✐♥❡ ❋✉♥❦t✐♦♥ ③✇❡✐t❡♥ ●r❛❞❡s✱ ✇❡❧❝❤❡ ❞✉r❝❤

❢♦❧❣❡♥❞❡ P✉♥❦t❡ ❜❡s❝❤r✐❡❜❡♥ ✇✐r❞✿

✶ P✶(−✸|✶✽),P✷(✷|✽),P✸(✹|✸✷)

✷ P✶(✵| − ✸),P✷(−✸|✵),P✸(✶| − ✷)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❋✉♥❦t✐♦♥s❜❡st✐♠♠✉♥❣

❩✐❡❧ ❞❡r ❋✉♥❦t✐♦♥s❜❡st✐♠♠✉♥❣ ✐st ❡s✱ ✐♥ ❞❡r ❘❡❣❡❧ ❡✐♥❡

❣❛♥③r❛t✐♦♥❛❧❡ ❋✉♥❦t✐♦♥ ✈♦♠ ●r❛❞ n ③✉ ❜❡st✐♠♠❡♥✳

●❡s✉❝❤t✿ f (x) = a✵ · x
n + a✶ · x

n−✶ + ...+ an−✷ · x
✷ + an−✶ · x + an

▼❡t❤♦❞❡✿ ▲✐♥❡❛r❡s ●❧❡✐❝❤✉♥❣ss②st❡♠ ❛✉❢st❡❧❧❡♥

❉✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ ❤❛t n + ✶ ✉♥❜❡❦❛♥♥t❡ ❑♦❡✣③✐❡♥t❡♥✱ ❛❧s♦

❜❡♥öt✐❣t ♠❛♥ ❢ür ❡✐♥❡ ❡✐♥❞❡✉t✐❣❡ ▲ös✉♥❣ ❡✐♥❡s ❧✐♥❡❛r❡♥

●❧❡✐❝❤✉♥❣ss②st❡♠s n + ✶ ✉♥❛❜❤ä♥❣✐❣❡ ●❧❡✐❝❤✉♥❣❡♥✳

❇❡✐s♣✐❡❧

❯♠ ❡✐♥❡ ❋✉♥❦t✐♦♥ ③✇❡✐t❡♥ ●r❛❞❡s f (x) = a✵ · x
✷ + a✶ · x + a✷

❜❡st✐♠♠❡♥ ③✉ ❦ö♥♥❡♥✱ ✇❡r❞❡♥ ✸ ●❧❡✐❝❤✉♥❣❡♥ ❜❡♥öt✐❣t✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❇❡✐s♣✐❡❧ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ ❛✉s ■♥❢♦r♠❛t✐♦♥❡♥ ❜❡st✐♠♠❡♥

●❡s✉❝❤t ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ ✺✳ ●r❛❞❡s ❞✉r❝❤ ❞❡♥ ❯rs♣r✉♥❣ ♠✐t ❡✐♥❡♠

❍♦❝❤♣✉♥❦t H(✶|✶) ✉♥❞ ❡✐♥❡♠ ❙❛tt❡❧♣✉♥❦t S(✷| − ✸)✳

●❡s✉❝❤t✿ g(x) = a · x✺ + b · x✹ + c · x✸ + d · x✷ + e · x + f

✻ ■♥❢♦r♠❛t✐♦♥❡♥✿

P✉♥❦t❡✿ g(✵) = ✵✱ g(✶) = ✶✱ g(✷) = −✸✱

❊①tr❡♠✉♠✿ g ′(✶) = ✵✱ g ′(✷) = ✵

❲❡♥❞❡♣✉♥❦t✿ g ′′(✷) = ✵

●❧❡✐❝❤✉♥❣ss②st❡♠ ❛✉❢st❡❧❧❡♥ ✉♥❞ ❛♥s❝❤❧✐❡ÿ❡♥❞ ❧ös❡♥ ❢ü❤rt ③✉✿

⇒ g(x) = −
✻✼

✽
x✺ + ✺✺x✹ −

✶.✵✸✺

✽
x✸ +

✺✵✺

✹
x✷ −

✽✺

✷
x

●r❛✜s❝❤❡ Pr♦❜❡ ③❡✐❣t✿ g(x) ❜❡s✐t③t ❞✐❡ ❊✐❣❡♥s❝❤❛❢t❡♥✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✸

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣❡♥ ❞❡r ❞❛r❣❡st❡❧❧t❡♥

❋✉♥❦t✐♦♥❡♥✳

x
✶ ✷ ✸ ✹ ✺ ✻

y

−✹

−✸

−✷

−✶

✶

✷

✸

✹
f (x)

g(x)

k(x)

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✾ ❘❡❣r❡ss✐♦♥

❍✳ ❲✉s❝❤❦❡

✵✻✳ ❏❛♥✉❛r ✷✵✷✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❛✉s ❣❡❣❡❜❡♥❡♥ ❉❛t❡♥ ❡✐♥❡ ❋✉♥❦t✐♦♥s✈♦rs❝❤r✐❢t ❛✉❢st❡❧❧❡♥

❘❡❣r❡ss✐♦♥s❢✉♥❦t✐♦♥❡♥ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ▼❡t❤♦❞❡♥
❛✉❢st❡❧❧❡♥

❇❡③✉❣ ③✇✐s❝❤❡♥ ❘❡❣r❡ss✐♦♥s❢✉♥❦t✐♦♥ ✉♥❞ ❘❡❣r❡ss✐♦♥s❣❡r❛❞❡
❜❡s❝❤r❡✐❜❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✶

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥❡r ❋✉♥❦t✐♦♥ f : R → R✱ ❞✐❡ ❢♦❧❣❡♥❞❡
❊✐❣❡♥s❝❤❛❢t❡♥ ❜❡s✐t③t✿

f (x) ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ P✉♥❦t P
(

✸

✹
| ✷

)

✳

■♠ P✉♥❦t H(✸|✶✵) ❜❡s✐t③t ❞✐❡ ❋✉♥❦t✐♦♥ f (x) ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠✳

❆♠ ❙❝❤♥✐tt♣✉♥❦t ♠✐t ❞❡r y ✲❆❝❤s❡ ❡♥ts♣r✐❝❤t ❞❡r ❆♥st✐❡❣s✇✐♥❦❡❧ ✈♦♥
f (x) ❝❛✳ ✷✵◦✳

❆❜ ❞❡♠ ❣❡♠❡✐♥s❛♠❡♥ ❇❡rü❤r✉♥❣s♣✉♥❦t B(✺|f (✺)) ♠✐t ❞❡r ❋✉♥❦t✐♦♥
g(x) = −x✷ + ✽x − ✶✵ ✐st f (x) ❦♦♥❦❛✈✳

❆✉❢❣❛❜❡ ❆✷

▼♦❞❡❧❧✐❡r❡♥ ❙✐❡ ❞✐❡ ❊✐♥✇♦❤♥❡r③❛❤❧❡♥ ✈♦♥ ❋r✐❡❞❧❛♥❞ ♠✐t❤✐❧❢❡ ❡✐♥❡r ❋✉♥❦t✐♦♥
❛❜ ✷✵✶✺✳ ❇❡✉rt❡✐❧❡♥ ❙✐❡ ❞✐❡s❡ ❛♥s❝❤❧✐❡ÿ❡♥❞✳

❏❛❤r ✷✵✶✺ ✷✵✶✻ ✷✵✶✼ ✷✵✶✽ ✷✵✶✾ ✷✵✷✵
P❡rs♦♥❡♥ ✻✳✼✼✾ ✻✳✻✼✸ ✻✳✺✶✹ ✻✳✸✻✹ ✻✳✹✺✻ ✻✳✹✵✸

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✉❢❣❛❜❡ ❆✶

f (x) ≈ −✵, ✵✷✻✺✾✻ · x✻+✵, ✹✸✽✷✾✺ · x✺−✷, ✺✹✵✻✹ · x✹+✺, ✼✶✺✺✻ · x✸

−✸, ✶✼✶✸✷ · x✷ + ✵, ✸✻✸✾✼ · x + ✶, ✽✵✹✷✸

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✉❢❣❛❜❡ ❆✷

f (x) = −
✼✾✶

✶✷✵
·x✺+

✶✼✺✸

✷✹
·x✹−

✷✶✵✺

✽
·x✸+

✽✹✶✶

✷✹
·x✷−

✶✺✺✽✼

✻✵
·x+✻✼✼✾

■♥ ❞✐❡s❡♠ ❏❛❤r ✇✐r❞ ❋r✐❡❞❧❛♥❞ ❛✉sst❡r❜❡♥✦

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❘❡❣r❡ss✐♦♥ ✭❧❛t✳ r❡❣r❡ss✐♦♥❂ ❞❛s ❩✉rü❝❦❣❡❤❡♥✮

✒❉✐❡ ❘❡❣r❡ss✐♦♥ ❣✐❜t ❡✐♥❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ③✇❡✐ ♦❞❡r
♠❡❤r ❱❛r✐❛❜❧❡♥ ❛♥✳ ❇❡✐ ❞❡r ❘❡❣r❡ss✐♦♥s❛♥❛❧②s❡ ✇✐r❞ ✈♦r❛✉s❣❡s❡t③t✱
❞❛ss ❡s ❡✐♥❡♥ ❣❡r✐❝❤t❡t❡♥ ❧✐♥❡❛r❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ ❣✐❜t✱ ❞❛s ❤❡✐ÿt✱
❡s ❡①✐st✐❡r❡♥ ❡✐♥❡ ❛❜❤ä♥❣✐❣❡ ❱❛r✐❛❜❧❡ ✉♥❞ ♠✐♥❞❡st❡♥s ❡✐♥❡
✉♥❛❜❤ä♥❣✐❣❡ ❱❛r✐❛❜❧❡✳ ❲❡❧❝❤❡ ❱❛r✐❛❜❧❡♥ ❛❜❤ä♥❣✐❣ ✉♥❞ ✇❡❧❝❤❡
✉♥❛❜❤ä♥❣✐❣ s✐♥❞✱ ♠✉ss ❛✉❢❣r✉♥❞ ✐♥❤❛❧t❧✐❝❤ ❧♦❣✐s❝❤❡r Ü❜❡r❧❡❣✉♥❣❡♥
✐❞❡♥t✐✜③✐❡rt ✇❡r❞❡♥ ❦ö♥♥❡♥✳ ▼✐t ❍✐❧❢❡ ❞❡r ❘❡❣r❡ss✐♦♥s❛♥❛❧②s❡ ❦❛♥♥
❡✐♥❡ ❘❡❣r❡ss✐♦♥s❢✉♥❦t✐♦♥ ❡rr❡❝❤♥❡t ✇❡r❞❡♥✱ ✇❡❧❝❤❡ ❞✐❡ ❆♥❤ä♥❣✐❣❦❡✐t
❞❡r ❜❡✐❞❡♥ ❱❛r✐❛❜❧❡♥ ♠✐t ❡✐♥❡r ●❡r❛❞❡♥ ❜❡s❝❤r❡✐❜t✳ ❉✐❡ ❡r♠✐tt❡❧t❡
❘❡❣r❡ss✐♦♥s❣❡r❛❞❡ ❡r❧❛✉❜t ❡s✱ Pr♦❣♥♦s❡♥ ❢ür ❞✐❡ ❛❜❤ä♥❣✐❣❡ ❱❛r✐❛❜❧❡
③✉ tr❡✛❡♥✱ ✇❡♥♥ ❡✐♥ ❲❡rt ❢ür ❞✐❡ ✉♥❛❜❤ä♥❣✐❣❡ ❱❛r✐❛❜❧❡ ❡✐♥❣❡s❡t③t
✇✐r❞✳ ❯♠❣❡❦❡❤rt❡ ❘ü❝❦s❝❤❧üss❡ s✐♥❞ ♥✐❝❤t ③✉❧äss✐❣✳✏❛

❛❙t❛t✐st❛✱ ③✉❧❡t③t ❛❜❣❡r✉❢❡♥ ❛♠ ✵✹✳✵✶✳✷✵✷✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

https://de.statista.com/statistik/lexikon/definition/112/regression/


◆✉t③❡♥ ✈♦♥ ❘❡❣r❡ss✐♦♥

❘❡♥❝❤❡r ✉♥❞ ❙❝❤❛❛❧❥❡ ❜❡s❝❤r❡✐❜❡♥ ❜❡r❡✐ts ✐♥ ❞❡r ❊✐♥❢ü❤r✉♥❣ ✐❤r❡s
❇✉❝❤❡s ▲✐♥❡❛r ▼♦❞❡❧s ✐♥ ❙t❛t✐st✐❝s ✭✷✵✵✽✱ ❙✳ ✷❢✳✮✱ ❞❛ss ❡s
✈❡rs❝❤✐❡❞❡♥❡ ●rü♥❞❡ ❢ür ❘❡❣r❡ss✐♦♥s♠♦❞❡❧❧❡ ❣✐❜t✿

✶ Pr❡❞✐❝t✐♦♥ ✭❱♦r❤❡rs❛❣❡✮
✷ ❉❛t❛ ❉❡s❝r✐♣t✐♦♥ ♦r ❊①♣❧❛♥❛t✐♦♥
✸ P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥ ✭❊✐♥s❝❤ät③✉♥❣✮
✹ ❱❛r✐❛❜❧❡ ❙❡❧❡❝t✐♦♥ ♦r ❙❝r❡❡♥✐♥❣
✺ ❈♦♥tr♦❧ ♦❢ ❖✉t♣✉t

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

http://www.utstat.toronto.edu/~brunner/books/LinearModelsInStatistics.pdf


❆✉❢❣❛❜❡ ❆✸ ✕ ❆❜✐t✉r ✷✵✵✽

Ü❜❡r ❞✐❡ ✽ P❧❛♥❡t❡♥ P❧❛♥❡t❡♥ ✉♥s❡r❡s ❙♦♥♥❡♥s②st❡♠s s✐♥❞ ❞✐❡ ✐♥ ❞❡r ❚❛❜❡❧❧❡
❣❡❣❡❜❡♥❡♥ ❉❛t❡♥ ❜❡❦❛♥♥t✳
❉❛❜❡✐ ✐st v ❞✐❡ ▼❛ÿ③❛❤❧ ❞❡r ♠✐tt❧❡r❡♥ ❇❛❤♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ✐♥ ❦♠ · s−✶ ✉♥❞ r

❞✐❡ ▼❛ÿ③❛❤❧ ❞❡r ♠✐tt❧❡r❡♥ ❊♥t❢❡r♥✉♥❣ ✈♦♥ ❞❡r ❙♦♥♥❡ ✐♥ ✶✵✻ ❦♠✳

▼❡r❦✉r ❱❡♥✉s ❊r❞❡ ▼❛rs ❏✉♣✐t❡r ❙❛t✉r♥ ❯r❛♥✉s ◆❡♣t✉♥
r ✺✼✱✾ ✶✵✽✱✷ ✶✹✾✱✻ ✷✷✼✱✾ ✼✼✽✱✸ ✶✹✷✼✱✵ ✷✽✻✾✱✾ ✹✹✾✻✱✼
v ✹✼✱✽✵ ✸✺✱✵✸ ✷✾✱✼✾ ✷✹✱✶✸ ✶✸✱✵✻ ✾✱✻✹ ✻✱✽✶ ✺✱✹✸

❉❡r ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ v ✉♥❞ r ❦❛♥♥ ❞✉r❝❤ ❋✉♥❦t✐♦♥❡♥ ♥ä❤❡r✉♥❣s✇❡✐s❡
❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳
❋✐♥❞❡♥ ❙✐❡ ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥ ❣❡❡✐❣♥❡t❡r ❋✉♥❦t✐♦♥❡♥✱ ✐♥❞❡♠ ❙✐❡ ❢♦❧❣❡♥❞❡
❘❡❣r❡ss✐♦♥❡♥ ❛✉s❢ü❤r❡♥✿

✶ v = f✶(r) ✳ ✳ ✳ ❧✐♥❡❛r❡ ❘❡❣r❡ss✐♦♥s❢✉♥❦t✐♦♥
✷ v = f✷(r) ✳ ✳ ✳ ❡①♣♦♥❡♥t✐❡❧❧❡ ❘❡❣r❡ss✐♦♥s❢✉♥❦t✐♦♥
✸ v = f✸(r) ✳ ✳ ✳ P♦t❡♥③✲ ❜③✇✳ P♦✇❡rr❡❣r❡ss✐♦♥

❇❡✉rt❡✐❧❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ❤✐♥s✐❝❤t❧✐❝❤ ✐❤r❡r ❇r❛✉❝❤❜❛r❦❡✐t✳
❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✉❢❣❛❜❡ ❆✸

●❡❜❡♥ ❙✐❡ ✐♥ ▲✐sts ✫ ❙♣r❡❛❞s❤❡❡t ❞✐❡ ❉❛t❡♥ ❣❡♦r❞♥❡t ❡✐♥ ✉♥❞
❜❡s❝❤r✐❢t❡♥ ❙✐❡ ❞✐❡ ❙♣❛❧t❡♥ ♠✐t ❡✐♥❡♠ ❲♦rt✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✉❢❣❛❜❡ ❆✸

❋ü❣❡♥ ❙✐❡ ❡✐♥ ❉❛t❛ ✫ ❙t❛t✐st✐❝s✲❉♦❦✉♠❡♥t ❤✐♥③✉✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✉❢❣❛❜❡ ❆✸

❱❡rs❡❤❡♥ ❙✐❡ ✐♠ ❉❛t❛ ✫ ❙t❛t✐st✐❝s✲❉♦❦✉♠❡♥t ❞✐❡ ❆❝❤s❡♥ ♠✐t ❞❡♥
◆❛♠❡♥ ❛✉s ❞❡r ❚❛❜❡❧❧❡✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✉❢❣❛❜❡ ❆✸

●❡❤❡♥ ❙✐❡ ❛✉❢ ❞❡♥ ❙❝❤r❛✉❜❡♥s❝❤❧üss❡❧ → ❆♥❛❧②s✐❡r❡♥ → ❘❡❣r❡ss✐♦♥
✉♥❞ ✇ä❤❧❡♥ ❙✐❡ ❞✐❡ ❣❡✇ü♥s❝❤t❡ ❘❡❣r❡ss✐♦♥s❛rt ❛✉s✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣ ❆✉❢❣❛❜❡ ❆✸

◆♦t✐❡r❡♥ ❙✐❡ s✐❝❤ ♥❛❝❤ ❥❡❞❡r ❘❡❣r❡ss✐♦♥ ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣✳
◆✉t③❡♥ ❙✐❡ ❞✐❡ ❙❝❤✐❡❜❡r❡❣❧❡r ✭❙②♠❜♦❧ ♥❡❜❡♥ ❞❡♠
❙❝❤r❛✉❜❡♥s❝❤❧üss❡❧✮✱ ✉♠ ✈❡rs❝❤✐❡❞❡♥❡ ❋❛r❜❡♥ ③✉ ✈❡r❣❡❜❡♥✳ ❉✐❡s
♠❛❝❤t ❞✐❡ ❇❡✉rt❡✐❧✉♥❣ ❡✐♥❢❛❝❤❡r✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❲✐ss❡♥s✇❡rt❡s ③✉r ❘❡❣r❡ss✐♦♥

❉❡r ❇❡❣r✐✛ ❞❡r ❘❡❣r❡ss✐♦♥ ❣❡❤t ❛✉❢ ❙✐r ❋r❛♥❝✐s ●❛❧t♦♥ ✭✶✽✷✷✕✶✾✶✶✮
③✉rü❝❦✱ ✇❡❧❝❤❡r ♠✐t st❛t✐st✐s❝❤❡♥ ▼❡t❤♦❞❡♥ ❲❡❣❜❡r❡✐t❡r ❢ür
❊r❦❡♥♥t♥✐ss❡ ❞❡r ●❡♥❡t✐❦ ✇❛r✳

❋ür ❞❡♥ ❆rt✐❦❡❧ ❛✉❢ ❲✐❦✐♣❡❞✐❛ ❤✐❡r ❦❧✐❝❦❡♥✳

❯♠ ❞✐❡ P✉♥❦t❡ ❛✉❢ ❞❡r ❋✉♥❦t✐♦♥ ♠✐t ❞❡♥ ❉❛t❡♥♣✉♥❦t❡♥ ✐❞❡❛❧
❛♥③✉♣❛ss❡♥ ❜③✇✳ ❞✐❡ ❦♦rr❡❦t❡♥ ❑♦❡✣③✐❡♥t❡♥ ③✉ ✇ä❤❧❡♥✱ ✇✐r ❞✐❡
▼❡t❤♦❞❡ ❞❡r ❦❧❡✐♥st❡♥ ◗✉❛❞r❛t❡ ✈♦♥ ❞❡♥ ❘❡❝❤♥❡r♥ ❣❡♥✉t③t✳ ❉✐❡s❡
▼❡t❤♦❞❡ ❤❛t ❞❡r ❦❧❡✐♥❡ ❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ÿ ✭✶✼✼✼✕✶✽✺✺✮ ❜❡r❡✐ts
❞✉r❝❤ ✐❤♥ ❛❧s ❩✇ö❧❢❥ä❤r✐❣❡r ❛✉❢ s❡✐♥❡♠ ❙❝❤✉❧✇❡❣ ✐♥ ❇r❛✉♥s❝❤✇❡✐❣
❣❡♥✉t③t✳ ❖✣③✐❡❧❧ ✈❡r✇❡♥❞❡t ❡r ❞✐❡s ✶✽✵✶ ✐♥ ❞❡r ❆str♦♥♦♠✐❡ ✐♥
❉♦❦✉♠❡♥t❡♥✳

❋ür ❞❡♥ ❆rt✐❦❡❧ ❛✉❢ ❲✐❦✐♣❡❞✐❛ ❤✐❡r ❦❧✐❝❦❡♥✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

https://de.wikipedia.org/wiki/Regression_zur_Mitte
https://de.wikipedia.org/wiki/Methode_der_kleinsten_Quadrate


✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣

✷✳✶✵ ❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡

❍✳ ❲✉s❝❤❦❡

✶✵✳ ❏❛♥✉❛r ✷✵✷✷

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

▼✐t ❍✐❧❢❡ ❞❡r ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣ ❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡ ❧ös❡♥

❩✐❡❧❢✉♥❦t✐♦♥ ♠✐t❤✐❧❢❡ ❣❡❣❡❜❡♥❡r ◆❡❜❡♥❜❡❞✐♥❣✉♥❣ ❛✉❢st❡❧❧❡♥

P❧❛♥✐♠❡tr✐s❝❤❡ ✉♥❞ st❡r❡♦♠❡tr✐s❝❤❡ ❋♦r♠❡❧♥ ✐♠ ❚❛❢❡❧✇❡r❦
✜♥❞❡♥

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✶

❋r✐❡❞❛ ❋rö❤❧✐❝❤ ♠ö❝❤t❡ ❣❡r♥❡ ❊r❞♠ä♥♥❝❤❡♥ ③ü❝❤t❡♥✱ ❞❛ ❞✐❡s❡
♣♦ss✐❡r❧✐❝❤❡♥ ❚✐❡r❝❤❡♥ s✐❡ st❡ts ❡r❤❡✐t❡r♥✳ ❊r❞♠ä♥♥❝❤❡♥ s✐♥❞ ❥❡❞♦❝❤
❲✐❧❞t✐❡r❡✱ ❞❡s❤❛❧❜ ✐st ❡s ✈❡r❜♦t❡♥✱ s✐❡ ✐♠ ❍❛✉s ③✉ ❤❛❧t❡♥✳ ❋r✐❡❞❛
❦❛✉❢t s✐❝❤ ✐♥s❣❡s❛♠t ✹✵ ♠ ●❧❛s♣❧❛tt❡♥ ✭♠✐t ❡✐♥❡r ❉✐❝❦❡ ✈♦♥ ✶✾ ♠♠
✉♥❞ ❡✐♥❡r ❍ö❤❡ ✈♦♥ ✶✱✺ ♠✮✱ ✇❡❧❝❤❡ ❞❛s ●❡❤❡❣❡ ❡✐♥③ä✉♥❡♥ s♦❧❧❡♥✳
❇❡✈♦r ❥❡❞♦❝❤ ✇❡✐t❡r❡ P❧❛♥✉♥❣ss❝❤r✐tt❡ ❡r❢♦❧❣❡♥ ✭❣❡♥ü❣❡♥❞ ❣r♦ÿ❡r
❙❛♥❞❤❛✉❢❡♥✱ ❇♦❞❡♥❛❜❞✐❝❤t✉♥❣✱ ❙❝❤✉t③❤❛✉s ♠✐t ❲är♠❡❧❛♠♣❡✮✱
♠✉ss ❞✐❡ ❋❧ä❝❤❡ ❣❡♣❧❛♥t ✇❡r❞❡♥✳ ❋r✐❡❞❛ ❤❛t ❞❛❢ür ③✇❡✐ ❖♣t✐♦♥❡♥✿

❖♣t✐♦♥ ✶ ✕ ❢r❡✐ ❧✐❡❣❡♥❞❡s ●❡❤❡❣❡

❖♣t✐♦♥ ✷ ✕ ●❡❤❡❣❡ ❛♥ ❡✐♥❡r ❍❛✉s✇❛♥❞

❉❛♠✐t ❞✐❡ ❛❣✐❧❡♥ ❊r❞♠ä♥♥❝❤❡♥ ❛✉❝❤ ❣❡♥ü❣❡♥❞ ❆✉s❧❛✉❢ ❤❛❜❡♥✱ s♦❧❧
❞✐❡ ✉♠③ä✉♥t❡ ❋❧ä❝❤❡ ♠❛①✐♠❛❧ s❡✐♥✳
❇❡st✐♠♠❡♥ ❙✐❡ ❢ür ❜❡✐❞❡ ❖♣t✐♦♥❡♥ ❞✐❡ ♠❛①✐♠❛❧❡ ❋❧ä❝❤❡✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



▲ös✉♥❣s♥♦t✐③❡♥ ❆✉❢❣❛❜❡ ❆✶ ✕ ❖♣t✐♦♥ ✶

❯♠❢❛♥❣ ❞❡s ●❡❤❡❣❡s ✹✵ ♠❀ ❋❧ä❝❤❡♥✐♥❤❛❧t s♦❧❧ ♠❛①✐♠❛❧ ✇❡r❞❡♥
❖♣t✐♦♥ ✶

❩✐❡❧❢✉♥❦t✐♦♥ ◆❡❜❡♥❜❡❞✐♥❣✉♥❣

A(a, b) = a · b u(a, b) = ✷ · (a+ b)
✹✵ = ✷ · (a+ b)

A(a, b) = a · b ✷✵− b = a

A(b) = (✷✵− b) · b = ✷✵b − b
✷

●r❛✜s❝❤❡ ❊r♠✐tt❧✉♥❣ ❞❡s ▼❛①✐♠✉♠s ❞❡r ❋✉♥❦t✐♦♥ A(b) ❡r❣✐❜t H(✶✵ | ✶✵✵)✳
❆❧s♦ ❢ür b = ✶✵ ♠ ✉♥❞ ❞❛♠✐t ❛✉❝❤ a = ✶✵ ♠ ✐st ❞❡r ♠❛①✐♠❛❧❡
❋❧ä❝❤❡♥✐♥❤❛❧t ✶✵✵ ♠✷✳

❆✉❢❣❛❜❡ ❆✶ ✕ ❖♣t✐♦♥ ✷

❉✉r❝❤ ❞✐❡ ✈❡rä♥❞❡rt❡ ◆❡❜❡♥❜❡❞✐♥❣✉♥❣ ❡r❣✐❜t s✐❝❤ ❛✉❝❤ ❡✐♥❡ ❛♥❞❡r❡
❩✐❡❧❢✉♥❦t✐♦♥✳ ❉✐❡ ▲ös✉♥❣ ✐st ✐♠ ❡ss❡♥t✐❡❧❧❡♥✿ ❊✐♥❡ ❙❡✐t❡ ✐st ✶✵ ♠ ✉♥❞ ❡✐♥❡
❙❡✐t❡ ✐st ✷✵ ♠ ❧❛♥❣✱ ❞❛❤❡r ✐st ❞❡r ♠❛①✐♠❛❧❡ ❋❧ä❝❤❡♥✐♥❤❛❧t ✷✵✵ ♠✷✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡

❇❡✐ ❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡♥ s♦❧❧ ❡✐♥ ❡①tr❡♠❡r ✭♠❛①✐♠❛❧❡r✴♠✐♥✐♠❛❧❡r✮
❲❡rt ❢ür ❡✐♥❡ ●röÿ❡ ✐♥ ❡✐♥❡r ❙❛❝❤s✐t✉❛t✐♦♥ ✭❩✐❡❧❢✉♥❦t✐♦♥✮ ✉♥t❡r
◆✉t③✉♥❣ ❡✐♥❡r ◆❡❜❡♥❜❡❞✐♥❣✉♥❣ ❜❡st✐♠♠t ✇❡r❞❡♥✳

❙❛t③ ✈♦♠ ▼❛①✐♠✉♠ ✉♥❞ ▼✐♥✐♠✉♠ ✭✈❣❧✳ ✷✸✳✵✾✳✷✵✷✶✮

■st f : [a, b] → R ❡✐♥❡ st❡t✐❣❡ ❋✉♥❦t✐♦♥✱ s♦ ❣✐❜t ❡s st❡ts ❆r❣✉♠❡♥t❡
xmin✱ xmax ∈ [a, b] ❞❡r❛rt✱ ❞❛ss ❢ür ❥❡❞❡s ❆r❣✉♠❡♥t x ∈ [a, b] ❞✐❡
❢♦❧❣❡♥❞❡ ❯♥❣❡✐❝❤✉♥❣ ❡r❢ü❧❧st ✐st✿

f (xmin) ≦ f (x) ≦ f (xmax)

❇❡♠❡r❦✉♥❣❡♥

✶ ❉✐❡ ❩✐❡❧❢✉♥❦t✐♦♥ ❤❛t ♠❡❤r❡r❡ ❱❛r✐❛❜❧❡♥ ✉♥❞ ✇✐r❞ ❞✉r❝❤
◆❡❜❡♥❜❡❞✐♥❣✉♥❣❡♥ ③✉ ❡✐♥❡r ❋✉♥❦t✐♦♥ ♠✐t ❡✐♥❡r ❱❛r✐❛❜❧❡♥
✉♠❣❡❢♦r♠t✳

✷ ❊①tr❡♠❛ ❦ö♥♥❡♥ ❛✉❝❤ ❛♠ ❘❛♥❞ ✭f (a) ♦❞❡r f (b)✮ s❡✐♥✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✷

▼♦❞❡❧❧✐❡r❡♥ ❙✐❡ ❡✐♥ ❘❡❛❣❡♥③❣❧❛s ♠✐t❤✐❧❢❡ ❡✐♥❢❛❝❤❡r ❑ör♣❡r✳ ❊s s♦❧❧
❡✐♥ ❋❛ss✉♥❣s✈❡r♠ö❣❡♥ ✈♦♥ ✹✵ ❝♠✸ ❛✉❢✇❡✐s❡♥✳
❇❡st✐♠♠❡♥ ❙✐❡ ❜❡✐ ✇❡❧❝❤❡♥ ❆❜♠❡ss✉♥❣❡♥ s✐❝❤ ❡✐♥ ♠✐♥✐♠❛❧❡r
▼❛t❡r✐❛❧✈❡r❜r❛✉❝❤ ❡r❣✐❜t✳ ❇❡✇❡rt❡♥ ❙✐❡ ❞❛s ❡r❤❛❧t❡♥❡ ❊r❣❡❜♥✐s✳

❆✉❢❣❛❜❡ ❆✸

❊s ❡✐♥❡♠ q✉❛❞r❛t✐s❝❤❡♥ ❙tü❝❦ P❛♣✐❡r ♠✐t ❡✐♥❡r ❙❡✐t❡♥❧ä♥❣❡ ✈♦♥ ✷✵
❝♠ s♦❧❧ ❡✐♥❡ ♦❜❡♥ ♦✛❡♥❡ ❙❝❤❛❝❤t❡❧ ❤❡r❣❡st❡❧❧t ✇❡r❞❡♥✳ ❉❛③✉ ✇❡r❞❡♥
❛♥ ❛❧❧❡♥ ✈✐❡r ❊❝❦❡♥ ❣❧❡✐❝❤ ❣r♦ÿ❡ ◗✉❛❞r❛t❡ ❛✉s ❣❡s♣❛rt ✉♥❞
❛♥s❝❤❧✐❡ÿ❡♥❞ ❞✐❡ ✈✐❡r ❘ä♥❞❡r ♥❛❝❤ ♦❜❡♥ ❣❡❜♦❣❡♥✳ ❇❡r❡❝❤♥❡♥ ❙✐❡✱
❢ür ✇❡❧❝❤❡ ❍ö❤❡ ❞❛s ❱♦❧✉♠❡♥ ❞✐❡s❡r ❙❝❤❛❝❤t❡❧ ♠❛①✐♠❛❧ ✐st✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣



❆✉❢❣❛❜❡ ❆✹

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f (x) = (x − ✷)✷ + ✶, ✺ ❢ür ✵ ≦ x ≦ ✷✳
❱♦♥ ❛❧❧❡♥ ❛❝❤s❡♥♣❛r❛❧❧❡❧❡♥ ❘❡❝❤t❡❝❦❡♥ ♠✐t ❞❡♠ ❯rs♣r✉♥❣ ❛❧s ❡✐♥❡♠
❊❝❦♣✉♥❦t ✉♥❞ ❞❡♠ P✉♥❦t P(x | f (x)) ❛❧s ❣❡❣❡♥ü❜❡r❧✐❡❣❡♥❞❡♠
❊❝❦♣✉♥❦t ✐st ❞❛s❥❡♥✐❣❡ ♠✐t ♠❛①✐♠❛❧❡♠ ❋❧ä❝❤❡♥✐♥❤❛❧t ③✉ ❜❡st✐♠♠❡♥✳

❙❝❤r✐tt❢♦❧❣❡ ❜❡✐ ❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡♥ ❛♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥

✶ ❊rst❡❧❧❡♥ ❡✐♥❡r ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ ❢ür ❞✐❡ ③✉ ♦♣t✐♠✐❡r❡♥❞❡ ●röÿ❡

❛✮ ●röÿ❡♥ ✐♥ ❡✐♥❡r ❙❦✐③③❡ ❢❡st❤❛❧t❡♥
❜✮ ❊①tr❡♠❛❧❜❡❞✐♥❣✉♥❣
❝✮ ◆❡❜❡♥❜❡❞✐♥❣✉♥❣
❞✮ ❩✐❡❧❢✉♥❦t✐♦♥
❡✮ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❞❡r ❩✐❡❧❢✉♥❦t✐♦♥

✷ ❊r♠✐tt❡❧♥ ❞❡r ❊①tr❡♠♣✉♥❦t❡ ❞❡r ❩✐❡❧❢✉♥❦t✐♦♥

❛✮ ●r❛♣❤✐❦♠♦❞✉s ♦❞❡r ❇❡r❡❝❤♥✉♥❣ ♠✐t ❆❜❧❡✐t✉♥❣❡♥ ❞❡r ❩✐❡❧❢✉♥❦t✐♦♥
❜✮ ❘ä♥❞❡r ü❜❡r♣rü❢❡♥ ✭❘❛♥❞❜❡❞✐♥❣✉♥❣✮

✸ ❊r❣❡❜♥✐s ♠✐t ❛❧❧❡♥ r❡❧❡✈❛♥t❡♥ ●röÿ❡♥ ❛♥❣❡❜❡♥ ✉♥❞ ✐♠ ❙❛❝❤✈❡r❤❛❧t
❜❡✉rt❡✐❧❡♥✳

❍✳ ❲✉s❝❤❦❡ ✷✳ ❉✐✛❡r❡♥t✐❛❧r❡❝❤♥✉♥❣


