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❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊ ♣r♦ ❋✉♥❦t✐♦♥ ✕ ♦❤♥❡ ❈❆❙✮

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✉♥❞ ❞❡♥ ❙❝❤❡✐t❡❧♣✉♥❦t ❞❡r ❣❡❣❡❜❡♥❡♥ q✉❛❞r❛t✐s❝❤❡♥ ❋✉♥❦t✐♦♥❡♥✳

f1(x) = x(x+ 5) f2(x) = 2x2 − 8

f3(x) = x2 − x− 6 f4(x) = (x− 2) · (x+ 3)

❆✉❢❣❛❜❡ ✷ ✭✷ ❇❊ ♣r♦ ❆✉❢❣❛❜❡ ✕ ♦❤♥❡ ❈❆❙✮

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ❞❡r ❢♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥❡♥✳

a(x) = x3 + 5x2 b(x) = ex · (x− 4)

c(x) =
√

5x2 − 10 d(x) = x2 − 8x+ 12

e(x) = 4x2 − 8− 4x f(x) = (x+ 3)2 − 1

g(x) =
x+ 3

x− 4
h(x) = 2 · 3x − 18

i(x) = x2 − e2 j(x) = 7x · ln(2x+ 1)

k(x) =
3x2 + 6x

5x3 − 4
l(x) = 4xex − 8ex + 4x2ex

m(x) = 2x2 · sin(x) n(x) = ln(x− 3) + 1

o(x) = x3 cos(x) + 4x3 p(x) = (x2 + 7) · ln(x)

q(x) =
√
2− 4x− 2x+ 1 r(x) = (x2 − 9)5

❆✉❢❣❛❜❡ ✸ ✭✷✰✷ ❇❊✮

❊r♠✐tt❡❧♥ ❙✐❡✱ ✇✐❡ ❞❡r P❛r❛♠❡t❡r a ❣❡✇ä❤❧t ✇❡r❞❡♥ ♠✉ss✱ ❞❛♠✐t ❞❡r ●r❛♣❤ ❞❡r ❋✉♥❦t✐♦♥ ❣❡♥❛✉

③✇❡✐ ◆✉❧❧st❡❧❧❡♥ ❜❡s✐t③t✳

g(x) = 2x2 + 6x+ a h(x) = x2 − ax+ 4

❆✉❢❣❛❜❡ ✹ ✭✹✰✸ ❇❊✮ ✕ ❚❘✱ ❦❡✐♥ ❈❆❙✲❇❡❢❡❤❧

●❡❣❡❜❡♥ ✐st ❞❛s P♦❧②♥♦♠ p : R → R;x 7→ x5 + 6x4 + 3x3 − 10x2

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❛❧❧❡ ◆✉❧❧st❡❧❧❡♥✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ♠✐t❤✐❧❢❡ ❞❡s ❍♦r♥❡r✲❙❝❤❡♠❛s f(2)✱ f(−1) ✉♥❞ f(10)

❆✉❢❣❛❜❡ ✺ ✭✷ ❇❊✮

❱♦♥ ❡✐♥❡♠ P♦❧②♥♦♠ ✈✐❡rt❡♥ ●r❛❞❡s s✐♥❞ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ❜❡❦❛♥♥t✿ x1 = −2✱ x2 = 0✱ x3 = 3✱
x4 = 5✳ ❲❡✐t❡r❤✐♥ ❣✐❧t✿ f(4) = −72✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❛✉s❣❡❤❡♥❞ ✈♦♥ ❞✐❡s❡♥ ■♥❢♦r♠❛t✐♦♥❡♥ ❞✐❡

❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣✳

✶
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❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊ ♣r♦ ❋✉♥❦t✐♦♥ ✕ ♦❤♥❡ ❈❆❙✮

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✉♥❞ ❞❡♥ ❙❝❤❡✐t❡❧♣✉♥❦t ❞❡r ❣❡❣❡❜❡♥❡♥ q✉❛❞r❛t✐s❝❤❡♥ ❋✉♥❦t✐♦♥❡♥✳

f1(x) = x(x+ 5) x1 = 0 ✉♥❞ x2 = −5 S
(

−5

2
| −25

4

)

f2(x) = 2x2 − 8 x1 = −2 ✉♥❞ x2 = 2 S (0 | −8)

f3(x) = x2 − x− 6 x1 =
7

4
✉♥❞ x2 = −3

4
S
(

1

2
| −25

4

)

f4(x) = (x− 2) · (x+ 3) x1 = 2 ✉♥❞ x2 = −3 S
(

1

2
| −21

4

)

❆✉❢❣❛❜❡ ✷ ✭✷ ❇❊ ♣r♦ ❆✉❢❣❛❜❡ ✕ ♦❤♥❡ ❈❆❙✮

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ❞❡r ❢♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥❡♥✳

a(x) = x3 + 5x2 x1/2 = 0; x3 = −5 b(x) = ex · (x− 4) x1 = 4

c(x) =
√

5x2 − 10 x1 = −
√
2; x2 =

√
2 d(x) = x2 − 8x+ 12 x1 = 2; x2 = 6

e(x) = 4x2 − 8− 4x x1 = 2; x2 = −1 f(x) = (x+ 3)2 − 1 x1 = −2; x2 = −4

g(x) =
x+ 3

x− 4
x1 = −3 h(x) = 2 · 3x − 18 x1 = 2

i(x) = x2 − e2 x1 = −e; x2 = e j(x) = 7x · ln(2x+ 1) x1 = 0

k(x) =
3x2 + 6x

5x3 − 4
x1 = 0; x2 = −2 l(x) = 4xex − 8ex + 4x2ex x1 = 1; x2 = −2

m(x) = 2x2 · sin(x) xk = k · π; k ∈ Z n(x) = ln(x− 3) + 1 x1 = e−1 + 3 = 3 +
1

e

o(x) = x3 cos(x) + 4x3 x1 = 0 p(x) = (x2 + 7) · ln(x) x = 1

q(x) =
√
2− 4x− 2x+ 1 x1 = −1

2
; x2 =

1

2
r(x) = (x2 − 9)5 x1 = −3; x2 = 3

❆✉❢❣❛❜❡ ✸ ✭✷✰✷ ❇❊✮

❊r♠✐tt❡❧♥ ❙✐❡✱ ✇✐❡ ❞❡r P❛r❛♠❡t❡r a ❣❡✇ä❤❧t ✇❡r❞❡♥ ♠✉ss✱ ❞❛♠✐t ❞❡r ●r❛♣❤ ❞❡r ❋✉♥❦t✐♦♥ ❣❡♥❛✉

③✇❡✐ ◆✉❧❧st❡❧❧❡♥ ❜❡s✐t③t✳

g(x) = 2x2 + 6x+ a h(x) = x2 − ax+ 4

❛✮ 0 = x2 + 3x+ a
2

⇒ x1/2 = −3

2
±

√

9

4
− a

2
⇒ 9

4
− a

2
> 0 ⇔ 9

4
> a

2
⇔ a < 9

2

❜✮ 0 = x2 − ax+ 4 ⇒ x1/2 =
a
2
±
√

a2

4
− 16 ⇒ a2

4
− 16 > 0 ⇔ a2 > 64

⇔ a < −8 ♦❞❡r a > 8 ✐♥ ■♥t❡r✈❛❧❧s❝❤r❡✐❜✇❡✐s❡✿ a ∈ (−∞;−8) ∪ (8;∞)

✶



❆✉❢❣❛❜❡ ✹ ✭✹✰✸ ❇❊✮ ✕ ❚❘✱ ❦❡✐♥ ❈❆❙✲❇❡❢❡❤❧

●❡❣❡❜❡♥ ✐st ❞❛s P♦❧②♥♦♠ p : R → R;x 7→ x5 + 6x4 + 3x3 − 10x2

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❛❧❧❡ ◆✉❧❧st❡❧❧❡♥✳

❊s ✐st p(x) = x5 + 6x4 + 3x3 − 10x2 = x2 · (x3 + 6x2 + 3x − 10)✳ ❉❛❤❡r ✐st x = 0
❡✐♥❡ ❞♦♣♣❡❧t❡ ◆✉❧❧st❡❧❧❡✳ ❆♥s❝❤❧✐❡ÿ❡♥❞ ♠✉ss ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ❣❡r❛t❡♥ ✇❡r❞❡♥✱ ③✳❇✳ x = 1 ✐st

◆✉❧❧st❡❧❧❡✳ ❆❜s♣❛❧t❡♥ ❞✉r❝❤ ❍♦r♥❡r✲❙❝❤❡♠❛✿

✶ ✻ ✸ ✲✶✵

✶ ✼ ✶✵

✶ ✶ ✼ ✶✵ ✵

❆❧s♦ ✐st p(x) = x5 + 6x4 + 3x3 − 10x2 = x2 · (x− 1) · (x2 + 7x+ 10)
❉✐❡ ❧❡t③t❡♥ ❜❡✐❞❡♥ ◆✉❧❧st❡❧❧❡♥ ❦ö♥♥❡♥ ♠✐t p✲q✲❋♦r♠❡❧ ❡r♠✐tt❡❧t ✇❡r❞❡♥ ✉♥❞ s✐♥❞ x = 5 ✉♥❞

x = 2

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ♠✐t❤✐❧❢❡ ❞❡s ❍♦r♥❡r✲❙❝❤❡♠❛s f(2)✱ f(−1) ✉♥❞ f(10)

✶ ✻ ✸ ✲✶✵

✷ ✶✻ ✸✽

✷ ✶ ✽ ✶✾ ✷✽

✶ ✻ ✸ ✲✶✵

✲✶ ✶✵ ✷✻

✲✶ ✶ ✺ ✶✸ ✶✻

✶ ✻ ✸ ✲✶✵

✶✵ ✶✻✵ ✶✻✸✵

✶✵ ✶ ✶✻ ✶✻✸ ✶✻✷✵

❆✉❢❣❛❜❡ ✺ ✭✷ ❇❊✮

❱♦♥ ❡✐♥❡♠ P♦❧②♥♦♠ ✈✐❡rt❡♥ ●r❛❞❡s s✐♥❞ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ❜❡❦❛♥♥t✿ x1 = −2✱ x2 = 0✱ x3 = 3✱
x4 = 5✳ ❲❡✐t❡r❤✐♥ ❣✐❧t✿ f(4) = −72✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❛✉s❣❡❤❡♥❞ ✈♦♥ ❞✐❡s❡♥ ■♥❢♦r♠❛t✐♦♥❡♥ ❞✐❡

❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣✳

f(x) = a · (x+ 2) · x · (x− 3) · (x− 5)

f(4) = −72 ⇔ −72 = a · 6 · 4 · 1 · (−1) ⇔ −72 = −24 · a ⇔ a = 3

⇒ f(x) = 3 · (x+ 2) · x · (x− 3) · (x− 5) = 3x4 − 18x3 − 3x2 + 90x

✷



❆✉❢❣❛❜❡♥ ③✉ ❋✉♥❦t✐♦♥❡♥t②♣❡♥ ✉♥❞ ❩❛❤❧❡♥❢♦❧❣❡♥ ✭✶✷✳✵✽✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤❡ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✳

❛✮ f(x) =
√
ex

❜✮ g(x) =
√

sin(x)

❝✮ h(x) = ln(sin(x))

❆✉❢❣❛❜❡ ✷ ✭✹ ❇❊✮

❱❡rs❝❤✐❡❜❡♥ ❙✐❡ ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥

❛✮ f(x) = 2x2 − 4x+ 5; 4 ▲❊ → ✷ ▲❊ ↓

❜✮ g(x) = e4x−7 − 2; 2 ▲❊ ← ✸ ▲❊ ↑

❆✉❢❣❛❜❡ ✸ ✭✸ ✰ ✷ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ s✐♥❞ ❞✐❡ P✉♥❦t❡ A(1|3)✱ B(2|7) ✉♥❞ C(4|6)✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ g1(x)✱ ❞✐❡ ❞✉r❝❤ A ✉♥❞ B ✈❡r❧❛✉❢❡♥ s♦✇✐❡ ❞✐❡ ❧✐♥❡❛r❡

❋✉♥❦t✐♦♥ g2(x) ❞✉r❝❤ B ✉♥❞ C✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❡✐♥❡ q✉❛❞r❛t✐s❝❤❡ ❋✉♥❦t✐♦♥✳ ❞❡r❡♥ ●r❛♣❤ ❞✉r❝❤ ❞✐❡ ❞r❡✐ P✉♥❦t❡ ✈❡r❧ä✉❢t✳

❝✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡✱ ♦❜ ❡s ❛✉❝❤ ❡✐♥❡ tr✐❣♦♥♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥ ✈♦♠ ❚②♣ a · sin(b · x) + d ❣✐❜t✳

❞✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡ ✇❡✐t❡r❤✐♥✱ ♦❜ ❡s ❡✐♥❡ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥ a ·bx+c ❞✉r❝❤ ❞r❡✐ P✉♥❦t❡ ♦❞❡r

♦❜ ❡s ❡✐♥❡ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥ ✈♦♠ ❚②♣ a · ex + c ❞✉r❝❤ ③✇❡✐ P✉♥❦t❡ ❣✐❜t✳

❆✉❢❣❛❜❡ ✹ ✭✹ ❇❊ ♣r♦ ❆✉❢❣❛❜❡✮

❙t❡❧❧❡♥ ❙✐❡ ❞✐❡ ❡rst❡♥ ✶✵ ❋♦❧❣❡♥❣❧✐❡❞❡r ❞❡r ❣❡❣❡❜❡♥❡♥ ❋♦❧❣❡ ✐♥ ❡✐♥❡r ❲❡rt❡t❛❜❡❧❧❡ ❞❛r✳ ●❡❜❡♥ ❙✐❡

❛✉ÿ❡r❞❡♠ ❞❛s ✷✵✳ ✉♥❞ ✶✵✵✳ ❋♦❧❣❡♥❣❧✐❡❞ ❛♥✳

✶✳ (an) = (2 · n2)

✷✳ (bn) = ((−1)n · n)

✸✳ (cn) =
(

(−1)n · 1

n+2

)

✹✳ (dn) =
(

n

2
· (1 + (−1)n)

)

✺✳ (en) = (|3− n|)

✻✳ (fn) =
(

n

√
5
)

❆✉❢❣❛❜❡ ✺ ✭✹ ❇❊✮

❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss lim
n→∞

1

n3
= 0 ✐st✳

✶



❆✉❢❣❛❜❡ ✻ ✭✻ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ●r❡♥③✇❡rt ❞❡r ❋♦❧❣❡♥ (an) = (e−n) ✉♥❞ (bn) =
(

1

n
· cos(n)

)

✳ ❙t❡❧❧❡♥ ❙✐❡ ❞❛③✉

③✉♥ä❝❤st ❡✐♥❡ ❱❡r♠✉t✉♥❣ ❛✉❢ ✉♥❞ ❜❡✇❡✐s❡♥ ❙✐❡ ❞✐❡s❡✳

❆✉❢❣❛❜❡ ✼ ✭✻ ❇❊✮

❊s ❣✐❧t lim
n→∞

(

1 +
1

n

)

n

= e✳ ❇❡st✐♠♠❡♥ ❙✐❡ ③✉ ❞❡♥ ❣❡❣❡❜❡♥❡♥ ε ❞❛s ❡♥ts♣r❡❝❤❡♥❞❡ ❋♦❧❣❡♥❣❧✐❡❞✱

❛❜ ❞❡♠ ❛❧❧❡ ✇❡✐t❡r❡♥ ✐♥ ❞❡r ❊♣s✐❧♦♥✲❯♠❣❡❜✉♥❣ ❧✐❡❣❡♥✳

❛✮ ε = 1

2

❜✮ ε = 0, 02

❝✮ ε = 0, 0007

❆✉❢❣❛❜❡ ✽ ✭✷ ❇❊ ♣r♦ ❆✉❢❣❛❜❡✮

●❡❜❡♥ ❙✐❡ ❡✐♥❡ ❋♦❧❣❡ ❛♥✱ ❢ür ❞✐❡✿

❛✮ ✺ ♦❜❡r❡ ❙❝❤r❛♥❦❡ ✐st✱ ✹ ❛❜❡r ❦❡✐♥❡ ♦❜❡r❡ ❙❝❤r❛♥❦❡ ✐st✳

❜✮ ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ●❧✐❡❞❡r −2 s✐♥❞✱ −2 ❛❜❡r tr♦t③❞❡♠ ✉♥t❡r❡ ❙❝❤r❛♥❦❡ ✐st✳

❝✮ ✻ ❦❧❡✐♥st❡ ♦❜❡r❡ ❙❝❤r❛♥❦❡ ✐st✱ ❛❜❡r ❦❡✐♥ ❋♦❧❣❡♥❣❧✐❡❞ ❣❧❡✐❝❤ ✻ ✐st✳

✷



❆✉❢❣❛❜❡♥ ③✉ ❋✉♥❦t✐♦♥❡♥t②♣❡♥ ✉♥❞ ❩❛❤❧❡♥❢♦❧❣❡♥ ✭✶✷✳✵✽✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤❡ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✳

❛✮ f(x) =
√
ex

■♥ ❞❡r ❲✉r③❡❧ ❞ür❢❡♥ ♥✉r ❲❡rt❡ x ≧ 0 st❡❤❡♥✱ ❛♥s♦♥st❡♥ ✐st s✐❡ ✐♠ r❡❡❧❧❡♥ ♥✐❝❤t ❞❡✜♥✐❡rt✳
❉✐❡ ❋r❛❣❡ ✐st ❛❧s♦✱ ✇❛♥♥ ✐st ex ≧ 0❄
❉❛ ex ❣r✉♥❞sät③❧✐❝❤ ♣♦s✐t✐✈ ✐st✱ ❜❡r❡✐t❡t ❡s ❛❧s♦ ❦❡✐♥❡ Pr♦❜❧❡♠❡✳ ❉❛❤❡r ✐st D = R

❜✮ g(x) =
√

sin(x)
❍✐❡r ✐st ❡s ä❤♥❧✐❝❤ ✇✐❡ ✐♥ ❆✉❢❣❛❜❡ ❛✮✳ ❉✐❡ ❋r❛❣❡ ✐st ❥❡t③t✱ ❛❜❡r✱ ✇❛♥♥ ✐st sin(x) ≧ 0❄
❍✐❡r ❧♦❤♥t ❡s s✐❝❤ ❡✐♥♠❛❧ ❡✐♥❡♥ ❇❧✐❝❦ ❛✉❢ ❞❛s ●r❛✜❦♠❡♥ü ❞❡s ❈❆❙ ③✉ ✇❡r❢❡♥✱ ✉♠ ❞✐❡
▲ös✉♥❣ ❜❡ss❡r ③✉ ✈❡rst❡❤❡♥✳ ❆❜❡r ❞❡r ❙♦❧✈❡✲❇❡❢❡❤❧ ❞❡s ❈❆❙ ❧✐❡❢❡rt ❞✐❡ ❢♦❧❣❡♥❞❡ ▲ös✉♥❣ ✐♥
♠❛t❤❡♠❛t✐s❝❤❡r ◆♦t❛t✐♦♥✿ 2 · k · π ≦ x ≦ 2 · k · π + π; k ∈ Z✳ ❆❧s♦ ✐st D = [2kπ; 2kπ + π]
♠✐t k ∈ Z✳ ❉❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❛❧s♦ ❜❡st❡❤t ❛✉s ♠❡❤r❡r❡♥ ❚❡✐❧✐♥t❡r✈❛❧❧❡♥✳

❝✮ h(x) = ln(sin(x))
❉✐❡s❡ ❆✉❢❣❛❜❡ ✐st ä❤♥❧✐❝❤ ✇✐❡ ❆✉❢❣❛❜❡ ❜✮ ♠✐t ❞❡♠ ❡✐♥③✐❣❡♥ ❯♥t❡rs❝❤✐❡❞✱ ❞❛ss ❞❡r ♥❛tür❧✐❝❤❡
▲♦❣❛r✐t❤♠✉s ❣❡❜✐❧❞❡t ✇✐r❞ ✉♥❞ ♥✐❝❤t ❞✐❡ ❲✉r③❡❧✳ ❉❡r ❯♥t❡rs❝❤✐❡❞ ③✇✐s❝❤❡♥ ▲♦❣❛r✐t❤♠❡♥
✉♥❞ ❲✉r③❡❧♥ ✐st✱ ❞❛ss ▲♦❣❛r✐t❤♠❡♥ ♥✉r ❢ür ♣♦s✐t✐✈❡ ❲❡rt❡ ❞❡✜♥✐❡rt s✐♥❞ ✭✇ä❤r❡♥❞ ❜❡✐
❲✉r③❡❧♥ ❛✉❝❤ ❞✐❡ ●❧❡✐❝❤❤❡✐t ♠✐t ❞❡r ◆✉❧❧ ③✉❣❡❧❛ss❡♥ ✐st✮✳ ❆❧s♦ ♠✉ss ❞✐❡ ●❧❡✐❝❤✉♥❣ sin(x) >
0 ❣❡❧öst ✇❡r❞❡♥ ✉♥❞ ❞❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✐st ä❤♥❧✐❝❤ ③✉ ❜✮✿ D = (2kπ; 2kπ + π)✳

❆✉❢❣❛❜❡ ✷ ✭✹ ❇❊✮

❱❡rs❝❤✐❡❜❡♥ ❙✐❡ ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥

❛✮ f(x) = 2x2 − 4x+ 5; 4 ▲❊ → ✷ ▲❊ ↓
❩✉ ❜✐❧❞❡♥ ✐st✿ f(x− 4)− 2 = 2 · (x− 4)2 − 4 · (x− 4) + 5− 4 = 2x2 − 20x+ 49

❜✮ g(x) = e4x−7 − 2; 2 ▲❊ ← ✸ ▲❊ ↑
❩✉ ❜✐❧❞❡♥ ✐st✿ g(x+ 2) + 3 = e4·(x+2)−7 − 2 + 3 = e4x+1 + 1

❆✉❢❣❛❜❡ ✸ ✭✹ ✰ ✷ ✰ ✷ ✰ ✹ ❇❊✮

●❡❣❡❜❡♥ s✐♥❞ ❞✐❡ P✉♥❦t❡ A(1|3)✱ B(2|7) ✉♥❞ C(4|6)✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ g1(x)✱ ❞✐❡ ❞✉r❝❤ A ✉♥❞ B ✈❡r❧❛✉❢❡♥ s♦✇✐❡ ❞✐❡ ❧✐♥❡❛r❡
❋✉♥❦t✐♦♥ g2(x) ❞✉r❝❤ B ✉♥❞ C✳
❇❡❣✐♥♥❡♥ ✇✐r ♠✐t g1(x)✿ m = y2−y1

x2−x1
= 7−3

2−1 = 4
❯♠ n ③✉ ❡r♠✐tt❡❧♥✱ ✇✐r❞ ❡✐♥ P✉♥❦t ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ y = m · x+n ❡✐♥❣❡s❡t③t ✭❤✐❡r ♥✉♥ B✮✳
7 = 4 · 2 + n ⇔ −1 = n ⇒ g1(x) = 4x− 1

❋ür g2(x) ❣❡❤❡♥ ✇✐r ❛♥❛❧♦❣ ✈♦r✿ m = 6−7
4−2 = −1

2 6 = −1
2 · 4 + n ⇔ n = 8

⇒ g2(x) = −1
2x+ 8

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❡✐♥❡ q✉❛❞r❛t✐s❝❤❡ ❋✉♥❦t✐♦♥✳ ❞❡r❡♥ ●r❛♣❤ ❞✉r❝❤ ❞✐❡ ❞r❡✐ P✉♥❦t❡ ✈❡r❧ä✉❢t✳
●❡s✉❝❤t ✐st ❡✐♥❡ ❛❧❧❣❡♠❡✐♥❡ q✉❛❞r❛t✐s❝❤❡ ❋✉♥❦t✐♦♥ ✈♦♠ ❚②♣ a ·x2+ b ·x+ c = y✳ ❉✉r❝❤ ❞✐❡
❞r❡✐ P✉♥❦t❡ ❦❛♥♥ ❡✐♥ ❧✐♥❡❛r❡s ●❧❡✐❝❤✉♥❣ss②st❡♠ ♠✐t ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥ ❛✉❢❣❡st❡❧❧t ✇❡r❞❡♥✳

✶



3 = a · 12 + b · 1 + c ⇔ 3 = a+ b+ c

7 = a · 22 + b · 2 + c ⇔ 7 = 4a+ 2b+ c

6 = a · 42 + b · 4 + c ⇔ 6 = 16a+ 4b+ c

❉✐❡s ❦❛♥♥ ♠✐t❤✐❧❢❡ ❞❡s ❈❆❙ ❣❡❧öst ✇❡r❞❡♥✳ ❉✐❡ ▲ös✉♥❣ ✐st✿ a = −3
2 ; b =

17
2 ✉♥❞ c = −4

⇒ y = −3
2 · x2 + 17

2 · x− 4

❝✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡✱ ♦❜ ❡s ❛✉❝❤ ❡✐♥❡ tr✐❣♦♥♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥ ✈♦♠ ❚②♣ a · sin(b · x) + d ❣✐❜t✳
❆✉❝❤ ❤✐❡r ✇❡r❞❡♥ ❛✉s ❞❡♥ ❞r❡✐ P✉♥❦t❡♥ ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥ ❛✉❢❣❡st❡❧❧t✳

3 = a · sin(1 · b) + d 7 = a · sin(2 · b) + d 6 = a · sin(4 · b) + d

❉✐❡s❡ ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥ ✇❡r❞❡♥ ✈♦♥ s❡❤r ✈✐❡❧❡♥ ✈❡rs❝❤✐❡❞❡♥❡♥ P❛r❛♠❡t❡r♥ a, b ✉♥❞ d ❣❡❧öst✳
❊✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ✇är❡ a ≈ −8, 28 · 10−10; b = π ✉♥❞ c = 13

3

⇒ f(x) = −8, 28 · 10−10 · sin(π · x) + 13
3

❞✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡ ✇❡✐t❡r❤✐♥✱ ♦❜ ❡s ❡✐♥❡ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥ a ·bx+c ❞✉r❝❤ ❞r❡✐ P✉♥❦t❡ ♦❞❡r
♦❜ ❡s ❡✐♥❡ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥ ✈♦♠ ❚②♣ a · ex + c ❞✉r❝❤ ③✇❡✐ P✉♥❦t❡ ❣✐❜t✳
❋ür ❞✐❡ ❡rst❡ ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣❡♥ ✇❡r❞❡♥ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥ ❛✉❢❣❡st❡❧❧t✿

3 = a · b1 + c 7 = a · b2 + c 6 = b4 + c
❈❆❙⇒ a = 16

3 ; b = −1
2 ; c =

17
3

⇒ f(x) = 16
3 ·

(
−1

2

)x
+ 17

3

❊✐♥❡ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥ ③✉r ❇❛s✐s e ❞✉r❝❤ ③✇❡✐ P✉♥❦t❡ ✐st s✐❝❤❡r❧✐❝❤ ❛✉❝❤ ♠ö❣❧✐❝❤✳ ❉❛③✉
✇❡r❞❡♥ ❤✐❡r ❞✐❡ P✉♥❦t❡ A ✉♥❞ B ❣❡♥✉t③t✿

3 = a · e1 + c 7 = e2 + c
❈❆❙⇒ a ≈ 0, 856; b ≈ 0, 672

⇒ f(x) = 0, 856 · ex + 0, 672

❡①❛❦t ✇är❡ ❡s f(x) = 4
e·(e−1) · ex +

3e−7
e−1 = 1

e−1 ·
(
4 · ex−1 + 3e− 7

)

❆✉❢❣❛❜❡ ✺ ✭✸ ❇❊✮

❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss lim
n→∞

1

n3
= 0 ✐st✳

❉❛ 1
n3 = 1

n
· 1
n
· 1
n
✐st✱ ❣✐❧t ♥❛❝❤ ❞❡♥ ●r❡♥③✇❡rtsät③❡♥✿

lim
n→∞

1

n3
= lim

n→∞

1

n
︸ ︷︷ ︸

=0

· lim
n→∞

1

n
︸ ︷︷ ︸

=0

· lim
n→∞

1

n
︸ ︷︷ ︸

=0

= 0

❆✉❢❣❛❜❡ ✻ ✭✻ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ●r❡♥③✇❡rt ❞❡r ❋♦❧❣❡♥ (an) = (e−n) ✉♥❞ (bn) =
(
1
n
· cos(n)

)
✳ ❙t❡❧❧❡♥ ❙✐❡ ❞❛③✉

③✉♥ä❝❤st ❡✐♥❡ ❱❡r♠✉t✉♥❣ ❛✉❢ ✉♥❞ ❜❡✇❡✐s❡♥ ❙✐❡ ❞✐❡s❡✳
❇❡✐❞❡ ❋♦❧❣❡♥ s❡❤❡♥ ✐♠ ●r❛✜❦♠❡♥ü ❞❡s ❈❆❙ ♥❛❝❤ ◆✉❧❧❢♦❧❣❡♥ ❛✉s ✭❋♦❧❣❡♥ ♠✐t ●r❡♥③✇❡rt ✵✮✳

❊s ❣✐❧t✿ (0)n∈N
︸ ︷︷ ︸

❤❛t ●r❡♥③✇❡rt ✵

≦ (an) ≦

(
1

n

)

n∈N
︸ ︷︷ ︸

❤❛t ●r❡♥③✇❡rt ✵

◆❛❝❤ ❞❡♠ ❙❛♥❞✇✐❝❤✲❚❤❡♦r❡♠ ❣✐❧t✿ lim
n→∞

e−n = 0

❍✐❡r ❣✐❧t✱ ❞❛ss bn ≦ |bn| =
∣
∣ 1
n
· cos(n)

∣
∣ =

∣
∣ 1
n

∣
∣ · | cos(n)|

︸ ︷︷ ︸

≦1

≦
∣
∣ 1
n

∣
∣ · 1 = 1

n

❆❧s♦ ✐st lim
n→∞

(
1

n
· cos(n)

)

= 0✳

✷



Ü❜r✐❣❡♥s ❣✐❧t ❣r✉♥❞sät③❧✐❝❤✿ ◆✉❧❧❢♦❧❣❡ ♠❛❧ ❜❡s❝❤rä♥❦t❡ ❋♦❧❣❡ ✐st ✇✐❡❞❡r ❡✐♥❡ ◆✉❧❧❢♦❧❣❡✳

❆✉❢❣❛❜❡ ✼ ✭✻ ❇❊✮

❊s ❣✐❧t lim
n→∞

(

1 +
1

n

)
n

= e✳ ❇❡st✐♠♠❡♥ ❙✐❡ ③✉ ❞❡♥ ❣❡❣❡❜❡♥❡♥ ε ❞❛s ❡♥ts♣r❡❝❤❡♥❞❡ ❋♦❧❣❡♥❣❧✐❡❞✱

❛❜ ❞❡♠ ❛❧❧❡ ✇❡✐t❡r❡♥ ✐♥ ❞❡r ❊♣s✐❧♦♥✲❯♠❣❡❜✉♥❣ ❧✐❡❣❡♥✳

❛✮ ε = 1
2∣

∣
(
1 + 1

n

)n − e
∣
∣ < 1

2 ⇒ n > 1, 8 ⇒ Nε = 2

❜✮ ε = 0, 02
∣
∣
(
1 + 1

n

)n − e
∣
∣ < 0, 02 ⇒ n > 67, 04 ⇒ Nε = 68

❝✮ ε = 0, 0007
∣
∣
(
1 + 1

n

)n − e
∣
∣ < 0, 0007 ⇒ n > 9997424512284 ⇒ Nε = 9997424512285

❆✉❢❣❛❜❡ ✽ ✭✷ ❇❊ ♣r♦ ❆✉❢❣❛❜❡✮

●❡❜❡♥ ❙✐❡ ❡✐♥❡ ❋♦❧❣❡ ❛♥✱ ❢ür ❞✐❡✿

❛✮ ✺ ♦❜❡r❡ ❙❝❤r❛♥❦❡ ✐st✱ ✹ ❛❜❡r ❦❡✐♥❡ ♦❜❡r❡ ❙❝❤r❛♥❦❡ ✐st✳
❇❡✐s♣✐❡❧✿

(
5− 1

n

)

❜✮ ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡ ●❧✐❡❞❡r −2 s✐♥❞✱ −2 ❛❜❡r tr♦t③❞❡♠ ✉♥t❡r❡ ❙❝❤r❛♥❦❡ ✐st✳
❇❡✐s♣✐❡❧✿ ((−1)n · 2)

❝✮ ✻ ❦❧❡✐♥st❡ ♦❜❡r❡ ❙❝❤r❛♥❦❡ ✐st✱ ❛❜❡r ❦❡✐♥ ❋♦❧❣❡♥❣❧✐❡❞ ❣❧❡✐❝❤ ✻ ✐st✳
❇❡✐s♣✐❡❧✿

(
6− 1

n

)

✸



❆✉❢❣❛❜❡ ✹ ✭✹ ❇❊ ♣r♦ ❆✉❢❣❛❜❡✮

❙t❡❧❧❡♥ ❙✐❡ ❞✐❡ ❡rst❡♥ ✶✵ ❋♦❧❣❡♥❣❧✐❡❞❡r ❞❡r ❣❡❣❡❜❡♥❡♥ ❋♦❧❣❡ ✐♥ ❡✐♥❡r ❲❡rt❡t❛❜❡❧❧❡ ❞❛r✳ ●❡❜❡♥ ❙✐❡
❛✉ÿ❡r❞❡♠ ❞❛s ✷✵✳ ✉♥❞ ✶✵✵✳ ❋♦❧❣❡♥❣❧✐❡❞ ❛♥✳

✶✳ (an) = (2 · n2)

✷✳ (bn) = ((−1)n · n)

✸✳ (cn) =
(

(−1)n · 1
n+2

)

✹✳ (dn) =
(
n

2 · (1 + (−1)n)
)

✺✳ (en) = (|3− n|)

✻✳ (fn) =
(

n

√
5
)

♥ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ✷✵ ✶✵✵
an ✷ ✽ ✶✽ ✸✷ ✺✵ ✼✷ ✾✽ ✶✷✽ ✶✻✷ ✷✵✵ ✽✵✵ ✷✵✵✵✵
bn ✲✶ ✷ ✲✸ ✹ ✲✺ ✻ ✲✼ ✽ ✲✾ ✶✵ ✷✵ ✶✵✵
cn −1

3
1
4 −1

5
1
6 −1

7
1
8 −1

9
1
10 − 1

11
1
12

1
22

1
102

dn ✵ ✷ ✵ ✹ ✵ ✻ ✵ ✽ ✵ ✶✵ ✷✵ ✶✵✵
en ✷ ✶ ✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✶✼ ✾✼
fn ✺ ✷✱✷✹ ✶✱✼✶ ✶✱✺✵ ✶✱✸✽ ✶✱✸✶ ✶✱✷✻ ✶✱✷✷ ✶✱✷✵ ✶✱✶✼ ✶✱✵✽ ✶✱✵✷

✹



❆✉❢❣❛❜❡♥ ③✉ ●r❡♥③✇❡rt❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ✭✶✽✳✵✽✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊✮

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ●r❡♥③✇❡rt❡✳

(a) lim
x→±∞

2x− 1

1− x
(b) lim

x→±∞

x2 + 1

x3
(c) lim

x→±∞

x2 + 5

x+ 1

❆✉❢❣❛❜❡ ✷ ✭✺ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) =
(x+ 1)2

x2 − 1
✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❢♦❧❣❡♥❞❡ ●r❡♥③✇❡rt❡✿

lim
x→∞

f(x) = lim
x→−∞

f(x) = lim
x→0

f(x) = lim
x→1

f(x) = lim
x→−1

f(x) =

❆✉❢❣❛❜❡ ✸ ✭✸ ✰ ✷ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) =
x2 − 9

(x− 2)(x+ 3)
✳

✶✳ ●❡❜❡♥ ❙✐❡ ❞❡♥ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ s♦✇✐❡ ❞✐❡ ❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡ ❞❡r ❋✉♥❦t✐♦♥ ❛♥ ✉♥❞ ❡r✲

♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ❆rt ❞❡r ❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥✳

✷✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ●r❡♥③✇❡rt ❞❡r ❋✉♥❦t✐♦♥ ❢ür x → −∞ ✉♥❞ x → ∞✳

✸✳ ❙❦✐③③✐❡r❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ ♠✐♥❞❡st❡♥s ✐♠ ■♥t❡r✈❛❧❧ ✈♦♥ −5 ≦ x ≦ 6 ✐♥ ❡✐♥

❑♦♦r❞✐♥❛t❡♥s②st❡♠ ✉♥❞ ❦❡♥♥③❡✐❝❤♥❡♥ ❙✐❡ ❞✐❡ ❆s②♠♣t♦t❡♥ ✉♥❞ ❞✐❡ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡✳

❆✉❢❣❛❜❡ ✹ ✭✻ ❇❊✮

●❡❜❡♥ ❙✐❡ ③✇❡✐ ♠ö❣❧✐❝❤st ❡✐♥❢❛❝❤❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣❡♥ f1(x) ✉♥❞ f2(x) ♠✐t ❞❡♥ ❣❡❣❡❜❡♥❡♥

❊✐❣❡♥s❝❤❛❢t❡♥ ❛♥✿

✶✳ ❉✐❡ ❋✉♥❦t✐♦♥ ❤❛t ❞✐❡ ✇❛❛❣❡r❡❝❤t❡ ❆s②♠♣t♦t❡ y = 3 ✉♥❞ ❡✐♥❡ P♦❧st❡❧❧❡ ❜❡✐ x0 = −2✳

✷✳ ❉✐❡ ❋✉♥❦t✐♦♥ ❜❡s✐t③t ❡✐♥❡ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡ ❛♥ ❞❡r ❙t❡❧❧❡ x1 = −3✳

✸✳ ❉✐❡ ❋✉♥❦t✐♦♥ ♥ä❤❡rt s✐❝❤ ❢ür x → ±∞ ❞❡r ✇❛❛❣❡r❡❝❤t❡♥ ❆s②♠♣t♦t❡ y = −1 ❛♥ ✉♥❞ ❤❛t

❞❡♥ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ D = R \ {0}✳

❆✉❢❣❛❜❡ ✺ ✭✹ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞❛s ❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✳

(a) h1(x) = x3 − 2x2

(b) h2(x) = e−x
3+2021

(c) h3(x) = cos
(

2021

x

)

(d) h4(x) = e
1

2x

✶



❆✉❢❣❛❜❡♥ ③✉ ●r❡♥③✇❡rt❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ✭✶✽✳✵✽✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊✮

●❡❜❡♥ ❙✐❡ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ●r❡♥③✇❡rt❡ ❛♥✳

(a) lim
x−→±∞

2x− 1

1− x
= −2 (b) lim

x−→±∞

x2 + 1

x3
= 0 (c) lim

x−→±∞

x2 + 5

x+ 1
❡①✐st✐❡rt ♥✐❝❤t

❆✉❢❣❛❜❡ ✷ ✭✺ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) =
(x+ 1)2

x2 − 1
✳ ●❡❜❡♥ ❙✐❡ ❢♦❧❣❡♥❞❡ ●r❡♥③✇❡rt❡ ❛♥✿

✶✳ lim
x−→∞

f(x) =1

✷✳ lim
x−→−∞

f(x) =1

✸✳ lim
x−→0

f(x) = −1

✹✳ lim
x−→1

f(x) = ❡①✐st✐❡rt ♥✐❝❤t

✺✳ lim
x−→−1

f(x) = 0

❆✉❢❣❛❜❡ ✸ ✭✸ ✰ ✷ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) =
x2 − 9

(x− 2)(x+ 3)
✳

✶✳ ●❡❜❡♥ ❙✐❡ ❞❡♥ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ s♦✇✐❡ ❞✐❡ ❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡ ❞❡r ❋✉♥❦t✐♦♥ ❛♥ ✉♥❞ ❡r✲

♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ❆rt ❞❡r ❉❡✜♥✐t✐♦♥s❧ü❝❦❡♥✳

D : x ∈ R, x 6= 2, x 6= −3❀ Sx(3|0) ✉♥❞ Sy(0|
3
2)❀ P♦❧st❡❧❧❡ ❜❡✐ x = 2✱ ▲ü❝❦❡ ❜❡✐ x = −3

✷✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ●r❡♥③✇❡rt ❞❡r ❋✉♥❦t✐♦♥ ❢ür x → −∞ ✉♥❞ x → ∞✳

lim
x→−∞

f(x) = 1✱ lim
x→∞

f(x) = 1 → lim
x→±∞

f(x) = 1

✸✳ ❙❦✐③③✐❡r❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ ♠✐♥❞❡st❡♥s ✐♠ ■♥t❡r✈❛❧❧ ✈♦♥ −5 ≦ x ≦ 6 ✐♥ ❡✐♥

❑♦♦r❞✐♥❛t❡♥s②st❡♠ ✉♥❞ ❦❡♥♥③❡✐❝❤♥❡♥ ❙✐❡ ❞✐❡ ❆s②♠♣t♦t❡♥ ✉♥❞ ❞✐❡ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡✳

▲ös✉♥❣ ❛✉❢ ❞❡r ❧❡t③t❡♥ ❙❡✐t❡✳

❆✉❢❣❛❜❡ ✹ ✭✻ ❇❊✮

●❡❜❡♥ ❙✐❡ ③✇❡✐ ♠ö❣❧✐❝❤st ❡✐♥❢❛❝❤❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣❡♥ f1(x) ✉♥❞ f2(x) ♠✐t ❞❡♥ ❣❡❣❡❜❡♥❡♥

❊✐❣❡♥s❝❤❛❢t❡♥ ❛♥✿

✶✳ ❉✐❡ ❋✉♥❦t✐♦♥ ❤❛t ❞✐❡ ✇❛❛❣❡r❡❝❤t❡ ❆s②♠♣t♦t❡ y = 3 ✉♥❞ ❡✐♥❡ P♦❧st❡❧❧❡ ❜❡✐ x0 = −2✳

f1(x) =
1

x+2 + 3 f2(x) =
3x
x+2

✶



✷✳ ❉✐❡ ❋✉♥❦t✐♦♥ ❜❡s✐t③t ❡✐♥❡ ✭❤❡❜❜❛r❡✮ ▲ü❝❦❡ ❛♥ ❞❡r ❙t❡❧❧❡ x1 = −3✳

f1(x) =
x+3
x+3 f2(x) =

x·(x+3)
x+3

✸✳ ❉✐❡ ❋✉♥❦t✐♦♥ ♥ä❤❡rt s✐❝❤ ❢ür x → ±∞ ❞❡r ✇❛❛❣❡r❡❝❤t❡♥ ❆s②♠♣t♦t❡ y = −1 ❛♥ ✉♥❞ ❤❛t

❞❡♥ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ D = R \ {0}✳

f1(x) =
1
x
− 1 f2(x) =

1
x2 − 1

❆✉❢❣❛❜❡ ✺ ✭✹ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞❛s ❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✳

(a) h1(x) = x3 − 2x2 lim
x→−∞

h1(x) = −∞✱ lim
x→∞

h1f(x) = ∞

(b) h2(x) = e−x3+2021 lim
x→−∞

h2(x) = ∞✱ lim
x→∞

h2(x) = 1

(c) h3(x) = cos
(

2021
x

)

lim
x→−∞

h3(x) = 1✱ lim
x→∞

h3(x) = 1 → lim
x→±∞

h3(x) = 1

(d) h4(x) = e
1

2x lim
x→−∞

h4(x) = 1✱ lim
x→∞

h4(x) = 1 → lim
x→±∞

h4(x) = 1

✷



x

−5 −4 −3 −2 −1 1 2 3 5 6

y

−5

−4

−3

−2

−1

1

2

3

4

5

xP = 2

y = 1

f(x)

xL = −3 Sy(0|1.5)

Sx(3|0)

✸



❆✉❢❣❛❜❡♥ ③✉r ❙t❡t✐❣❦❡✐t ✉♥❞ ♠✐tt❧❡r❡♥✴❧♦❦❛❧❡♥ ➘♥❞❡r✉♥❣sr❛t❡ ✭✸✵✳✵✽✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊✮

❩❡✐❣❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ f(x) =

{

1

2
x+ 1 , ❢ür x < 3

1

2
, ❢ür x ≧ 3

❛♥ ❞❡r ❙t❡❧❧❡ x1 = 3

✉♥st❡t✐❣ ✐st✳

❆✉❢❣❛❜❡ ✷ ✭✻ ❇❊✮

❩❡✐❣❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 0 ✉♥st❡t✐❣ s✐♥❞✿

❛✮ g1(x) =

{

2x+ 7 , ❢ür x < 0

x− 1 , ❢ür x ≧ 0

❜✮ g2(x) =

{

x2 + 2x− 3 , ❢ür x ≦ 0

2x+ 1 , ❢ür x > 0

❝✮ g3(x) = s✐❣♥(x) =











1 , ❢ür x > 0

0 , ❢ür x = 0

−1 , ❢ür x < 0

❆✉❢❣❛❜❡ ✸ ✭✸ ✰ ✷ ❇❊✮

❇❡✐ ❡✐♥❡r ❙♦♥♥❡♥❜❧✉♠❡ ✇✐r❞ ❛♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❚❛❣❡♥ ❞✐❡ ❍ö❤❡ ❣❡♠❡ss❡♥✿

❩❡✐t ✭✐♥ ❚❛❣❡♥✮ ✵ ✷✵ ✷✹ ✸✵ ✸✾ ✺✵ ✼✺
❍ö❤❡ ✭✐♥ ❝♠✮ ✷ ✷✵ ✸✾ ✻✹ ✶✵✺ ✶✺✻ ✶✾✷

❛✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❲❛❝❤st✉♠s❢✉♥❦t✐♦♥ f(t) = h ♠✐t t ✐st ❞✐❡ ❩❡✐t ✐♥ ❚❛❣❡♥ ✉♥❞ h

❞✐❡ ❍ö❤❡ ✐♥ ❝♠✳

❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡ ❛♥❤❛♥❞ ❞✐❡s❡r ❉❛rst❡❧❧✉♥❣✱ ✐♥ ✇❡❧❝❤❡♠ ❩❡✐tr❛✉♠ ❞✐❡ ❙♦♥♥❡♥❜❧✉♠❡ ❛♠ stär❦st❡♥
✉♥❞ ❛♠ s❝❤✇ä❝❤st❡♥ ❣❡✇❛❝❤s❡♥ ✐st✳

❆✉❢❣❛❜❡ ✹ ✭✷ ✰ ✷ ✰ ✶ ❇❊✮

❉✐❡ ❙t❛❞t ❋r✐❡❞❧❛♥❞ ❤❛t ❢♦❧❣❡♥❞❡ ❊✐♥✇♦❤♥❡r③❛❤❧❡♥✶ ✈❡r③❡✐❝❤♥❡t✿

❏❛❤r ✶✾✷✺ ✶✾✽✾ ✷✵✵✵ ✷✵✵✻ ✷✵✵✽ ✷✵✶✶ ✷✵✶✺ ✷✵✶✼ ✷✵✶✽
❊✐♥✇♦❤♥❡r ✼✳✺✷✷ ✽✳✽✵✵ ✼✳✹✽✻ ✼✳✷✺✶ ✻✳✼✻✽ ✻✳✹✷✽ ✻✳✼✼✾ ✻✳✻✹✻ ✻✳✸✺✹

❇❡❣rü♥❞❡♥ ❙✐❡ ♠✐t❤✐❧❢❡ ❞❡r ♠✐tt❧❡r❡♥ ➘♥❞❡r✉♥❣sr❛t❡✱ ✐♥ ✇❡❧❝❤❡♠ ❩❡✐tr❛✉♠

❛✮ ❞✐❡ ❇❡✈ö❧❦❡r✉♥❣s❡♥t✇✐❝❦❧✉♥❣ ❞❡♥ stär❦st❡♥ ❆♥st✐❡❣ ❤❛t✳

❜✮ ❞✐❡ ❇❡✈ö❧❦❡r✉♥❣s❡♥t✇✐❝❦❧✉♥❣ ❞❡♥ stär❦st❡♥ ❘ü❝❦❣❛♥❣ ❤❛t✳

❝✮ s✐❝❤ ❞✐❡ ❇❡✈ö❧❦❡r✉♥❣s❡♥t✇✐❝❦❧✉♥❣ ❛♠ stär❦st❡♥ ✈❡rä♥❞❡rt ❤❛t✳
✶◗✉❡❧❧❡✿ ❤tt♣s✿✴✴✇✇✇✳❧❛✐✈✲♠✈✳❞❡✴st❛t✐❝✴▲❆■❱✴❙t❛t✐st✐❦✴❉❛t❡✐❡♥✴P✉❜❧✐❦❛t✐♦♥❡♥✴❆❭✪✷✵■❭✪✷✵❇❡✈❭✪❈✸❭

✪❇✻❧❦❡r✉♥❣sst❛♥❞✴❆❭✪✷✵✶✶✸✴❆✶✶✸❭✪✷✵✷✵✶✽❭✪✷✵✵✵✳♣❞❢

✶



❆✉❢❣❛❜❡ ✺ ✭✷ ✰ ✻ ✰ ✻ ❇❊✮

❉✐❡ ❛str♦♥♦♠✐s❝❤❡ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ✐st ❞✐❡ ❩❡✐ts♣❛♥♥❡ ③✇✐s❝❤❡♥ ❙♦♥♥❡♥❛✉❢❣❛♥❣ ✉♥❞ ❙♦♥♥❡♥✲
✉♥t❡r❣❛♥❣ ✐♥ ❡✐♥❡r ❘❡❣✐♦♥✳ ❋ür ❋r✐❡❞❧❛♥❞ ✭❇r❡✐t❡♥❣r❛❞✿ 53◦40‘ ✉♥❞ ▲ä♥❣❡♥❣r❛❞✿ 13◦33‘✮ ❦❛♥♥ ❞✐❡
❛str♦♥♦♠✐s❝❤❡ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ❢ür ❞❛s ❏❛❤r ✷✵✶✾ ❞✉r❝❤ ❞✐❡ ❢♦❧❣❡♥❞❡ ❙✐♥✉s❢✉♥❦t✐♦♥ ❛♥❣❡♥ä❤❡rt
✇❡r❞❡♥✷✿

f(x) = y =
289

60
· sin

(

2π

365
· (x− 80)

)

+ 12.25

❉❛❜❡✐ ✇✐r❞ x ✐♥ ❚❛❣❡♥ ❛♥❣❡❣❡❜❡♥ ✉♥❞ y ✐♥ ❙t✉♥❞❡♥✳

❛✮ ❊r❧ä✉t❡r♥ ❙✐❡✱ ✇❛s ❡✐♥❡ ♣♦s✐t✐✈❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ❜③✇✳ ❡✐♥❡ ♥❡❣❛t✐✈❡ ♠✐tt❧❡r❡ ➘♥❞❡✲
r✉♥❣sr❛t❡ ❞❡r ❛str♦♥♦♠✐s❝❤❡♥ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ❜❡❞❡✉t❡♥✳

❜✮ ❋ü❧❧❡♥ ❙✐❡ ❡✐♥❡ ❲❡rt❡t❛❜❡❧❧❡ ❢ür ❞❡♥ ✶✳ ✉♥❞ ✶✺✳ ❚❛❣ ❥❡❞❡s ▼♦♥❛ts ❛✉s✳
✭❇❡✐s♣✐❡❧✿ ❉❡r ✵✶✳✵✻✳✷✵✶✾ ✐st ❞❡r ✶✺✷✳ ❚❛❣✱ ❛❧s♦ x = 152 ✉♥❞ f(152) ≈ 16, 8✮

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❢ü♥❢ ✈❡rs❝❤✐❡❞❡♥❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡♥ ✐♠ ■♥t❡r✈❛❧❧ ❬✶❀✶✼✶❪ ✉♥❞ ❢ü♥❢
✈❡rs❝❤✐❡❞❡♥❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡♥ ✐♠ ■♥t❡r✈❛❧❧ ❬✶✼✶❀✸✻✺❪✳ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ♠✐t❤✐❧❢❡ ■❤r❡r
❊r❣❡❜♥✐ss❡✱ ✇❛r✉♠ ❞✐❡ ❚❛❣❡ ✈♦r ❞❡♠ ✶✼✶✳ ❚❛❣ ❞❡s ❏❛❤r❡s ✭✷✵✳✵✻✳✷✵✶✾✮ ❧ä♥❣❡r ✇❡r❞❡♥ ✉♥❞
❞❛♥❛❝❤ ❦ür③❡r✳

❆✉❢❣❛❜❡ ✻ ✭✺ ❇❊✮

●✉t❡ ♦❞❡r s❝❤❧❡❝❤t❡ ◆❛❝❤r✐❝❤t❡♥❄ ◆❡❤♠❡♥ ❙✐❡ ❙t❡❧❧✉♥❣✳

❛✮ ✒❉❡r ❆♥st✐❡❣ ❞❡r ■♥✢❛t✐♦♥sr❛t❡ ✈❡rr✐♥❣❡rt s✐❝❤✳✏

❜✮ ✒❉✐❡ ❩✉✇❛❝❤sr❛t❡♥ s✐♥❦❡♥✳✏

❝✮ ✒❉❡r ❆✉❢s❝❤✇✉♥❣ ❡r❧❛❤♠t✳✏

❞✮ ✒❉✐❡ ❚❛❧❢❛❤rt ✐st ❣❡❜r❡♠st✳✏

❡✮ ✒❉✐❡ ◆❡✉✈❡rs❝❤✉❧❞✉♥❣❡♥ s✐♥❦❡♥✳✏

❆✉❢❣❛❜❡ ✼ ✭✸ ❇❊✮

❊✐♥ ✈♦❧❧ ❜❡❧❛❞❡♥❡r ▲❑❲ ❢ä❤rt ❞✐❡ ❡rst❡♥ 20 s ❛♥ ♠✐t ❡✐♥❡r ❋✉♥❦t✐♦♥ s(t) = 0,9

2
· t2✳ ❇❡r❡❝❤♥❡♥

❙✐❡ ♠✐t❤✐❧❢❡ ❞❡s ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t❡♥ s❡✐♥❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ♥❛❝❤ 5 s✱ 10 s ✉♥❞ 20 s✳

❩✉s❛t③ ✭✸ ❇❊✮

❇❡✇❡✐s❡♥ ❙✐❡ ❞✐❡s❡ ❋♦❧❣❡r✉♥❣ ❛✉s ❞❡♠ ❩✇✐s❝❤❡♥✇❡rts❛t③ ✉♥❞ ❞❡♠ ◆✉❧❧st❡❧❧❡♥s❛t③✿

❙❡✐❡♥ f(x) ✉♥❞ g(x) ❛✉❢ ❞❡♠ ■♥t❡r✈❛❧❧ [a, b] st❡t✐❣ ♠✐t f(a) < g(a) ✉♥❞ f(b) > g(b)✳

❉❛♥♥ ❣✐❜t ❡s ❡✐♥ c ∈ (a, b)✱ s♦❞❛ss ❣✐❧t✿

f(c) = g(c)

❉❡r ❙❛t③ ❣✐❧t ❛✉❝❤ ❢ür f(a) > g(a) ✉♥❞ f(b) < g(b)✳

❉✐❡s❡ ❆✉ss❛❣❡ ❦❛♥♥ ✐♠♠❡r ❣❡♥✉t③t ✇❡r❞❡♥✱ ✉♠ ❞✐❡ ❊①✐st❡♥③ ✈♦♥ ❙❝❤♥✐tt♣✉♥❦t❡♥ ③✉ ❜❡❤❛✉♣t❡♥✳

✷❯♥t❡r ❱❡r✇❡♥❞✉♥❣ ✈♦♥✿ ❤tt♣s✿✴✴❛❛✳✉s♥♦✳♥❛✈②✳♠✐❧✴❞❛t❛✴❞♦❝s✴❘❙❴❖♥❡❨❡❛r✳♣❤♣

✷



❆✉❢❣❛❜❡♥ ③✉r ❙t❡t✐❣❦❡✐t ✉♥❞ ♠✐tt❧❡r❡♥✴❧♦❦❛❧❡♥ ➘♥❞❡r✉♥❣sr❛t❡ ✭✸✵✳✵✽✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✸ ❇❊✮

❩❡✐❣❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ f(x) =

{

1

2
x+ 1 , ❢ür x < 3

1

2
, ❢ür x ≧ 3

❛♥ ❞❡r ❙t❡❧❧❡ x1 = 3

✉♥st❡t✐❣ ✐st✳

f(3) = 1

2
✱ ❞✳❤✳ ❞❡r ❋✉♥❦t✐♦♥s✇❡rt ❡①✐st✐❡rt✳

lim
x→3−

f(x) = 5

2
✱ lim

x→3+
f(x) = 1

2
❧✐♥❦s✲ ✉♥❞ r❡❝❤tss❡✐t✐❣❡r ●r❡♥③✇❡rt st✐♠♠❡♥ ♥✐❝❤t ü❜❡r❡✐♥

→ lim
x→3

f(x) ❡①✐st✐❡rt ♥✐❝❤t → f(x) ✐st ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 3 ✉♥st❡t✐❣✳

❆✉❢❣❛❜❡ ✷ ✭✻ ❇❊✮

❩❡✐❣❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 0 ✉♥st❡t✐❣ s✐♥❞✿

❛✮ g1(x) =

{

2x+ 7 , ❢ür x < 0

x− 1 , ❢ür x ≧ 0

g1(0) = −1 ✱ ❞✳❤✳ ❞❡r ❋✉♥❦t✐♦♥s✇❡rt ❡①✐st✐❡rt✳

lim
x→0−

g1(x) = 7✱ lim
x→0+

g1(x) = −1

❧✐♥❦s✲ ✉♥❞ r❡❝❤tss❡✐t✐❣❡r ●r❡♥③✇❡rt st✐♠♠❡♥ ♥✐❝❤t ü❜❡r❡✐♥

→ lim
x→0

g1(x) ❡①✐st✐❡rt ♥✐❝❤t → g1(x) ✐st ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 0 ✉♥st❡t✐❣✳

❜✮ g2(x) =

{

x2 + 2x− 3 , ❢ür x ≦ 0

2x+ 1 , ❢ür x > 0

g2(0) = −3 ✱ ❞✳❤✳ ❞❡r ❋✉♥❦t✐♦♥s✇❡rt ❡①✐st✐❡rt✳

lim
x→0−

g2(x) = −3✱ lim
x→0+

g2(x) = 1

❧✐♥❦s✲ ✉♥❞ r❡❝❤tss❡✐t✐❣❡r ●r❡♥③✇❡rt st✐♠♠❡♥ ♥✐❝❤t ü❜❡r❡✐♥

→ lim
x→0

g2(x) ❡①✐st✐❡rt ♥✐❝❤t → g2(x) ✐st ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 0 ✉♥st❡t✐❣✳

❝✮ g3(x) = s✐❣♥(x) =











1 , ❢ür x > 0

0 , ❢ür x = 0

−1 , ❢ür x < 0

g3(0) = 0 ✱ ❞✳❤✳ ❞❡r ❋✉♥❦t✐♦♥s✇❡rt ❡①✐st✐❡rt✳

lim
x→0−

g3(x) = −1✱ lim
x→0+

g3(x) = 1

❧✐♥❦s✲ ✉♥❞ r❡❝❤tss❡✐t✐❣❡r ●r❡♥③✇❡rt st✐♠♠❡♥ ♥✐❝❤t ü❜❡r❡✐♥

→ lim
x→0

g3(x) ❡①✐st✐❡rt ♥✐❝❤t → g3(x) ✐st ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 0 ✉♥st❡t✐❣✳

❆✉❢❣❛❜❡ ✸ ✭✸ ✰ ✷ ❇❊✮

❇❡✐ ❡✐♥❡r ❙♦♥♥❡♥❜❧✉♠❡ ✇✐r❞ ❛♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❚❛❣❡♥ ❞✐❡ ❍ö❤❡ ❣❡♠❡ss❡♥✿

✶



❩❡✐t ✭✐♥ ❚❛❣❡♥✮ ✵ ✷✵ ✷✹ ✸✵ ✸✾ ✺✵ ✼✺
❍ö❤❡ ✭✐♥ ❝♠✮ ✷ ✷✵ ✸✾ ✻✹ ✶✵✺ ✶✺✻ ✶✾✷

❛✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❲❛❝❤st✉♠s❢✉♥❦t✐♦♥ f(t) = h ♠✐t t ✐st ❞✐❡ ❩❡✐t ✐♥ ❚❛❣❡♥ ✉♥❞ h

❞✐❡ ❍ö❤❡ ✐♥ ❝♠✳
●r❛✜s❝❤❡ ❉❛rst❡❧❧✉♥❣ s❡❤r ❛✉❢✇ä♥❞✐❣ ✐♥ ❞✐❡s❡♠ Pr♦❣r❛♠♠✳

❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡ ❛♥❤❛♥❞ ❞✐❡s❡r ❉❛rst❡❧❧✉♥❣✱ ✐♥ ✇❡❧❝❤❡♠ ❩❡✐tr❛✉♠ ❞✐❡ ❙♦♥♥❡♥❜❧✉♠❡ ❛♠ stär❦st❡♥
✉♥❞ ❛♠ s❝❤✇ä❝❤st❡♥ ❣❡✇❛❝❤s❡♥ ✐st✳
❉❡r ❆♥st✐❡❣ ✐♠ ■♥t❡r✈❛❧❧ ❬✵❀✷✵❪ ✐st ❛♠ s❝❤✇ä❝❤st❡♥✱ ❞❡s❤❛❧❜ ✇ä❝❤st ❞✐❡ ❙♦♥♥❡♥❜❧✉♠❡ ✐♥ ❞✐❡s❡♠
❩❡✐tr❛✉♠ ❛♠ s❝❤✇ä❝❤st❡♥✳
❉❡r ❆♥st✐❡❣ ✐♠ ■♥t❡r✈❛❧❧ ❬✷✵❀✷✹❪ ✐st ❛♠ stär❦st❡♥✱ ❞❡s❤❛❧❜ ✇ä❝❤st ❞✐❡ ❙♦♥♥❡♥❜❧✉♠❡ ✐♥ ❞✐❡s❡♠
❩❡✐tr❛✉♠ ❛♠ stär❦st❡♥✳

❆✉❢❣❛❜❡ ✹ ✭✷ ✰ ✷ ✰ ✶ ❇❊✮

❉✐❡ ❙t❛❞t ❋r✐❡❞❧❛♥❞ ❤❛t ❢♦❧❣❡♥❞❡ ❊✐♥✇♦❤♥❡r③❛❤❧❡♥✶ ✈❡r③❡✐❝❤♥❡t✿

❏❛❤r ✶✾✷✺ ✶✾✽✾ ✷✵✵✵ ✷✵✵✻ ✷✵✵✽ ✷✵✶✶ ✷✵✶✺ ✷✵✶✼ ✷✵✶✽
❊✐♥✇♦❤♥❡r ✼✳✺✷✷ ✽✳✽✵✵ ✼✳✹✽✻ ✼✳✷✺✶ ✻✳✼✻✽ ✻✳✹✷✽ ✻✳✼✼✾ ✻✳✻✹✻ ✻✳✸✺✹

❇❡❣rü♥❞❡♥ ❙✐❡ ♠✐t❤✐❧❢❡ ❞❡r ♠✐tt❧❡r❡♥ ➘♥❞❡r✉♥❣sr❛t❡✱ ✐♥ ✇❡❧❝❤❡♠ ❩❡✐tr❛✉♠

❛✮ ❞✐❡ ❇❡✈ö❧❦❡r✉♥❣s❡♥t✇✐❝❦❧✉♥❣ ❞❡♥ stär❦st❡♥ ❆♥st✐❡❣ ❤❛t✳

[1925 : 1989] ≈ 19, 97 [1989 : 2000] ≈ −119, 45 [2000 : 2006] ≈ −39, 17
[2006 : 2008] = −241, 5 [2008 : 2011] ≈ −113, 33 [2011 : 2015] = 87, 75
[2015 : 2017] = −66, 5 [2017 : 2018] = −292

❉❡r stär❦st❡ ❆♥st✐❡❣ ✐st ✐♠ ❩❡✐tr❛✉♠ ✷✵✶✶ ❜✐s ✷✵✶✺✳

❜✮ ❞✐❡ ❇❡✈ö❧❦❡r✉♥❣s❡♥t✇✐❝❦❧✉♥❣ ❞❡♥ stär❦st❡♥ ❘ü❝❦❣❛♥❣ ❤❛t✳
❉❡r stär❦st❡ ❘ü❝❦❣❛♥❣ ✐st ✐♠ ❩❡✐tr❛✉♠ ✷✵✶✼ ❜✐s ✷✵✶✽✳

❝✮ s✐❝❤ ❞✐❡ ❇❡✈ö❧❦❡r✉♥❣s❡♥t✇✐❝❦❧✉♥❣ ❛♠ stär❦st❡♥ ✈❡rä♥❞❡rt ❤❛t✳
❉✐❡ ❇❡✈ö❧❦❡r✉♥❣ ❤❛t s✐❝❤ ❛♠ stär❦st❡♥ ✐♠ ❩❡✐tr❛✉♠ ✈♦♥ ✷✵✶✼ ❜✐s ✷✵✶✽ ✈❡rä♥❞❡rt✳

❆✉❢❣❛❜❡ ✺ ✭✷ ✰ ✻ ✰ ✻ ❇❊✮

❉✐❡ ❛str♦♥♦♠✐s❝❤❡ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ✐st ❞✐❡ ❩❡✐ts♣❛♥♥❡ ③✇✐s❝❤❡♥ ❙♦♥♥❡♥❛✉❢❣❛♥❣ ✉♥❞ ❙♦♥♥❡♥✲
✉♥t❡r❣❛♥❣ ✐♥ ❡✐♥❡r ❘❡❣✐♦♥✳ ❋ür ❋r✐❡❞❧❛♥❞ ✭❇r❡✐t❡♥❣r❛❞✿ 53◦40‘ ✉♥❞ ▲ä♥❣❡♥❣r❛❞✿ 13◦33‘✮ ❦❛♥♥ ❞✐❡
❛str♦♥♦♠✐s❝❤❡ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ❢ür ❞❛s ❏❛❤r ✷✵✶✾ ❞✉r❝❤ ❞✐❡ ❢♦❧❣❡♥❞❡ ❙✐♥✉s❢✉♥❦t✐♦♥ ❛♥❣❡♥ä❤❡rt
✇❡r❞❡♥✷✿

f(x) = y =
289

60
· sin

(

2π

365
· (x− 80)

)

+ 12.25

❉❛❜❡✐ ✇✐r❞ x ✐♥ ❚❛❣❡♥ ❛♥❣❡❣❡❜❡♥ ✉♥❞ y ✐♥ ❙t✉♥❞❡♥✳

❛✮ ❊r❧ä✉t❡r♥ ❙✐❡✱ ✇❛s ❡✐♥❡ ♣♦s✐t✐✈❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ❜③✇✳ ❡✐♥❡ ♥❡❣❛t✐✈❡ ♠✐tt❧❡r❡ ➘♥❞❡✲
r✉♥❣sr❛t❡ ❞❡r ❛str♦♥♦♠✐s❝❤❡♥ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ❜❡❞❡✉t❡♥✳

❊✐♥❡ ♣♦s✐t✐✈❡ ➘♥❞❡r✉♥❣sr❛t❡ ❜❡❞❡✉t❡t✱ ❞❛ss ❞✐❡ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r s✐❝❤ ❡r❤ö❤t ✭❞✐❡ ❚❛❣❡

✶◗✉❡❧❧❡✿ ❤tt♣s✿✴✴✇✇✇✳❧❛✐✈✲♠✈✳❞❡✴st❛t✐❝✴▲❆■❱✴❙t❛t✐st✐❦✴❉❛t❡✐❡♥✴P✉❜❧✐❦❛t✐♦♥❡♥✴❆❭✪✷✵■❭✪✷✵❇❡✈❭✪❈✸❭

✪❇✻❧❦❡r✉♥❣sst❛♥❞✴❆❭✪✷✵✶✶✸✴❆✶✶✸❭✪✷✵✷✵✶✽❭✪✷✵✵✵✳♣❞❢
✷❯♥t❡r ❱❡r✇❡♥❞✉♥❣ ✈♦♥✿ ❤tt♣s✿✴✴❛❛✳✉s♥♦✳♥❛✈②✳♠✐❧✴❞❛t❛✴❞♦❝s✴❘❙❴❖♥❡❨❡❛r✳♣❤♣

✷



✇❡r❞❡♥ ❧ä♥❣❡r✮✳
❊✐♥❡ ♥❡❣❛t✐✈❡ ➘♥❞❡r✉♥❣sr❛t❡ ❜❡❞❡✉t❡t✱ ❞❛ss ❞✐❡ ❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r s✐♥❦t ✭❞✐❡ ❚❛❣❡ ✇❡r❞❡♥
❦ür③❡r✮✳

❜✮ ❋ü❧❧❡♥ ❙✐❡ ❡✐♥❡ ❲❡rt❡t❛❜❡❧❧❡ ❢ür ❞❡♥ ✶✳ ✉♥❞ ✶✺✳ ❚❛❣ ❥❡❞❡s ▼♦♥❛ts ❛✉s✳
✭❇❡✐s♣✐❡❧✿ ❉❡r ✵✶✳✵✻✳✷✵✶✾ ✐st ❞❡r ✶✺✷✳ ❚❛❣✱ ❛❧s♦ x = 152 ✉♥❞ f(152) ≈ 16, 8✮

❉❛t✉♠ ✷✵✶✾ ✵✶✳✵✶✳ ✶✺✳✵✶✳ ✵✶✳✵✷✳ ✶✺✳✵✷✳ ✵✶✳✵✸✳ ✶✺✳✵✸✳ ✵✶✳✵✹✳ ✶✺✳✵✹✳
x ✶ ✶✺ ✸✷ ✹✻ ✻✵ ✼✹ ✾✶ ✶✵✺

❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ✐♥ ❤ ✼✱✺✹ ✼✱✾✷ ✽✱✼✶ ✾✱✺✾ ✶✵✱✻✷ ✶✶✱✼✺ ✶✸✱✶✻ ✶✹✱✷✻

❉❛t✉♠ ✷✵✶✾ ✵✶✳✵✺✳ ✶✺✳✵✺✳ ✵✶✳✵✻✳ ✶✺✳✵✻✳ ✵✶✳✵✼✳ ✶✺✳✵✼✳ ✵✶✳✵✽✳ ✶✺✳✵✽✳
x ✶✷✶ ✶✸✺ ✶✺✷ ✶✻✻ ✶✽✷ ✶✾✻ ✷✶✸ ✷✷✼

❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ✐♥ ❤ ✶✺✱✸✼ ✶✻✱✶✻ ✶✻✱✽✵ ✶✼✱✵✺ ✶✻✱✾✽ ✶✻✱✻✹ ✶✺✱✽✽ ✶✺✱✵✶

❉❛t✉♠ ✷✵✶✾ ✵✶✳✵✾✳ ✶✺✳✵✾✳ ✵✶✳✶✵✳ ✶✺✳✶✵✳ ✵✶✳✶✶✳ ✶✺✳✶✶✳ ✵✶✳✶✷✳ ✶✺✳✶✷✳
x ✷✹✹ ✷✺✽ ✷✼✹ ✷✽✽ ✸✵✺ ✸✶✾ ✸✸✺ ✸✹✾

❙♦♥♥❡♥s❝❤❡✐♥❞❛✉❡r ✐♥ ❤ ✶✸✱✼✻ ✶✷✱✻✷ ✶✶✱✸✵ ✶✵✱✷✵ ✾✱✵✸ ✽✱✷✼ ✼✱✻✽ ✼✱✹✺

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❢ü♥❢ ✈❡rs❝❤✐❡❞❡♥❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡♥ ✐♠ ■♥t❡r✈❛❧❧ ❬✶❀✶✼✶❪ ✉♥❞ ❢ü♥❢
✈❡rs❝❤✐❡❞❡♥❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡♥ ✐♠ ■♥t❡r✈❛❧❧ ❬✶✼✶❀✸✻✺❪✳ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ♠✐t❤✐❧❢❡ ■❤r❡r
❊r❣❡❜♥✐ss❡✱ ✇❛r✉♠ ❞✐❡ ❚❛❣❡ ✈♦r ❞❡♠ ✶✼✶✳ ❚❛❣ ❞❡s ❏❛❤r❡s ✭✷✵✳✵✻✳✷✵✶✾✮ ❧ä♥❣❡r ✇❡r❞❡♥ ✉♥❞
❞❛♥❛❝❤ ❦ür③❡r✳

❆❧❧❡ ♠✐tt❧❡r❡♥ ➘♥❞❡r✉♥❣sr❛t❡♥ ✐♠ ■♥t❡r✈❛❧❧ ❬✶❀✶✼✶❪ s✐♥❞ ♣♦s✐t✐✈✱ ❡❣❛❧ ✇❡❧❝❤❡ ❚❡✐❧✐♥t❡r✈❛❧❧❡
❣❡✇ä❤❧t ✇❡r❞❡♥✳ ❉❛❤❡r ✇❡r❞❡♥ ❞✐❡ ❚❛❣❡ ✐♥ ❞✐❡s❡♥ ■♥t❡r✈❛❧❧❡♥ st❡ts ❧ä♥❣❡r✳
❆❧❧❡ ♠✐tt❧❡r❡♥ ➘♥❞❡r✉♥❣sr❛t❡♥ ✐♠ ■♥t❡r✈❛❧❧ ❬✶✼✶❀✸✻✺❪ s✐♥❞ ♥❡❣❛t✐✈✱ ❡❣❛❧ ✇❡❧❝❤❡ ❚❡✐❧✐♥t❡r✈❛❧❧❡
❣❡✇ä❤❧t ✇❡r❞❡♥✳ ❉❛❤❡r ✇❡r❞❡♥ ❞✐❡ ❚❛❣❡ ✐♥ ❞✐❡s❡♥ ■♥t❡r✈❛❧❧❡♥ st❡ts ❦ür③❡r✳

❆✉❢❣❛❜❡ ✻ ✭✺ ❇❊✮

●✉t❡ ♦❞❡r s❝❤❧❡❝❤t❡ ◆❛❝❤r✐❝❤t❡♥❄ ◆❡❤♠❡♥ ❙✐❡ ❙t❡❧❧✉♥❣✳

❛✮ ✒❉❡r ❆♥st✐❡❣ ❞❡r ■♥✢❛t✐♦♥sr❛t❡ ✈❡rr✐♥❣❡rt s✐❝❤✳✏
❉❛s ✐st ③✇❛r ❣r✉♥❞sät③❧✐❝❤ ❣✉t✱ ❛❧❧❡r❞✐♥❣s ❣✐❜t ❡s ♥♦❝❤ ❡✐♥❡ ■♥✢❛t✐♦♥sr❛t❡✱ ❛✉❝❤ ✇❡♥♥ s✐❡
❦❧❡✐♥❡r ❣❡✇♦r❞❡♥ ✐st✳

❜✮ ✒❉✐❡ ❩✉✇❛❝❤sr❛t❡♥ s✐♥❦❡♥✳✏
❉❛s ✐st ♥✐❝❤t ❣❛♥③ ❣✉t✱ ❛❧❧❡r❞✐♥❣s ❣✐❜t ❡s ♥♦❝❤ ❩✉✇❛❝❤sr❛t❡♥✱ ❛✉❝❤ ✇❡♥♥ s✐❡ ❣❡s✉♥❦❡♥ s✐♥❞✳

❝✮ ✒❉❡r ❆✉❢s❝❤✇✉♥❣ ❡r❧❛❤♠t✳✏
❊s ❣✐❜t ♥♦❝❤ ❡✐♥❡♥ ❆✉❢s❝❤✇✉♥❣✱ ❞✐❡s❡r ✐st ❥❡❞♦❝❤ ❦❧❡✐♥❡r ❣❡✇♦r❞❡♥✳ ❊s ✐st ❣✉t✱ ❞❛ss ❡s ♥♦❝❤
❡✐♥❡♥ ❆✉❢s❝❤✇✉♥❣ ❣✐❜t✱ s❝❤❧❡❝❤t✱ ❞❛ss ❡r ❣❡s✉♥❦❡♥ ✐st✳

❞✮ ✒❉✐❡ ❚❛❧❢❛❤rt ✐st ❣❡❜r❡♠st✳✏
❉❛♠✐t ✐st s✐❡ ❥❡❞♦❝❤ ♥✐❝❤t ❛✉s❣❡❜r❡♠st✱ s♦♥❞❡r♥ ❡s ❣✐❜t ♥♦❝❤ ❡✐♥❡ ❚❛❧❢❛❤rt✳ ●✉t ❢ür ❞✐❡
❙✐❝❤❡r❤❡✐t✱ s❝❤❧❡❝❤t ❢ür ❞❛s ❋❛❤r❡r❧❡❜♥✐s✳

❡✮ ✒❉✐❡ ◆❡✉✈❡rs❝❤✉❧❞✉♥❣❡♥ s✐♥❦❡♥✳✏
❉❛♠✐t s✐♥❞ ❞✐❡ ◆❡✉✈❡rs❝❤✉❧❞✉♥❣❡♥ ③✉rü❝❦ ❣❡❣❛♥❣❡♥✱ ❛❧❧❡r❞✐♥❣s ❣✐❜t ❡s ♥♦❝❤ ◆❡✉✈❡rs❝❤✉❧✲
❞✉♥❣❡♥✱ ✇❛s ✇❡✐t❡r❤✐♥ ♥❡❣❛t✐✈ ✐st✳

✸



❆✉❢❣❛❜❡ ✼ ✭✸ ❇❊✮

❊✐♥ ✈♦❧❧ ❜❡❧❛❞❡♥❡r ▲❑❲ ❢ä❤rt ❞✐❡ ❡rst❡♥ 20 s ❛♥ ♠✐t ❡✐♥❡r ❋✉♥❦t✐♦♥ s(t) = 0,9

2
· t2✳ ❇❡r❡❝❤♥❡♥

❙✐❡ ♠✐t❤✐❧❢❡ ❞❡s ❉✐✛❡r❡♥t✐❛❧q✉♦t✐❡♥t❡♥ s❡✐♥❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ♥❛❝❤ 5 s✱ 10 s ✉♥❞ 20 s✳

s′(5) = lim
x→5

s(t)− s(5)

t− 5
= 4, 5

m

s

s′(10) = lim
x→10

s(t)− s(10)

t− 10
= 9

m

s

s′(20) = lim
x→20

s(t)− s(20)

t− 20
= 18

m

s

❩✉s❛t③ ✭✸ ❇❊✮

❇❡✇❡✐s❡♥ ❙✐❡ ❞✐❡s❡ ❋♦❧❣❡r✉♥❣ ❛✉s ❞❡♠ ❩✇✐s❝❤❡♥✇❡rts❛t③ ✉♥❞ ❞❡♠ ◆✉❧❧st❡❧❧❡♥s❛t③✿

❙❡✐❡♥ f(x) ✉♥❞ g(x) ❛✉❢ ❞❡♠ ■♥t❡r✈❛❧❧ [a, b] st❡t✐❣ ♠✐t f(a) < g(a) ✉♥❞ f(b) > g(b)✳

❉❛♥♥ ❣✐❜t ❡s ❡✐♥ c ∈ (a, b)✱ s♦❞❛ss ❣✐❧t✿

f(c) = g(c)

❉❡r ❙❛t③ ❣✐❧t ❛✉❝❤ ❢ür f(a) > g(a) ✉♥❞ f(b) < g(b)✳

❉✐❡s❡ ❆✉ss❛❣❡ ❦❛♥♥ ✐♠♠❡r ❣❡♥✉t③t ✇❡r❞❡♥✱ ✉♠ ❞✐❡ ❊①✐st❡♥③ ✈♦♥ ❙❝❤♥✐tt♣✉♥❦t❡♥ ③✉ ❜❡❤❛✉♣t❡♥✳

❯♠ ❞✐❡s❡ ❆✉ss❛❣❡ ③✉ ❜❡✇❡✐s❡♥✱ ❞❡✜♥✐❡rt ♠❛♥ s✐❝❤ ❞✐❡ ❉✐✛❡r❡♥③❢✉♥❦t✐♦♥

h(x) = f(x)− g(x)

✭♦❞❡r h(x) = g(x)− f(x) ❢ür ❞❡♥ ③✇❡✐t❡♥ ❋❛❧❧ ❞❡s ❙❛t③❡s✮✳
❉❛♥♥ ❣✐❧t✿

h(a) = f(a)− g(a) < 0 ✉♥❞ h(b) = f(b)− g(b) > 0

❇③✇✳
h(a) < 0 ✉♥❞ h(b) > 0

◆✉♥ ❢♦❧❣t ♥❛❝❤ ◆✉❧❧st❡❧❧❡♥s❛t③✱ ❞❛ss ❡s ❡✐♥ c ∈ (a, b) ❣❡❜❡♥ ♠✉ss✱ ❢ür ✇❡❧❝❤❡s ❣✐❧t✿

h(c) = 0

❆❧s♦✿
f(c)− g(c) = 0 ⇔ f(c) = g(c)

�

✹



❆✉❢❣❛❜❡♥ ③✉r ❆❜❧❡✐t✉♥❣ ✭✵✾✳✵✾✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✶✵ ❇❊✮

▲❡✐t❡♥ ❙✐❡ ❢♦❧❣❡♥❞❡ ❋✉♥❦t✐♦♥❡♥ ♥❛❝❤ x ❛❜✳

❼ a(x) = 4x5

❼ b(x) = x19

❼ c(x) = x3,4

❼ d(x) = 4x3 − 7x2

❼ e(x) = 5

x

❼ f(x) = 4

x3

❼ g(x) =
3
√

x4

❼ h(x) = 7
√
x

❼ i(x) = 6x2 + 9x− π

❼ j(x) = 1

2
x6 − 4

25
x5 + 1

12
x4 − 5

12
x3 + 1

6
x2 − 3x+ 3t

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✶✹ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥✿

❛✮
d

dx
(5x4 − 3x2 + 8x− 5, 673) =

❜✮
d

dt
(5x3t4 − 3x2t+ 6xt2 − 7a) =

❝✮
d

dx
(5x3t4 − 3x2t+ 6xt2 − 7a) =

❞✮
d

da
(5x3t4 − 3x2t+ 6xt2 − 7a) =

❡✮
d

dx
(3x2t2a4 − 2x4t10a3) =

❢✮
d

dt
(3x2t2a4 − 2x4t10a3) =

❣✮
d

da
(3x2t2a4 − 2x4t10a3) =

❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✶ ✰ ✷ ✰ ✹ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) = 3x+ 2 ✉♥❞ g(x) = x2 + 4x✳

❛✮ ●❡❜❡♥ ❙✐❡ f ′(x) ✉♥❞ g′(x) ❛♥✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❥❡✇❡✐❧s ❞❡♥ ❆♥st✐❡❣ ✈♦♥ f(x) ✉♥❞ g(x) ❛♥ ❞❡r ❙t❡❧❧❡ x0 = 5

❝✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❥❡✇❡✐❧s ❞✐❡ ❆♥st✐❡❣❡ ✈♦♥ f(x) ✉♥❞ g(x) ❛♥ ✐❤r❡♥ ❙❝❤♥✐ttst❡❧❧❡♥✳

✶



❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✷ ✰ ✶ ✰ ✻ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) = 3x2 − 3x− 18✳

❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ f(x)✳

❜✮ ●❡❜❡♥ ❙✐❡ f ′(x) ❛♥✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❥❡✇❡✐❧s ❞❡♥ ❆♥st✐❡❣ ❛♥ ❞❡♥ ❙t❡❧❧❡♥ x0 = −5✱ x1 = −1✱ x2 = 0✱ x3 = 0, 5✱
x4 = 2 ✉♥❞ x5 = 5✳

❞✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡ x0✱ ❛♥ ✇❡❧❝❤❡r ❞❡r ❆♥st✐❡❣ m = 15 ✐st✳

❆✉❢❣❛❜❡ ✺ ✭✶ ✰ ✷ ✰ ✷ ✰ ✷ ✰ ✸ ❇❊✮

❆str✐❞ ❑✉♠❜❡r♥✉ss ✭✯✵✺✳✵✷✳✶✾✼✵ ✐♥ ●r❡✈❡s♠ü❤❧❡♥✮ ❤❛t ✐❤r❡ ❑✉❣❡❧ ✶✾✾✺ ✐♥ ●öt❡❜♦r❣ ❛✉❢ ❢♦❧❣❡♥❞❡r

❲✉r❢♣❛r❛❜❡❧ ❣❡st♦ÿ❡♥✿

k(x) = −
51645

1125721
x2 +

9

10
x+ 1, 56

❉❛❜❡✐ s✐♥❞ x ✉♥❞ y ❥❡✇❡✐❧s ✐♥ ▼❡t❡r ❣❡❣❡❜❡♥✳

❛✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ❆str✐❞ ❑✉♠❜❡r♥✉ss ✶✽✻ ❝♠ ❣r♦ÿ ✐st ✉♥t❡r ❞❡r ❆♥♥❛❤♠❡✱ ❞❛ss ❡✐♥❡

❑✉❣❡❧ ❛✉❢ ❙❝❤✉❧t❡r❤ö❤❡ ✭❡t✇❛ ✸✵ ❝♠ ✉♥t❡r ❞❡r ❑ör♣❡r❣röÿ❡✮ ❛❜❣❡st♦ÿ❡♥ ✇✐r❞✳

❜✮ ❉❡r ❲❡❧tr❡❦♦r❞ ❢ür ❋r❛✉❡♥ ✐♠ ❑✉❣❡❧st♦ÿ❡♥ ❧✐❡❣t ❜❡✐ ✷✷✱✻✸ ♠ ✭◆❛t❛❧❥❛ ▲✐ss♦✇s❦❛❥❛✱ ✶✾✽✼✮✳

❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❆str✐❞ ❑✉♠❜❡r♥✉ss ❧❡❞✐❣❧✐❝❤ ✶✱✹✶ ♠ ✇❡♥✐❣❡r ❣❡✇♦r❢❡♥ ❤❛t✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ♥❛❝❤ ✇✐❡ ✈✐❡❧❡♥ ▼❡t❡r♥✱ ❞✐❡ ❑✉❣❡❧ ü❜❡r ✷✱✶✵ ♠ ❤♦❝❤ ✢♦❣✳

❞✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ♥❛❝❤ ❝❛✳ ✾✱✽✵✾ ♠ ❞✐❡ ❑✉❣❡❧ ❢ä❧❧t✳

❡✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❆♥st✐❡❣s✇✐♥❦❡❧✱ ♠✐t ✇❡❧❝❤❡♠ s✐❡ ❞✐❡ ❑✉❣❡❧ ❛❜❣❡st♦ÿ❡♥ ❤❛t✳

✭❍✐❧❢❡✿ m = tanα✮

❆✉❢❣❛❜❡ ✻ ♦❤♥❡ ❈❆❙ ✭✸ ❇❊✮

❊✐♥ ✈♦❧❧ ❜❡❧❛❞❡♥❡r ▲❑❲ ❢ä❤rt ❞✐❡ ❡rst❡♥ 20 s ❛♥ ♠✐t ❡✐♥❡r ❋✉♥❦t✐♦♥ s(t) = 0,9

2
· t2✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ♠✐t❤✐❧❢❡ ✈♦♥ s′(t) s❡✐♥❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ♥❛❝❤ 5 s✱ 10 s ✉♥❞ 20 s✳

❆✉❢❣❛❜❡ ✼ ♦❤♥❡ ❈❆❙ ✭✶✹ ❇❊✮

●❡❜❡♥ ❙✐❡ ❞❛s ❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥ ❢ür ❞✐❡ ✈♦r❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ ❛♥✳

f(x) = −13x+ 5x4 − 12x2 g(x) = 150x4 − 0, 2x6 h(x) = 7x2 + x15 − x14

k(x) = −π · x5 +
√

2 · x4 l(x) = ex m(x) = e
1

x n(x) = e−x

✷



❆✉❢❣❛❜❡♥ ③✉r ❆❜❧❡✐t✉♥❣ ✭✵✾✳✵✾✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✶✵ ❇❊✮

▲❡✐t❡♥ ❙✐❡ ❢♦❧❣❡♥❞❡ ❋✉♥❦t✐♦♥❡♥ ♥❛❝❤ x ❛❜✳

❼ a(x) = 4x5 a′(x) = 20x4

❼ b(x) = x19 b′(x) = 19x18

❼ c(x) = x3,4 c′(x) = 3, 4x2,4

❼ d(x) = 4x3 − 7x2 d′(x) = 12x2 − 14x

❼ e(x) = 5

x
e′(x) = −5x−2 = − 5

x2

❼ f(x) = 4

x3 f ′(x) = −12x−4 = − 12

x4

❼ g(x) =
3
√
x4 g′(x) = 4

3
· 3
√
x

❼ h(x) = 7
√
x h′(x) = 1

7
x−

6

7 = 1

7·x
6
7

= 1

7· 7
√
x6

❼ i(x) = 6x2 + 9x− π i′(x) = 12x+ 9

❼ j(x) = 1

2
x6− 4

25
x5+ 1

12
x4− 5

12
x3+ 1

6
x2−3x+3t j′(x) = 3x5− 4

5
x4+ 1

3
x3− 5

4
x2+ 1

3
x−3

■❝❤ ❤❛❜❡ ❜❡✐ ❡✐♥✐❣❡♥ ❞✐❡ ◆♦t❛t✐♦♥ a(x) = 4x5 = 20x4 ❣❡s❡❤❡♥✳ ❉❛s ✐st ❢❛❧s❝❤✳

❇✐tt❡ a(x) ✉♥❞ a′(x) ❛❧s ③✇❡✐ ❡✐♥③❡❧♥❡ ❋✉♥❦t✐♦♥❡♥ ❛✉❢s❝❤r❡✐❜❡♥✳

❲❡r s❝❤r❡✐❜t✱ ❞❡r ❜❧❡✐❜t✦

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✶✹ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥✿

❛✮
d

dx
(5x4 − 3x2 + 8x− 5, 673) = 20x3 − 6x+ 8

❜✮
d

dt
(5x3t4 − 3x2t+ 6xt2 − 7a) = 20x3t3 − 3x2 + 12xt

❝✮
d

dx
(5x3t4 − 3x2t+ 6xt2 − 7a) = 15x2t4 − 6xt+ 6xt2

❞✮
d

da
(5x3t4 − 3x2t+ 6xt2 − 7a) = 7

❡✮
d

dx
(3x2t2a4 − 2x4t10a3) = 6xt2a4 − 8x3t10a3

❢✮
d

dt
(3x2t2a4 − 2x4t10a3) = 6x2ta4 − 20x4t9a3

❣✮
d

da
(3x2t2a4 − 2x4t10a3) = 12x2t2a3 − 6x4t10a2

✶



❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✶ ✰ ✷ ✰ ✹ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) = 3x+ 2 ✉♥❞ g(x) = x2 + 4x✳

❛✮ ●❡❜❡♥ ❙✐❡ f ′(x) ✉♥❞ g′(x) ❛♥✳ f ′(x) = 3 ✉♥❞ g′(x) = 2x+ 4

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❥❡✇❡✐❧s ❞❡♥ ❆♥st✐❡❣ ✈♦♥ f(x) ✉♥❞ g(x) ❛♥ ❞❡r ❙t❡❧❧❡ x0 = 5

f ′(5) = 3 ✉♥❞ g′(5) = 2 · 5 + 4 = 14

❝✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❥❡✇❡✐❧s ❞✐❡ ❆♥st✐❡❣❡ ✈♦♥ f(x) ✉♥❞ g(x) ❛♥ ✐❤r❡♥ ❙❝❤♥✐ttst❡❧❧❡♥✳

❙❝❤♥✐ttst❡❧❧❡♥ ❜❡r❡❝❤♥❡♥✿

f(x) = g(x) ❛❧s♦ 3x+ 2 = x2 + 4x ✉♠❢♦r♠❡♥ ❧✐❡❢❡rt✿ 0 = x2 + x− 2

❆✉s ❞❡r ♣✲q✲❋♦r♠❡❧ ❢♦❧❣t✿ x1 = −2 ✉♥❞ x2 = 1

❆♥st✐❡❣❡ ❛♥ ❞❡♥ ❙t❡❧❧❡♥✿

❙t❡❧❧❡ x1 = −2✿ f ′(−2) = 3 ✉♥❞ g′(−2) = 0

❙t❡❧❧❡ x2 = 1✿ f ′(1) = 3 ✉♥❞ g′(1) = 6

❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✷ ✰ ✶ ✰ ✻ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) = 3x2 − 3x− 18✳

❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ f(x)✳
0 = 3x2 − 3x− 18 ✭❞✉r❝❤ ✸ ❣❡t❡✐❧t ❢ür ◆♦r♠❛❧❢♦r♠✮ 0 = x2 − x− 6

❆✉s ❞❡r ♣✲q✲❋♦r♠❡❧ ❢♦❧❣t✿ x1 = −2 ✉♥❞ x2 = 3

❜✮ ●❡❜❡♥ ❙✐❡ f ′(x) ❛♥✳ f ′(x) = 6x− 3

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❥❡✇❡✐❧s ❞❡♥ ❆♥st✐❡❣ ❛♥ ❞❡♥ ❙t❡❧❧❡♥ x0 = −5✱ x1 = −1✱ x2 = 0✱ x3 = 0, 5✱
x4 = 2 ✉♥❞ x5 = 5✳

f ′(−5) = −33 f ′(−1) = −9 f ′(0) = −3 f ′(0, 5) = 0 f ′(2) = 9 f ′(5) = 27

❞✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡ x0✱ ❛♥ ✇❡❧❝❤❡r ❞❡r ❆♥st✐❡❣ m = 15 ✐st✳

15 = 6x− 3 ✉♠❢♦r♠❡♥ ❧✐❡❢❡rt✿ 18 = 6x ⇒ x = 3

❆♥ ❞❡r ❙t❡❧❧❡ x = 3 ❤❛t ❞✐❡ ❋✉♥❦t✐♦♥ f(x) ❞❡♥ ❆♥st✐❡❣ m = 15✳

❆✉❢❣❛❜❡ ✺ ✭✶ ✰ ✷ ✰ ✷ ✰ ✷ ✰ ✸ ❇❊✮

❆str✐❞ ❑✉♠❜❡r♥✉ss ✭✯✵✺✳✵✷✳✶✾✼✵ ✐♥ ●r❡✈❡s♠ü❤❧❡♥✮ ❤❛t ✐❤r❡ ❑✉❣❡❧ ✶✾✾✺ ✐♥ ●öt❡❜♦r❣ ❛✉❢ ❢♦❧❣❡♥❞❡r

❲✉r❢♣❛r❛❜❡❧ ❣❡st♦ÿ❡♥✿

k(x) = −
51645

1125721
x2 +

9

10
x+ 1, 56

❉❛❜❡✐ s✐♥❞ x ✉♥❞ y ❥❡✇❡✐❧s ✐♥ ▼❡t❡r ❣❡❣❡❜❡♥✳

❛✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ❆str✐❞ ❑✉♠❜❡r♥✉ss ✶✽✻ ❝♠ ❣r♦ÿ ✐st ✉♥t❡r ❞❡r ❆♥♥❛❤♠❡✱ ❞❛ss ❡✐♥❡

❑✉❣❡❧ ❛✉❢ ❙❝❤✉❧t❡r❤ö❤❡ ✭❡t✇❛ ✸✵ ❝♠ ✉♥t❡r ❞❡r ❑ör♣❡r❣röÿ❡✮ ❛❜❣❡st♦ÿ❡♥ ✇✐r❞✳

❉❛❢ür ❜❡tr❛❝❤t❡t ♠❛♥ ❞✐❡ ❍ö❤❡ ❞❡r ❑✉❣❡❧ ❜❡✐♠ ❆❜st♦ÿ✿ f(0) = 1, 56 ❛❧s♦ ✶✱✺✻ ♠ ❆❜st♦ÿ✲

❤ö❤❡✳ ❲❡r❞❡♥ ❞❛③✉ ✸✵ ❝♠ ❛❞❞✐❡rt✱ ❡r❣✐❜t s✐❝❤ ❡✐♥❡ ❑ör♣❡r❣röÿ❡ ✈♦♥ ✶✱✽✻ ♠ ❜③✇✳ ✶✽✻ ❝♠✳

✷



❜✮ ❉❡r ❲❡❧tr❡❦♦r❞ ❢ür ❋r❛✉❡♥ ✐♠ ❑✉❣❡❧st♦ÿ❡♥ ❧✐❡❣t ❜❡✐ ✷✷✱✻✸ ♠ ✭◆❛t❛❧❥❛ ▲✐ss♦✇s❦❛❥❛✱ ✶✾✽✼✮✳

❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❆str✐❞ ❑✉♠❜❡r♥✉ss ❧❡❞✐❣❧✐❝❤ ✶✱✹✶ ♠ ✇❡♥✐❣❡r ❣❡✇♦r❢❡♥ ❤❛t✳

●❡s✉❝❤t ✐st ❞✐❡ ❙t❡❧❧❡✱ ✇♦ ❞✐❡ ❑✉❣❡❧ ❞❡♥ ❇♦❞❡♥ ❜❡rü❤rt✱ ❞❛s ✐st ❞✐❡ ◆✉❧❧st❡❧❧❡✳

0 = −0, 05x2 + 0, 9733x+ 1, 86

⇒ x1 ≈ −1, 60 ❡♥t❢ä❧❧t✱ ❞❛ ❞✐❡s rü❝❦✇ärts ❲❡r❢❡♥ ❜❡❞❡✉t❡t ✉♥❞ x2 = 21, 22

21, 22 ♠ ✐st 1, 41 ♠ ✈♦♥ 22, 63 ♠ ❡♥t❢❡r♥t✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ♥❛❝❤ ✇✐❡ ✈✐❡❧❡♥ ▼❡t❡r♥✱ ❞✐❡ ❑✉❣❡❧ ü❜❡r ✷✱✶✵ ♠ ❤♦❝❤ ✢♦❣✳

2, 1 = k(x) ⇒ x1 ≈ 0, 62 ✉♥❞ x2 ≈ 19, 00✳

❆❧s♦ ♥❛❝❤ ✵✱✻✷ ♠ ✐st ❞✐❡ ❑✉❣❡❧ ü❜❡r ✷✱✶ ♠ ❤♦❝❤✳

❞✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ♥❛❝❤ ❝❛✳ ✾✱✽✵✾ ♠ ❞✐❡ ❑✉❣❡❧ ❢ä❧❧t✳

❇❡✐ ✾✱✽✵✾ ✐st ❞❡r ❙❝❤❡✐t❡❧♣✉♥❦t ❞❡r P❛r❛❜❡❧✱ ❞✐❡s ❦❛♥♥ ♠❛♥ ❞❛r❛♥ ❡r❦❡♥♥❡♥✱ ❞❛ss ❛♥ ❞❡r

❙t❡❧❧❡ x = 9, 809 ❞❡r ❆♥st✐❡❣❢❛st 0 ✐st✱ ❛❧s♦ f ′(9, 809) ≈ 0✳
❉❛♥❛❝❤ s✐♥❞ ❛❧❧❡ ❆♥st✐❡❣❡ ♥❡❣❛t✐✈✳ ❉❡s❤❛❧❜ ❢ä❧❧t ❞✐❡ ❑✉❣❡❧ ♥❛❝❤ ✾✱✽✵✾ ♠✳

❡✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❆♥st✐❡❣s✇✐♥❦❡❧✱ ♠✐t ✇❡❧❝❤❡♠ s✐❡ ❞✐❡ ❑✉❣❡❧ ❛❜❣❡st♦ÿ❡♥ ❤❛t✳

✭❍✐❧❢❡✿ m = tanα✮

f ′(0) = 0, 9 ✐♥ ❞✐❡ ❋♦r♠❡❧ m = tanα ❡✐♥❣❡s❡t③t ❢♦❧❣t✿ 0, 9 = tanα

α = tan−1(0, 9) ❛❧s♦ α ≈ 42, 0◦

❆✉❢❣❛❜❡ ✻ ♦❤♥❡ ❈❆❙ ✭✸ ❇❊✮

❊✐♥ ✈♦❧❧ ❜❡❧❛❞❡♥❡r ▲❑❲ ❢ä❤rt ❞✐❡ ❡rst❡♥ 20 s ❛♥ ♠✐t ❡✐♥❡r ❋✉♥❦t✐♦♥ s(t) = 0,9

2
· t2✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ♠✐t❤✐❧❢❡ ✈♦♥ s′(t) s❡✐♥❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ♥❛❝❤ 5 s✱ 10 s ✉♥❞ 20 s✳

s′(t) = 2 · 0,9

2
· t = 0, 9t s′(5) = 4, 5m

s
✱ s′(10) = 9m

s
✉♥❞ s′(20) = 18m

s
✳

❆✉❢❣❛❜❡ ✼ ♦❤♥❡ ❈❆❙ ✭✶✹ ❇❊✮

●❡❜❡♥ ❙✐❡ ❞❛s ❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥ ❢ür ❞✐❡ ✈♦r❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ ❛♥✳

f(x) = −13x+ 5x4 − 12x2 g(x) = 150x4 − 0, 2x6 h(x) = 7x2 + x15 − x14

k(x) = −π · x5 +
√
2 · x4 l(x) = ex m(x) = e

1

x n(x) = e−x

✸



❋✉♥❦t✐♦♥ lim
x→−∞

lim
x→∞

lim
x→±∞

f(x) lim
x→−∞

f(x) = +∞ lim
x→∞

f(x) = +∞ lim
x→±∞

f(x) = +∞

g(x) lim
x→−∞

g(x) = −∞ lim
x→∞

g(x) = −∞ lim
x→±∞

g(x) = −∞

h(x) lim
x→−∞

h(x) = −∞ lim
x→∞

h(x) = +∞ /

k(x) lim
x→−∞

k(x) = ∞ lim
x→∞

k(x) = −∞ /

l(x) lim
x→−∞

l(x) = 0 lim
x→∞

l(x) = +∞ /

m(x) lim
x→−∞

m(x) = 1 lim
x→∞

m(x) = 1 lim
x→±∞

m(x) = 1

n(x) lim
x→−∞

n(x) = ∞ lim
x→∞

n(x) = 0 /

✹



❆✉❢❣❛❜❡♥ ③✉ ❚❛♥❣❡♥t❡♥✴◆♦r♠❛❧❡♥ ✭✶✻✳✵✾✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✶✷ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❡rst❡♥ ③✇❡✐ ❆❜❧❡✐t✉♥❣❡♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✳

❛✮ f(x) = x3 · (x2 + 3x− 1)

❜✮ f(s) = t · √s · cos(s)

❝✮ f(x) = (sin(x)− 2x)2

❞✮ f(x) = ax · cos(bx)

❡✮ f(x) = cos(3 · ex − 2x)

❢✮ f(x) = e2x · (x2 − 3x)

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✶ ✰ ✹ ✰ ✷ ✰ ✷✯ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) = 3x+ 2 ✉♥❞ g(x) = 3

2
· x2 + 2x✳

❛✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❣✐❧t✿ f(x) = g′(x)✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡♥ ✉♥❞ ◆♦r♠❛❧❡♥ ❛♥ g(x) ✐♠ P✉♥❦t O (0|0)✳

❝✮ ❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❞✐❡ ❚❛♥❣❡♥t❡ ❛♥ g(x) ❛♥ ❞❡r ❙t❡❧❧❡ x0 =
1

3
♣❛r❛❧❧❡❧ ③✉ f(x) ✐st✳

❞✯✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛✉s ❆✉❢❣❛❜❡ ❝✮✳

✭❩✉♠ ❱❡r❣❧❡✐❝❤✿ t : y = 3x− 1

6
✮

❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✽ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = −3x2 + 12x− 9 ♠✐t x ∈ R✳

❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ ❢✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ❆♥st✐❡❣ ❞❡s ●r❛♣❤❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ x0 =
1

2
✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ◆♦r♠❛❧❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ x0 = 1✳

❞✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss f ❛♥ ❞❡r ❙t❡❧❧❡ x0 = 2 ③✇❛r ❡✐♥❡ ❚❛♥❣❡♥t❡✱ ❛❧❧❡r❞✐♥❣s ❦❡✐♥❡ ◆♦r♠❛❧❡

❜❡s✐t③t✳

❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✹ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ s✐♥❞ ❞❡r ●r❛♣❤ Gh ❞❡r ❣❡❜r♦❝❤❡♥r❛t✐♦♥❛❧❡♥ ❋✉♥❦t✐♦♥ h(x) = 4

x2 ✉♥❞ ❞❡r P✉♥❦t

B (2|h(2))✳
❉✐❡ ❚❛♥❣❡♥t❡ t ❛♥ Gh ✐♠ P✉♥❦t B s❝❤❧✐❡ÿt ♠✐t ❞❡♥ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❡✐♥ ❉r❡✐❡❝❦ ❡✐♥✳

❛✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣✱ ❞✉r❝❤ ✇❡❧❝❤❡ ❞✐❡ ❚❛♥❣❡♥t❡ t ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥ ❦❛♥♥✳

❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❋❧ä❝❤❡♥✐♥❤❛❧t ❞❡s ❉r❡✐❡❝❦s✳

✶



❆✉❢❣❛❜❡ ✺ ♦❤♥❡ ❈❆❙ ✭✶✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f : x 7→ (x+ 2)2 − 9✳
❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ●❡r❛❞❡♥ ❞✉r❝❤ ❞✐❡ ❣❡❣❡❜❡♥❡♥ P✉♥❦t❡✳

❛✮ A(1|2) ✉♥❞ B(3| − 10)

❜✮ C (2|f(2)) ✉♥❞ D(0|1)

❝✮ E (−1|f(−1)) ✉♥❞ F (0|f(0))

❞✮ G (−5|f(−5)) ✉♥❞ H (−4|f(−4))

❆✉❢❣❛❜❡ ✻ ❛✮ ❜✐s ❞✮ ♦❤♥❡ ❈❆❙ ✭✶✺ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ g : x 7→ −x2 + 5x− 2✳
❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❡r❛❞❡♥✲ ❜③✇✳ ❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣❡♥ ❢ür ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥✳

❛✮ ❉✐❡ ●❡r❛❞❡ g1 ❤❛t ❡✐♥❡♥ ❆♥st✐❡❣ m = −2 ✉♥❞ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ P✉♥❦t P1(3|2)✳

❜✮ ❉✐❡ ●❡r❛❞❡ g2 ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ P✉♥❦t P2 (3|g(3)) ✉♥❞ ✐st ♣❛r❛❧❧❡❧ ③✉ y = 4x− 2✳

❝✮ ❉✐❡ ❚❛♥❣❡♥t❡ g3 ❜❡rü❤rt ❛♥ ❞❡r ❙t❡❧❧❡ x = 3 ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✳

❞✮ ❉✐❡ ❚❛♥❣❡♥t❡ g4 ❜❡rü❤rt ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✳

❡✮ ❉✐❡ ●❡r❛❞❡ g5 ❤❛t ❡✐♥❡♥ ❆♥st✐❡❣s✇✐♥❦❡❧ α = 30◦ ✉♥❞ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ P✉♥❦t P3 (0|g(0))

❆✉❢❣❛❜❡ ✼ ♦❤♥❡ ❈❆❙ ✭✾ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ h : x 7→ −3x2 + 12x− 9✳
❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡✱ ❛♥ ✇❡❧❝❤❡r ❞✐❡ ❚❛♥❣❡♥t❡ ❞❡♥ ❣❡❣❡❜❡♥❡♥ ❆♥st✐❡❣ ❜❡s✐t③t✳ ●❡❜❡♥ ❙✐❡

❛♥s❝❤❧✐❡ÿ❡♥❞ ❞✐❡ ❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣ ❛♥✳

❛✮ m = 12

❜✮ m = −6

❝✮ m = 0

✷



❆✉❢❣❛❜❡ ✽ ✭✷ ✰ ✷ ✰ ✷ ✰ ✸ ❇❊ ✰ ✷ ❩✉s❛t③♣✉♥❦t❡✮

❉✐❡ ❍❡❧♣t❡r ❇❡r❣❡ s✐♥❞ ❞✐❡ ❤ö❝❤st❡ ♥❛tür❧✐❝❤❡ ❊r❤❡❜✉♥❣ ✐♥ ✉♥s❡r❡♠ ❇✉♥❞❡s❧❛♥❞✳ ❲❡♥♥ ❞❛s

Pr♦✜❧ ❞❡s ❇❡r❣❡s ❡①tr❡♠ st❛r❦ ✈❡r❡✐♥❢❛❝❤t ✇✐r❞✱ ❦❛♥♥ ❡s ♠✐t ❢♦❧❣❡♥❞❡r ❋✉♥❦t✐♦♥ h(x) ❜❡s❝❤r✐❡❜❡♥
✇❡r❞❡♥✿

h(x) = − 1

288.000
x3 +

307

180.000
x2 − 103

1.200
x+ 145, 0 ≦ x ≦ 450

❉❛❜❡✐ ❣✐❜t x ❞✐❡ ❊♥t❢❡r♥✉♥❣ ✐♥ ♠ ❛♥ ✉♥❞ y ❞✐❡ ❊r❤ö❤✉♥❣ ü❜❡r ◆♦r♠❛❧❤ö❤❡♥♥✉❧❧ ✭◆❍◆✮ ✐♥ ♠✳

❛✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❍ö❤❡ ③✉ ❇❡❣✐♥♥ ✉♥❞ ③✉♠ ❊♥❞❡ ❞❡s ❇❡r❣♣r♦✜❧s ❛♥✳

✭❱❡r❣❧❡✐❝❤✿ ❲♦❧❞❡❣❦ ❧✐❡❣t ❝❛✳ ✶✶✷ ♠ ü❜❡r ◆❍◆❀ ❋r✐❡❞❧❛♥❞ ❧✐❡❣t ❝❛✳ ✶✻ ♠ ü❜❡r ◆❍◆❀ ◆❡✉✲

❜r❛♥❞❡♥❜✉r❣ ■♥♥❡♥st❛❞t ❧✐❡❣t ❝❛✳ ✷✵ ♠ ü❜❡r ◆❍◆ ✉♥❞ ❞❡r ❉❛t③❡❜❡r❣ ❝❛✳ ✺✼ ♠ ü❜❡r ◆❍◆✮✶

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ✇✐❡ ✇❡✐t ❡s ✈♦♥ ❇❡❣✐♥♥ ❞❡r ❇❡r❣❡ ❜✐s ③✉♠ ❍ö❝❤st❡♥ P✉♥❦t ❛✉❢ ❡✐♥❡r ❍ö❤❡

✈♦♥ ✶✼✾ ♠ ü❜❡r ◆❍◆ ✐st✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ♠✐tt❧❡r❡♥ ❆♥st✐❡❣ ❞❡r ❇❡r❣❡ ✐♠ ■♥t❡r✈❛❧❧ [0;x❍P] ✉♥❞ ✐♠ ■♥t❡r✈❛❧❧

[x❍P; 450]✳ ●❡❜❡♥ ❙✐❡ ❛♥s❝❤❧✐❡ÿ❡♥ ❞✐❡ ❆♥st✐❡❣s✇✐♥❦❡❧ ❛♥✳

✭❍✐♥✇❡✐s✿ x❍P ✐st ❞❡r ①✲❲❡rt ❞❡s ❍♦❝❤♣✉♥❦t❡s✱ ✇❡❧❝❤❡r ✐♥ ❆✉❢❣❛❜❡ ❜✮ ❡r♠✐tt❡❧t ✇✉r❞❡✳✮

❞✮ ❩✉ ❇❡❣✐♥♥ ✉♥❞ ③✉♠ ❊♥❞❡ ❞❡s ❇❡r❣❡s s♦❧❧ ❡✐♥❡ ❙tr❛ÿ❡ ❛♥s❝❤❧✐❡ÿ❡♥✱ ✇❡❧❝❤❡ ❣❡r❛❞❧✐♥✐❣ ✈❡r❧ä✉❢t✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ ❢ür ❡✐♥❡ ❞❡r ❜❡✐❞❡♥ ❙tr❛ÿ❡♥✳

❡✯✮ ❇❡✉rt❡✐❧❡♥ ❙✐❡✱ ✇❛r✉♠ ❞❡r ❋✉♥❦t✐♦♥s❣r❛♣❤ ❡①tr❡♠ st❛r❦ ✈❡r❡✐♥❢❛❝❤t ✐st✳

✶
❉❛t❡♥ ❡r♠✐tt❡❧t ❞✉r❝❤ ❤tt♣s✿✴✴✇✇✇✳♠❛♣❝♦♦r❞✐♥❛t❡s✳♥❡t✴❞❡✳

✸



❆✉❢❣❛❜❡♥ ③✉ ❚❛♥❣❡♥t❡♥✴◆♦r♠❛❧❡♥ ✭✶✻✳✵✾✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✶✷ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❡rst❡♥ ③✇❡✐ ❆❜❧❡✐t✉♥❣❡♥ ❞❡r ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✳

❛✮ f(x) = x3 · (x2 + 3x− 1)= x5 + 3x4 − x3

f ′(x) = 5x4 + 12x3 − 3x2 f ′′(x) = 20x3 + 36x2 − 6x

❜✮ f(s) = t · √s · cos(s)

f ′(s) = t ·
(

1
2·
√
s
· cos(s) +√

s · (− sin(s))
)

= t ·
(

1
2·
√
s
· cos(s)−√

s · sin(s)
)

f ′′(s) = t ·









− 1

4·
√
s3

· cos(s)− 1

2 · √s
· sin(s)− 1

2 · √s
· sin(s)

︸ ︷︷ ︸

=2· 1

2·
√

s
·sin(s)

−√
s · cos(s)









f ′′(s) = t ·
((

− 1

4·
√
s3

−√
s
)

· cos(s)− 1√
s
· sin(s)

)

❝✮ f(x) = (sin(x)− 2x)2

f ′(x) = 2 · (sin(x)− 2x) · (cos(x)− 2)

f ′′(x) = 2 · ((cos(x)− 2) · (cos(x)− 2) + (sin(x)− 2x) · (− sin(x)))

f ′′(x) = 2 ·
(
(cos(x)− 2)2 − (sin(x))2 + 2x · sin(x)

)

❞✮ f(x) = ax · cos(bx)
f ′(x) = ln(a) ·ax ·cos(bx)+ax · ln(b) ·bx ·(− sin(bx)) = ln(a) ·ax ·cos(bx)−ax · ln(b) ·bx ·sin(bx)
f ′(x) = ax · (ln(a) · cos(bx)− ln(b) · bx · sin(bx))
f ′′(x) = ln(a) · ax · (ln(a) · cos(bx)− ln(b) · bx · sin(bx))
+ax ·

(
− ln(a) · ln(b) · bx · sin(bx)− (ln(b))2 · bx · sin(bx)− (ln(b))2 · bx · bx · cos(bx)

)

❡✮ f(x) = cos(3 · ex − 2x)

f ′(x) = (3 · ex − 2) · (− sin(3 · ex − 2x))

f ′′(x) = 3 · ex · (− sin(3 · ex − 2x)) + (3 · ex − 2)2 · (− cos(3x − 2x))

❢✮ f(x) = e2x · (x2 − 3x)

f ′(x) = 2 · e2x · (x2 − 3x) + e2x · (2x− 3) = e2x · (2x2 − 4x− 3)

f ′′(x) = 2 · e2x · (2x2 − 4x− 3) + e2x · (4x− 4) = e2x · (4x2 − 4x− 10)

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✶ ✰ ✹ ✰ ✷ ✰ ✷✯ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f(x) = 3x+ 2 ✉♥❞ g(x) = 3
2 · x2 + 2x✳

❛✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❣✐❧t✿ f(x) = g′(x)✳

g′(x) = 3
2 · 2 · x+ 2 · 1 = 3x+ 2 = f(x)

✶



❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡♥ ✉♥❞ ◆♦r♠❛❧❡♥ ❛♥ g(x) ✐♠ P✉♥❦t O (0|0)✳
g′(x) = 3x+ 2 g′(0) = 2 ❛❧s♦ mT = 2

y = m · x+ n P✉♥❦t O (0|0) ✉♥❞ mT = 2 ❡✐♥s❡t③❡♥✿ 0 = 2 · 0 + n ❛❧s♦ n = 0

t : y = 2x

❉❡r ❆♥st✐❡❣ ❞❡r ◆♦r♠❛❧❡♥ ✐st mN = − 1
mT

= −1
2

y = m · x+ n P✉♥❦t O (0|0) ✉♥❞ mN = −1
2 ❡✐♥s❡t③❡♥✿ 0 = −1

2 · 0 + n ❛❧s♦ n = 0

nor : y = −1
2x

❝✮ ❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❞✐❡ ❚❛♥❣❡♥t❡ ❛♥ g(x) ❛♥ ❞❡r ❙t❡❧❧❡ x0 =
1
3 ♣❛r❛❧❧❡❧ ③✉ f(x) ✐st✳

g′(13) = 3 · 1
3 + 2 = 3 ❛❧s♦ ✐st ❞❡r ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ m = 3✳ ❉❛s ✐st ♣❛r❛❧❧❡❧ ③✉ f(x)✳

❞✯✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛✉s ❆✉❢❣❛❜❡ ❝✮ ❛♥✳

✭❩✉♠ ❱❡r❣❧❡✐❝❤✿ t : y = 3x− 1
6✮

P✉♥❦t ❜❡r❡❝❤♥❡♥✿ g(13) =
3
2 · (13)2 + 2 · 1

3 = 1
6 + 2

3 = 5
6 → P

(
1
3 |56

)

❆♥st✐❡❣ ❛♥ ❞❡r ❙t❡❧❧❡ x = 1
3 ❜❡r❡❝❤♥❡♥✿ ❆✉❢❣❛❜❡ ❝✮ → mT = 3

❚❛♥❣❡♥❣❧❡✐❝❤✉♥❣ ❜❡st✐♠♠❡♥✿ y = m · x+ n → 5
6 = 3 · 1

3 + n → −1
6 = n

t : y = 3x− 1
6

❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✽ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = −3x2 + 12x− 9 ♠✐t x ∈ R✳

❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ ❢✳

0 = −3x2 + 12x− 9 → 0 = x2 − 4x+ 3

♣✲q✲❋♦r♠❡❧ ❛♥✇❡♥❞❡♥ ❢ü❤rt ③✉✿ x1 = 1 ✉♥❞ x2 = 3✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ❆♥st✐❡❣ ❞❡s ●r❛♣❤❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ x0 =
1
2 ✳

f ′(x) = −6x+ 12 → f ′ (1
2

)
= 9 → m = 9

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ◆♦r♠❛❧❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ x0 = 1✳

P✉♥❦t ❜❡st✐♠♠❡♥✿ f(1) = −3 · 1 + 12 · 1− 9 = 0✱ ❛❧s♦ ✐st ❞❡r P✉♥❦t P (1|0)
❆♥st✐❡❣ ❞❡r ◆♦r♠❛❧❡♥ ❜❡st✐♠♠❡♥✿ mT = f ′(1) = 6 → mN = −1

6

◆♦r♠❛❧❡♥❣❧❡✐❝❤✉♥❣ ❛✉❢st❡❧❧❡♥✿ y = m · x+ n → 0 = −1
6 · 1 + n → n = 1

6

⇒ ♥♦r : y = −1
6x+ 1

6

❞✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss f ❛♥ ❞❡r ❙t❡❧❧❡ x0 = 2 ③✇❛r ❡✐♥❡ ❚❛♥❣❡♥t❡✱ ❛❧❧❡r❞✐♥❣s ❦❡✐♥❡ ◆♦r♠❛❧❡

❜❡s✐t③t✳

f ′(2) = 0 = mT → mN = −1
0 ✐st ♥✐❝❤t ❞❡✜♥✐❡rt✱ ❞❡s❤❛❧❜ ❡①✐st✐❡rt ❛♥ ❞❡r ❙t❡❧❧❡ ③✇❛r

❡✐♥❡ ❚❛♥❣❡♥t❡ ♠✐t ❆♥st✐❡❣ ✵✱ ❛❜❡r ❦❡✐♥❡ ◆♦r♠❛❧❡✳

❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✹ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ s✐♥❞ ❞❡r ●r❛♣❤ Gh ❞❡r ❣❡❜r♦❝❤❡♥r❛t✐♦♥❛❧❡♥ ❋✉♥❦t✐♦♥ h(x) = 4
x2 ✉♥❞ ❞❡r P✉♥❦t

B (2|h(2))✳
❉✐❡ ❚❛♥❣❡♥t❡ t ❛♥ Gh ✐♠ P✉♥❦t B s❝❤❧✐❡ÿt ♠✐t ❞❡♥ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❡✐♥ ❉r❡✐❡❝❦ ❡✐♥✳

✷



❛✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣✱ ❞✉r❝❤ ✇❡❧❝❤❡ ❞✐❡ ❚❛♥❣❡♥t❡ t ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥ ❦❛♥♥✳

❑♦♦r❞✐♥❛t❡♥ ✈♦♥ P✉♥❦t ❇ ❜❡r❡❝❤♥❡♥✿ h(2) = 4
22

= 1✱ ❛❧s♦ ✐st B(2|1)
❆♥st✐❡❣ ❜❡st✐♠♠❡♥✿ h′(x) = − 8

x3 → h′(2) = − 8
23

= −1 = mT

❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣ ❡r♠✐tt❡❧♥✿ y = m · x+ n → 1 = −1 · 2 + n → n = 3

⇒ t : y = −x+ 3

❜✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❋❧ä❝❤❡♥✐♥❤❛❧t ❞❡s ❉r❡✐❡❝❦s✳

❉❛s ❉r❡✐❡❝❦ ✐st r❡❝❤t✇✐♥❦❧✐❣✳ ❉✐❡ ❍ö❤❡ ✉♥❞ ▲ä♥❣❡ ✐st ❞✉r❝❤ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥s❝❤♥✐tt♣✉♥❦t❡

❜❡st✐♠♠t✱ ❛❧s♦ ♠üss❡♥ ❞✐❡s❡ ❜❡st✐♠♠t ✇❡r❞❡♥✱ ✉♠ s✐❡ ❞❛♥♥ ✐♥ ❞✐❡ ❋♦r♠❡❧ A△ = 1
2 · a · b

❡✐♥③✉s❡t③❡♥✳

❙❝❤♥✐tt♣✉♥❦t ♠✐t ❞❡r ②✲❆❝❤s❡✿ t(0) = 3

→ Sy(0|3)✱ ❛❧s♦ ❤❛t ❞❛s ❉r❡✐❡❝❦ ❡✐♥❡ ❍ö❤❡ ✈♦♥ ✸ ▲❊✳

❙❝❤♥✐tt♣✉♥❦t ♠✐t ❞❡r ①✲❆❝❤s❡✿ 0 = −x+ 3 → x = 3

→ Sx(3|0)✱ ❛❧s♦ ❤❛t ❞❛s ❉r❡✐❡❝❦ ❡✐♥❡ ▲ä♥❣❡ ✈♦♥ ✸ ▲❊✳

A△ = 1
2 · 3 ▲❊ · 3 ▲❊ = 9

2 ❋❊ = 4, 5 ❋❊✳

❆✉❢❣❛❜❡ ✺ ♦❤♥❡ ❈❆❙ ✭✶✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f : x 7→ (x+ 2)2 − 9✳
❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ●❡r❛❞❡♥ ❞✉r❝❤ ❞✐❡ ❣❡❣❡❜❡♥❡♥ P✉♥❦t❡✳

❛✮ A(1|2) ✉♥❞ B(3| − 10)

m = −10−2
3−1 = −6

y = m · x+ n ⇒ 2 = −6 · 1 + n ⇒ n = 8

⇒ y = −6x+ 8

❜✮ C (2|f(2)) ✉♥❞ D(0|1)
f(2) = (2 + 2)2 − 9 = 7 ⇒ C(2|7)
m = 7−1

2−0 = 3

y = m · x+ n ⇒ 7 = 3 · 2 + n ⇒ n = 1

⇒ y = 3x+ 1

❝✮ E (−1|f(−1)) ✉♥❞ F (0|f(0))
f(−1) = (−1 + 2)2 − 9 = −8 ⇒ E(−1| − 8)

f(0) = (0 + 2)2 − 9 = −5 ⇒ F (0| − 5)

m = −5+8
0+1 = 3

y = m · x+ n ⇒ −5 = 3 · 0 + n ⇒ n = −5

⇒ y = 3x− 5

❞✮ G (−5|f(−5)) ✉♥❞ H (−4|f(−4))

f(−5) = (−5 + 2)2 − 9 = 0 ⇒ G(−5|0)
f(−4) = (−4 + 2)2 − 9 = −5 ⇒ H(−4| − 5)

m = −5−0
−4+5 = −5

✸



y = m · x+ n ⇒ 0 = −5 · (−5) + n ⇒ n = −25

⇒ y = −5x− 25

❆✉❢❣❛❜❡ ✻ ❛✮ ❜✐s ❞✮ ♦❤♥❡ ❈❆❙ ✭✶✺ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ g : x 7→ −x2 + 5x− 2✳ → g′(x) = −2x+ 5

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❡r❛❞❡♥✲ ❜③✇✳ ❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣❡♥ ❢ür ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥✳

❛✮ ❉✐❡ ●❡r❛❞❡ g1 ❤❛t ❡✐♥❡♥ ❆♥st✐❡❣ m = −2 ✉♥❞ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ P✉♥❦t P1(3|2)✳
y = m·x+n ⇒ 2 = −2·3+n ⇒ n = 8 g1(x) = −2x+8

❜✮ ❉✐❡ ●❡r❛❞❡ g2 ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ P✉♥❦t P2 (3|g(3)) ✉♥❞ ✐st ♣❛r❛❧❧❡❧ ③✉ y = 4x− 2✳

m = 4;P2(3|4) y = m · x+ n ⇒ 4 = 4 · 3 + n ⇒ n = −8 g2(x) = 4x− 8

❝✮ ❉✐❡ ❚❛♥❣❡♥t❡ g3 ❜❡rü❤rt ❛♥ ❞❡r ❙t❡❧❧❡ x = 3 ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✳

g′(3) = −1 = m;P (3|−4) y = m·x+n ⇒ −4 = −1·3+n ⇒ n = −1 g3(x) = −x−1

❞✮ ❉✐❡ ❚❛♥❣❡♥t❡ g4 ❜❡rü❤rt ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ❞❡♥ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✳

g′(1) = 3 = m;P (1|2) y = m · x+ n ⇒ 2 = 3 · 1 + n ⇒ n = −1 g4(x) = 3x− 1

❡✮ ❉✐❡ ●❡r❛❞❡ g5 ❤❛t ❡✐♥❡♥ ❆♥st✐❡❣s✇✐♥❦❡❧ α = 30◦ ✉♥❞ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ P✉♥❦t P3 (0|g(0))

m = tan(α) = tan(30◦) =
√
3
3 ≈ 0, 577 P3(0| − 2)

y = m · x+ n ⇒ −2 = 0, 577 · 0 + n ⇒ n = −2

g4(x) = 0, 577x− 2 ❜③✇✳ ❡①❛❦t✿ g4(x) =
√
3
3 x− 2

❆✉❢❣❛❜❡ ✼ ♦❤♥❡ ❈❆❙ ✭✾ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ h : x 7→ −3x2 + 12x− 9✳
❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡✱ ❛♥ ✇❡❧❝❤❡r ❞✐❡ ❚❛♥❣❡♥t❡ ❞❡♥ ❣❡❣❡❜❡♥❡♥ ❆♥st✐❡❣ ❜❡s✐t③t✳ ●❡❜❡♥ ❙✐❡

❛♥s❝❤❧✐❡ÿ❡♥❞ ❞✐❡ ❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣ ❛♥✳

❛✮ m = 12

12 = −6x+ 12 ⇒ x = 0 h(0) = −9 ⇒ P (0| − 9)

y = m · x+ n ⇒ −9 = 12 · 0 + n ⇒ n = −9

t : y = 12x− 9

❜✮ m = −6 ❆♥❛❧♦❣❡r ❘❡❝❤❡♥✇❡❣✱ ✇✐❡ ❛✮ ⇒ x = 3 ✉♥❞ t : y = −6x+ 18

❝✮ m = 0 ❆♥❛❧♦❣❡r ❘❡❝❤❡♥✇❡❣✱ ✇✐❡ ❛✮ ⇒ x = 2 ✉♥❞ t : y = 3

✹



❆✉❢❣❛❜❡ ✽ ✭✷ ✰ ✷ ✰ ✷ ✰ ✸ ❇❊ ✰ ✷ ❩✉s❛t③♣✉♥❦t❡✮

❉✐❡ ❍❡❧♣t❡r ❇❡r❣❡ s✐♥❞ ❞✐❡ ❤ö❝❤st❡ ♥❛tür❧✐❝❤❡ ❊r❤❡❜✉♥❣ ✐♥ ✉♥s❡r❡♠ ❇✉♥❞❡s❧❛♥❞✳ ❲❡♥♥ ❞❛s

Pr♦✜❧ ❞❡s ❇❡r❣❡s ❡①tr❡♠ st❛r❦ ✈❡r❡✐♥❢❛❝❤t ✇✐r❞✱ ❦❛♥♥ ❡s ♠✐t ❢♦❧❣❡♥❞❡r ❋✉♥❦t✐♦♥ h(x) ❜❡s❝❤r✐❡❜❡♥
✇❡r❞❡♥✿

h(x) = − 1

288.000
x3 +

307

180.000
x2 − 103

1.200
x+ 145, 0 ≦ x ≦ 450

❉❛❜❡✐ ❣✐❜t x ❞✐❡ ❊♥t❢❡r♥✉♥❣ ✐♥ ♠ ❛♥ ✉♥❞ y ❞✐❡ ❊r❤ö❤✉♥❣ ü❜❡r ◆♦r♠❛❧❤ö❤❡♥♥✉❧❧ ✭◆❍◆✮ ✐♥ ♠✳

❛✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❍ö❤❡ ③✉ ❇❡❣✐♥♥ ✉♥❞ ③✉♠ ❊♥❞❡ ❞❡s ❇❡r❣♣r♦✜❧s ❛♥✳

✭❱❡r❣❧❡✐❝❤✿ ❲♦❧❞❡❣❦ ❧✐❡❣t ❝❛✳ ✶✶✷ ♠ ü❜❡r ◆❍◆❀ ❋r✐❡❞❧❛♥❞ ❧✐❡❣t ❝❛✳ ✶✻ ♠ ü❜❡r ◆❍◆❀ ◆❡✉✲

❜r❛♥❞❡♥❜✉r❣ ■♥♥❡♥st❛❞t ❧✐❡❣t ❝❛✳ ✷✵ ♠ ü❜❡r ◆❍◆ ✉♥❞ ❞❡r ❉❛t③❡❜❡r❣ ❝❛✳ ✺✼ ♠ ü❜❡r ◆❍◆✮✶

h(0) = 145 ✉♥❞ h(450) ≈ 135, 34
❉❡r ❇❡r❣ ✐st ③✉ ❇❡❣✐♥♥ ✶✹✺ ♠ ü❜❡r ◆❍◆ ✉♥❞ ❛♠ ❊♥❞❡ ❝❛✳ ✶✸✺✱✸✹ ♠ ü❜❡r ◆❍◆✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ✇✐❡ ✇❡✐t ❡s ✈♦♥ ❇❡❣✐♥♥ ❞❡r ❇❡r❣❡ ❜✐s ③✉♠ ❍ö❝❤st❡♥ P✉♥❦t ❛✉❢ ❡✐♥❡r ❍ö❤❡

✈♦♥ ✶✼✾ ♠ ü❜❡r ◆❍◆ ✐st✳

179 = h(x) → x1 = −108, 8 ❧✐❡❣t ❛✉ÿ❡r❤❛❧❜ ❞❡s ■♥t❡r✈❛❧❧s ✉♥❞ x2 = 300
◆❛❝❤ ✸✵✵ ♠ ✐st ❞❡r ❤ö❝❤st❡ P✉♥❦t ✈♦♥ ✶✼✾ ♠ ❡rr❡✐❝❤t✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ♠✐tt❧❡r❡♥ ❆♥st✐❡❣ ❞❡r ❇❡r❣❡ ✐♠ ■♥t❡r✈❛❧❧ [0;x❍P] ✉♥❞ ✐♠ ■♥t❡r✈❛❧❧

[x❍P; 450]✳ ●❡❜❡♥ ❙✐❡ ❛♥s❝❤❧✐❡ÿ❡♥ ❞✐❡ ❆♥st✐❡❣s✇✐♥❦❡❧ ❛♥✳

✭❍✐♥✇❡✐s✿ x❍P ✐st ❞❡r ①✲❲❡rt ❞❡s ❍♦❝❤♣✉♥❦t❡s✱ ✇❡❧❝❤❡r ✐♥ ❆✉❢❣❛❜❡ ❜✮ ❡r♠✐tt❡❧t ✇✉r❞❡✳✮

▼✐tt❧❡r❡r ❆♥st✐❡❣ ❢ür [0; 300] : 179−145
300−0 ≈ 0, 113

❉❡r ❆♥st✐❡❣s✇✐♥❦❡❧ ✐st ❞❛♥♥ α = tan−1(0, 113) ≈ 6, 4◦

▼✐tt❧❡r❡r ❆♥st✐❡❣ ❢ür [300; 450] : 135,34−179
450−300 ≈ −0, 291

❉❡r ❆♥st✐❡❣s✇✐♥❦❡❧ ✐st ❞❛♥♥ α = tan−1(−0, 291) ≈ −16, 2◦✱ ❛❧s♦ ✐st ❞❡r ❲✐♥❦❡❧ ❞❡s ❆❜st✐❡❣s

16, 2◦

❞✮ ❩✉ ❇❡❣✐♥♥ ✉♥❞ ③✉♠ ❊♥❞❡ ❞❡s ❇❡r❣❡s s♦❧❧ ❡✐♥❡ ❙tr❛ÿ❡ ❛♥s❝❤❧✐❡ÿ❡♥✱ ✇❡❧❝❤❡ ❣❡r❛❞❧✐♥✐❣ ✈❡r❧ä✉❢t✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ ❢ür ❡✐♥❡ ❞❡r ❜❡✐❞❡♥ ❙tr❛ÿ❡♥✳

h′(x) = − 1
96.000x

2 + 307
90.000x− 103

1.200

▲ös✉♥❣ ✶ ❢ür x = 0✿

h′(0) = − 103
1.200 ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ y = mx+ n ❲❡rt❡ ❡✐♥s❡t③❡♥✱ ✉♠ n ③✉ ❜❡st✐♠♠❡♥✿

145 = 103
1.200 · 0 + n → n = 145 → t : y = − 103

1.200x+ 145

▲ös✉♥❣ ✷ ❢ür x = 450✿

h′(450) = −3.169
4.800 ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ y = mx+ n ❲❡rt❡ ❡✐♥s❡t③❡♥✱ ✉♠ n ③✉ ❜❡st✐♠♠❡♥✿

135, 34 = 3.169
4.800 · 450 + n → n ≈ 432, 434 → t : y = −3.169

4.800x+ 432, 434

❡✯✮ ❇❡✉rt❡✐❧❡♥ ❙✐❡✱ ✇❛r✉♠ ❞❡r ❋✉♥❦t✐♦♥s❣r❛♣❤ ❡①tr❡♠ st❛r❦ ✈❡r❡✐♥❢❛❝❤t ✐st✳

❼ ❦❡✐♥❡ ❍ü❣❡❧ ③✇✐s❝❤❡♥❞✉r❝❤

❼ ▲ä♥❣❡♥ ❣❡r✉♥❞❡t ✉♥❞ t❡✐❧✇❡✐s❡ ✈✐❡❧ ③✉ ❦✉r③ ✭❞❡r ❣❛♥③❡ ❇❡r❣ ✐st ✹✺✵ ♠ ❧❛♥❣✮

❼ ✳✳✳

✶
❉❛t❡♥ ❡r♠✐tt❡❧t ❞✉r❝❤ ❤tt♣s✿✴✴✇✇✇✳♠❛♣❝♦♦r❞✐♥❛t❡s✳♥❡t✴❞❡✳

✺



❆✉❢❣❛❜❡♥ ③✉ ▼♦♥♦t♦♥✐❡ ✉♥❞ ❧♦❦❛❧❡♥ ❊①tr❡♠❛ ✭✷✸✳✵✾✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✸✰✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f ♠✐t ❞❡r ●❧❡✐❝❤✉♥❣ f(x) = 3− 2 · sin(x)✳

❛✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ f ✐♠ P✉♥❦t (0 | f(0))✳

❜✮ ●❡❜❡♥ ❙✐❡ ❞❡♥ ❲❡rt❡❜❡r❡✐❝❤ ✈♦♥ f ❛♥✳

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✸✰✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ ♠✐t ❞❡r ●❧❡✐❝❤✉♥❣ f(x) = 1

x
2 + 2 ♠✐t x ∈ R \ {0}✳ ■❤r ●r❛♣❤ ❤❡✐ÿt G✳

❉✐❡ ❚❛♥❣❡♥t❡ ❛♥ G ✐♠ P✉♥❦t P (1|f(1)) ❤❡✐ÿt t✱ ❞✐❡ ◆♦r♠❛❧❡ ✐♠ s❡❧❜❡♥ P✉♥❦t ❤❡✐ÿt s✳

❛✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ✈♦♥ t✳

❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡ ♦❤♥❡ ✇❡✐t❡r❡ ❘❡❝❤♥✉♥❣✱ ❞❛ss ❞❛s ❉r❡✐❡❝❦✱ ✇❡❧❝❤❡s ❞✉r❝❤ t✱ s ✉♥❞ ❞✐❡ x✲❆❝❤s❡

❣❡❜✐❧❞❡t ✐st✱ ♥✐❝❤t ❣❧❡✐❝❤s❡✐t✐❣ ✐st✳

❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✶✷ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❧♦❦❛❧❡♥ ❍♦❝❤✲ ❜③✇✳ ❚✐❡❢♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f(x)✳

❛✮ f(x) = x3 − 6x2 + 9x− 4

❜✮ f(x) = 1

9
x4 − 2x2 + 8

❝✮ f(x) = x4 − 6x2 + 5

❞✮ f(x) = 1

6
x3 − x2 + 2x− 1

❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✻ ❇❊✮

❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ f(x) ❦❡✐♥❡ ❧♦❦❛❧❡♥ ❊①tr❡♠st❡❧❧❡♥ ❜❡s✐t③❡♥ ❦❛♥♥✳

❛✮ f(x) = x3 + 3x ❜✮ f(x) = 1

x
− 2x ❝✮ f(x) = ex + 2

❆✉❢❣❛❜❡ ✺ ♦❤♥❡ ❈❆❙ ✭✸ ❇❊✮

❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞❛s ▼♦♥♦t♦♥✐❡✈❡r❤❛❧t❡♥ ❞❡r ❋✉♥❦t✐♦♥ f(x) ✉♥❞ ❜❡③✐❡❤❡♥ ❙✐❡ ✐♥ ■❤r❡ ❆r❣✉♠❡♥✲

t❛t✐♦♥ ❛✉❝❤ ❞✐❡ ❱❡rs❝❤✐❡❜✉♥❣ ❡♥t❧❛♥❣ ❞❡r ①✲ ✉♥❞ ❞❡r ②✲❆❝❤s❡ ♠✐t ❡✐♥✳

f(x) = (x+ 1)2 − 2

❆✉❢❣❛❜❡ ✻ ♦❤♥❡ ❈❆❙ ✭✶✰✹ ❇❊✮

●❡❣❡❜❡♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ f : R → R ♠✐t x 7→ x4 − k · x2✱ ✇♦❜❡✐ k ❡✐♥❡ ♣♦s✐t✐✈❡ r❡❡❧❧❡ ❩❛❤❧ ✐st✳

❛✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss f ′(x) = 2x · (2x2 − k) ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❡rst❡♥ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✈♦♥ f

✐st✳

❜✮ ❉✐❡ ❜❡✐❞❡♥ ❚✐❡❢♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ f ❤❛❜❡♥ ❥❡✇❡✐❧s ❞✐❡ y✲❑♦♦r❞✐♥❛t❡ −1✳
❊r♠✐tt❡❧♥ ❙✐❡ ❞❡♥ ❲❡rt ✈♦♥ k✳

✶



❆✉❢❣❛❜❡ ✼ ✭✹ ✰ ✹ ✰ ✸ ❇❊✮

❇▼❳✲❋❛❤rrä❞❡r s✐♥❞ s♣❡③✐❡❧❧ ❢ür ❞❛s ●❡❧ä♥❞❡ ❛✉s❣❡❧❡❣t❡ ❙♣♦rt❣❡rät❡✳ ❋ür ❞❡♥ ♣r♦❢❡ss✐♦♥❡❧❧❡♥

❊✐♥s❛t③ ❞✐❡s❡r ❋❛❤rrä❞❡r ✇✐r❞ ❛✉❢ ❤♦r✐③♦♥t❛❧❡♠ ❯♥t❡r❣r✉♥❞ ❡✐♥❡ ✸♠ ❜r❡✐t❡ ❙♣r✉♥❣s❝❤❛♥③❡ ✐♥st❛❧✲

❧✐❡rt✳ ■♠ ▲ä♥❣ss❝❤♥✐tt ❞❡r ❙❝❤❛♥③❡ ❦❛♥♥ ❞❡r❡♥ Pr♦✜❧❧✐♥✐❡ ❢ür x ∈ [−8; 0] ♠♦❞❡❧❧❤❛❢t ❞✉r❝❤ ❞✐❡ ✐♥

R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = − 5

256
x3 + 3

4
x+2 ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳ ❆❜❜✐❧❞✉♥❣ ✶ ③❡✐❣t ❞❡♥

③✉❣❡❤ör✐❣❡♥ ❚❡✐❧ ❞❡s ●r❛♣❤❡♥ ✈♦♥ f ✳

❆❜❜✐❧❞✉♥❣ ✶✿ ❙♣r✉♥❣s❝❤❛♥③❡

❉❡r ❙t❛rt♣✉♥❦t✱ ✈♦♥ ❞❡♠ ❛✉s ❞✐❡ ❙❝❤❛♥③❡ ❞✉r❝❤❢❛❤r❡♥ ✇✐r❞✱ ✇✐r❞ ❞✉r❝❤ ❞❡♥ P✉♥❦t S (−8 | f(−8))
❞❛r❣❡st❡❧❧t✱ ❞❡r ❆❜s♣r✉♥❣♣✉♥❦t ❞✉r❝❤ A (0 | f(0))✳ ❉❡r ❯♥t❡r❣r✉♥❞ ✇✐r❞ ✐♠ ▲ä♥❣ss❝❤♥✐tt ❞✉r❝❤

❞✐❡ ①✲❆❝❤s❡ ❜❡s❝❤r✐❡❜❡♥❀ ❡✐♥❡ ▲ä♥❣❡♥❡✐♥❤❡✐t ✐♠ ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❡♥ts♣r✐❝❤t ✶♠ ✐♥ ❞❡r ❲✐r❦✲

❧✐❝❤❦❡✐t✳

❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡s P✉♥❦ts✱ ❞❡r ✐♠ ▼♦❞❡❧❧ ❞❡♥ t✐❡❢st❡♥ P✉♥❦t ❞❡r ❙❝❤❛♥③❡

❞❛rst❡❧❧t✳ ❇❡st✐♠♠❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤ ❞✐❡ ❍ö❤❡♥❞✐✛❡r❡♥③ ③✇✐s❝❤❡♥ ❞❡♠ ❤ö❝❤st❡♥ ✉♥❞ ❞❡♠

t✐❡❢st❡♥ P✉♥❦t ❞❡r ❙❝❤❛♥③❡✳

❜✮ ❱❡r❛♥s❝❤❛✉❧✐❝❤❡♥ ❙✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✶ ❞✐❡ ♠✐tt❧❡r❡ ❙t❡✐❣✉♥❣ ❞❡r ❙❝❤❛♥③❡ ③✇✐s❝❤❡♥ ❙t❛rt♣✉♥❦t

✉♥❞ ❆❜s♣r✉♥❣♣✉♥❦t✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡s❡ ❙t❡✐❣✉♥❣✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●röÿ❡ ❞❡s ❲✐♥❦❡❧s✱ ❞❡♥ ❞✐❡ ❙❝❤❛♥③❡ ✐♠ ❙t❛rt♣✉♥❦t ♠✐t ❞❡r ❍♦r✐③♦♥t❛❧❡♥

❡✐♥s❝❤❧✐❡ÿt✳

✷



❆✉❢❣❛❜❡ ✽ ✭✶✵ ❇❊✮

■♠ ❘❛❤♠❡♥ ❡✐♥❡s ❯♥t❡rr✐❝❤ts♣r♦❥❡❦ts ✇✉r❞❡♥ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ❑✉❣❡❧❜❛❤♥❦ör♣❡r ❣❡❢❡rt✐❣t ✉♥❞

❤✐♥s✐❝❤t❧✐❝❤ ✐❤r❡r ❊✐❣❡♥s❝❤❛❢t❡♥ ✉♥t❡rs✉❝❤t✳ ❩✇❡✐ ❞✐❡s❡r ❇❛❤♥❦ör♣❡r s✐♥❞ ✐♥ ❆❜❜✐❧❞✉♥❣ ✷ s❝❤❡✲

♠❛t✐s❝❤ ❞❛r❣❡st❡❧❧t✳

❆❜❜✐❧❞✉♥❣ ✷✿ ❑✉❣❡❧❜❛❤♥❦ör♣❡r

■♠ ▲ä♥❣ss❝❤♥✐tt ❥❡❞❡r ❞❡r ❇❛❤♥❡♥ ❋ ✉♥❞ ●

❼ ❦❛♥♥ ❞✐❡ Pr♦✜❧❧✐♥✐❡ ❞❡r ❇❛❤♥ ♠♦❞❡❧❧❤❛❢t ♠✐t❤✐❧❢❡ ❡✐♥❡r ❋✉♥❦t✐♦♥ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥❀

❼ ✇✐r❞ ❞❡r ❙t❛rt♣✉♥❦t✱ ✈♦♥ ❞❡♠ ❛✉s ❞✐❡ ❑✉❣❡❧ ❞✐❡ ❇❛❤♥ ❞✉r❝❤❧ä✉❢t✱ ❞✉r❝❤ ❞❡♥ P✉♥❦t S(0 | 2)
❞❛r❣❡st❡❧❧t✱ ❞❡r ❊♥❞♣✉♥❦t ❞✉r❝❤ ❞❡♥ P✉♥❦t E

(

2 | 1

2

)

✳

❉❡r ❤♦r✐③♦♥t❛❧❡ ❯♥t❡r❣r✉♥❞✱ ❛✉❢ ❞❡♠ ❞✐❡ ❜❡✐❞❡♥ ❇❛❤♥❦ör♣❡r st❡❤❡♥✱ ✇✐r❞ ❥❡✇❡✐❧s ❞✉r❝❤ ❞✐❡

①✲❆❝❤s❡ ❜❡s❝❤r✐❡❜❡♥❀ ❡✐♥❡ ▲ä♥❣❡♥❡✐♥❤❡✐t ✐♠ ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❡♥ts♣r✐❝❤t ❡✐♥❡♠ ▼❡t❡r ✐♥ ❞❡r

❲✐r❦❧✐❝❤❦❡✐t✳

❉✐❡ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡r Pr♦✜❧❧✐♥✐❡ ❞❡r ❇❛❤♥ ❋ ❡r❢♦❧❣t ♠✐t❤✐❧❢❡ ❞❡r ✐♥ R ❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥

f(x) = 3

11
x3 − 81

44
x+ 2✳

❛✮ ❩❡✐❣❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤✱ ❞❛ss ❞❡r t✐❡❢st❡ P✉♥❦t ❞❡r ❇❛❤♥ ❋ ✉♥t❡r❤❛❧❜ ✐❤r❡s ❊♥❞♣✉♥❦t❡s ❧✐❡❣t✳

❜✮ ■♠ ❢❛❧❧❡♥❞❡♥ ❆❜s❝❤♥✐tt ❞❡r ❇❛❤♥ ❋ ❣✐❜t ❡s ❡✐♥❡♥ P✉♥❦t✱ ❞❡r ❛✉❢ ❞❡r ❍ö❤❡ ❞❡s ❊♥❞♣✉♥❦ts

❧✐❡❣t✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❢ür ❞✐❡s❡♥ P✉♥❦t ❞❡♥ ❆❜st❛♥❞ ✈♦♠ ❊♥❞♣✉♥❦t✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ▲❛❣❡ ❞❡s❥❡♥✐❣❡♥ P✉♥❦ts ❞❡r ❇❛❤♥ ❋✱ ✐♥ ❞❡♠ ❞✐❡s❡ ❞❛s ❣röÿt❡ ●❡❢ä❧❧❡

❤❛t✳

❞✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ f ❢ür 0 ≦ x ≦ 2

❉✐❡ ❇❛❤♥ ● ✈❡r❧ä✉❢t ❣❡r❛❞❡✳ ❉✐❡ ❇❡s❝❤r❡✐❜✉♥❣ ✐❤r❡r Pr♦✜❧❧✐♥✐❡ ❡r❢♦❧❣t ♠✐t❤✐❧❢❡ ❡✐♥❡r ❋✉♥❦t✐♦♥ g✳

❡✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ g ❢ür 0 ≦ x ≦ 2 ✐♥ ❞❛s ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❛✉s ❚❡✐❧❛✉❢❣❛❜❡

❞✮ ❡✐♥ ✉♥❞ ③❡✐❣❡♥ ❙✐❡✱ ❞❛ss g(x) = −3

4
x+ 2 ❣✐❧t✳

✸



❆✉❢❣❛❜❡♥ ③✉ ▼♦♥♦t♦♥✐❡ ✉♥❞ ❧♦❦❛❧❡♥ ❊①tr❡♠❛ ✭✷✸✳✵✾✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✸✰✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f ♠✐t ❞❡r ●❧❡✐❝❤✉♥❣ f(x) = 3− 2 · sin(x)✳

❛✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ f ✐♠ P✉♥❦t (0 | f(0))✳
f(0) = 3− 2 · sin(0) = 3 → (0|3)
f ′(x) = −2 · cos(x) f ′(0) = −2

y = m · x+ n ⇔ 3 = −2 · 0 + n ⇔ n = 3

t(x) = −2 · x+ 3

❜✮ ●❡❜❡♥ ❙✐❡ ❞❡♥ ❲❡rt❡❜❡r❡✐❝❤ ✈♦♥ f ❛♥✳

❉❡r ❲❡rt❡❜❡r❡✐❝❤ ✈♦♥ sin(x) ✐st [−1; 1]
❉❡r ❲❡rt❡❜❡r❡✐❝❤ ✈♦♥ −2 · sin(x) ✐st [−2; 2]
❉❡r ❲❡rt❡❜❡r❡✐❝❤ ✈♦♥ 3− 2 · sin(x) ✐st ❛❧s♦ [1; 5]

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✸✰✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ ♠✐t ❞❡r ●❧❡✐❝❤✉♥❣ f(x) = 1
x2 + 2 ♠✐t x ∈ R \ {0}✳ ■❤r ●r❛♣❤ ❤❡✐ÿt G✳

❉✐❡ ❚❛♥❣❡♥t❡ ❛♥ G ✐♠ P✉♥❦t P (1|f(1)) ❤❡✐ÿt t✱ ❞✐❡ ◆♦r♠❛❧❡ ✐♠ s❡❧❜❡♥ P✉♥❦t ❤❡✐ÿt s✳

❛✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ✈♦♥ t✳

f(1) = 1 + 2 = 3 → P (1|3)
f ′(x) = − 2

x3 → f ′(1) = −2

y = m · x+ n ⇔ 3 = −2 · 1 + n ⇔ n = 5

t(x) = −2 · x+ 5

❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡ ♦❤♥❡ ✇❡✐t❡r❡ ❘❡❝❤♥✉♥❣✱ ❞❛ss ❞❛s ❉r❡✐❡❝❦✱ ✇❡❧❝❤❡s ❞✉r❝❤ t✱ s ✉♥❞ ❞✐❡ x✲❆❝❤s❡
❣❡❜✐❧❞❡t ✐st✱ ♥✐❝❤t ❣❧❡✐❝❤s❡✐t✐❣ ✐st✳

❉❡r ❲✐♥❦❡❧ ③✇✐s❝❤❡♥ ❚❛♥❣❡♥t❡ ✉♥❞ ◆♦r♠❛❧❡♥ ✐st 90◦✱ ❜❡✐ ❡✐♥❡♠ ❣❧❡✐❝❤s❡✐t✐❣❡♥ ❉r❡✐❡❝❦ s✐♥❞
❛❧❧❡ ❲✐♥❦❡❧ 60◦ ❣r♦ÿ✳ ❉❛❤❡r ❢✉♥❦t✐♦♥✐❡rt ❡s ♥✐❝❤t✳

❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✶✷ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❧♦❦❛❧❡♥ ❍♦❝❤✲ ❜③✇✳ ❚✐❡❢♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f(x)✳

❛✮ f(x) = x3 − 6x2 + 9x− 4

f ′(x) = 3x2 − 12x+ 9 f ′′(x) = 6x− 12

0 = 3x2 − 12x+ 9 ⇔ 0 = x2 − 4x+ 3 → x1 = 1 ✉♥❞ x2 = 3

f ′′(1) = −6 < 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 1 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠

f(1) = 0 → H(1 | 0)
f ′′(3) = 6 > 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x2 = 3 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠

f(3) = −4 → T (3 | −4)

✶



❜✮ f(x) = 1
9x

4 − 2x2 + 8

f ′(x) = 4
9x

3 − 4x f ′′(x) = 4
3x

2 − 4

0 = 4
9x

3 − 4x ⇔ 0 = 4x · (19x2 − 1) → x1 = 0, x2 = −3 ✉♥❞ x3 = 3

f ′′(0) = −4 < 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 0 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠

f(0) = 8 → H(0 | 8)
f ′′(−3) = 8 > 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x2 = −3 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠

f(−3) = −1 → T1(−3 | −1)

f ′′(3) = 8 > 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x3 = 3 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠

f(3) = −1 → T2(3 | −1)

❝✮ f(x) = x4 − 6x2 + 5

f ′(x) = 4x3 − 12x f ′′(x) = 12x2 − 12

0 = 4x3 − 12x ⇔ 0 = 4x · (x2 − 3) → x1 = 0, x2 = −
√
3 ✉♥❞ x3 =

√
3

f ′′(0) = −12 < 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x1 = 0 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠

f(0) = 5 → H(0 | 5)
f ′′(−

√
3) = 24 > 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x2 = −

√
3 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠

f(−
√
3) = −4 → T1(−

√
3 | −4)

f ′′(
√
3) = 24 > 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x3 =

√
3 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠

f(
√
3) = −4 → T2(

√
3 | −4)

❞✮ f(x) = 1
6x

3 − x2 + 2x− 1

f ′(x) = 1
2x

2 − 2x+ 2 f ′′(x) = x− 2

0 = 1
2x

2 − 2x+ 2 ⇔ 0 = x2 − 4x+ 4 → x = 2

f ′′(2) = 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x = 2 ❧✐❡❣t ❦❡✐♥ ❧♦❦❛❧❡s ❊①tr❡♠✉♠ ✈♦r✳

❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ ❛❧s ●❡❣❡♥♣r♦❜❡✿ f ′(1) = 1
2 ✉♥❞ f ′(3) = 1

2 → ❦❡✐♥ ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧

❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✻ ❇❊✮

❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ f(x) ❦❡✐♥❡ ❧♦❦❛❧❡♥ ❊①tr❡♠st❡❧❧❡♥ ❜❡s✐t③❡♥ ❦❛♥♥✳

❛✮ f(x) = x3 + 3x

f ′(x) = 3x2 + 3 → 0 = 3x2 + 3 ⇔ 0 = x2 + 1 ❤❛t ❦❡✐♥❡ ▲ös✉♥❣
❙♦♠✐t ❣✐❜t ❡s ❦❡✐♥ ❊①tr❡♠✉♠✳

❜✮ f(x) = 1
x
− 2x

f ′(x) = − 1
x2 − 2 → 0 = − 1

x2 − 2 ⇔ −2 = 1
x2 ❤❛t ❦❡✐♥❡ ▲ös✉♥❣

❙♦♠✐t ❣✐❜t ❡s ❦❡✐♥ ❊①tr❡♠✉♠✳

❝✮ f(x) = ex + 2

f ′(x) = ex ✉♥❞ ❞✐❡s❡ ❋✉♥❦t✐♦♥ ✐st ✐♠♠❡r ❣röÿ❡r ✵✱ ❡❣❛❧ ✇❛s ❢ür x ❡✐♥❣❡s❡t③t ✇✐r❞✳ ❆❧s♦ ❣✐❜t
❡s ❦❡✐♥❡ ◆✉❧❧st❡❧❧❡ ❞❡r ❡rst❡♥ ❆❜❧❡✐t✉♥❣ ✉♥❞ s♦♠✐t ❦❡✐♥❡ ❊①tr❡♠st❡❧❧❡ ❞❡r ❋✉♥❦t✐♦♥✳

✷



❆✉❢❣❛❜❡ ✺ ♦❤♥❡ ❈❆❙ ✭✸ ❇❊✮

❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞❛s ▼♦♥♦t♦♥✐❡✈❡r❤❛❧t❡♥ ❞❡r ❋✉♥❦t✐♦♥ f(x) ✉♥❞ ❜❡③✐❡❤❡♥ ❙✐❡ ✐♥ ■❤r❡ ❆r❣✉♠❡♥✲
t❛t✐♦♥ ❛✉❝❤ ❞✐❡ ❱❡rs❝❤✐❡❜✉♥❣ ❡♥t❧❛♥❣ ❞❡r ①✲ ✉♥❞ ❞❡r ②✲❆❝❤s❡ ♠✐t ❡✐♥✳

f(x) = (x+ 1)2 − 2 = x2 + 2x− 1

f ′(x) = 2x+ 2✳ ❉✐❡s❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ ✐st ♠♦♥♦t♦♥ st❡✐❣❡♥❞✳ ❙✐❡ ❤❛t ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ❜❡✐ x = −1✳
❉❛❤❡r ❣✐❧t f ′(x) < 0 ❢ür ❛❧❧❡ x ∈ (−∞;−1) ✉♥❞ f ′(x) > 0 ❢ür ❛❧❧❡ x ∈ (−1,∞)✳

❉❛s ❤❡✐ÿt✿ ❜✐s x = −1 ❢ä❧❧t ❞✐❡ ❋✉♥❦t✐♦♥ f(x) ✉♥❞ ❛❜ x = −1 st❡✐❣t ❞✐❡ ❋✉♥❦t✐♦♥ f(x) str❡♥❣
♠♦♥♦t♦♥✳

❉✐❡ ❱❡rs❝❤✐❡❜✉♥❣ ❛✉❢ ❞❡r ②✲❆❝❤s❡ ❜❡❡✐♥✢✉sst ❣❛r ♥✐❝❤ts✱ ❞❛ s✐❡ ❜❡✐♠ ❆❜❧❡✐t❡♥ ❛❧s ❑♦♥st❛♥t❡
✇❡❣❢ä❧❧t✳ ❉❛❤❡r ✐st ♥✉r ❞✐❡ ❱❡rs❝❤✐❡❜✉♥❣ ❛✉❢ ❞❡r ①✲❆❝❤s❡ r❡❧❡✈❛♥t ✉♥❞ ❞✉r❝❤ (x + 1)2 ✇✉r❞❡
❞✐❡ ❋✉♥❦t✐♦♥ ✉♠ ✶ ▲ä♥❣❡♥❡✐♥❤❡✐t ♥❛❝❤ ❧✐♥❦s ✈❡rs❝❤♦❜❡♥✳ ❉❡s❤❛❧❜ ä♥❞❡rt s✐❝❤ ❞✐❡ ▼♦♥♦t♦♥✐❡ ❜❡✐
x = −1✳

❆✉❢❣❛❜❡ ✻ ♦❤♥❡ ❈❆❙ ✭✶✰✹ ❇❊✮

●❡❣❡❜❡♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ f : R → R ♠✐t x 7→ x4 − k · x2✱ ✇♦❜❡✐ k ❡✐♥❡ ♣♦s✐t✐✈❡ r❡❡❧❧❡ ❩❛❤❧ ✐st✳

❛✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss f ′(x) = 2x · (2x2 − k) ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❡rst❡♥ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✈♦♥ f

✐st✳

f ′(x) = 4 · x3 − 2 · k · x = 2x · (2 · x2 − k)

❜✮ ❉✐❡ ❜❡✐❞❡♥ ❚✐❡❢♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ f ❤❛❜❡♥ ❥❡✇❡✐❧s ❞✐❡ y✲❑♦♦r❞✐♥❛t❡ −1✳
❊r♠✐tt❡❧♥ ❙✐❡ ❞❡♥ ❲❡rt ✈♦♥ k✳

❉✉r❝❤ ❛✮ ✐st ❞✐❡ ●❧❡✐❝❤✉♥❣ 0 = f ′(x) ❜❡ss❡r ❧ös❜❛r✱ ❞❛ ♥✉r ❞✐❡ ❜❡✐❞❡♥ ❋❛❦t♦r❡♥ ❜❡tr❛❝❤t❡t
✇❡r❞❡♥✳ ❉❛❤❡r ✐st x1 = 0 ✉♥❞ x2 ✉♥❞ x3 ❡r❣❡❜❡♥ s✐❝❤ ❛✉s ❞❡r ▲ös✉♥❣ ❞❡r ●❧❡✐❝❤✉♥❣

0 = 2 · x2 − k ⇔ k
2 = x2 ⇔ x2 = −

√

k
2 ✉♥❞ x3 =

√

k
2

f ′′(x) = 12 · x2 − 2 · k ❉❛ f ′′(0) = −2k < 0 ✐st✱ ✐st ❜❡✐ x1 = 0 s♦♠✐t ❞❡r ❍♦❝❤♣✉♥❦t✳
❉❛❤❡r s✐♥❞ ❜❡✐ x2 ✉♥❞ x3 ❞✐❡ ❜❡✐❞❡♥ ❚✐❡❢♣✉♥❦t❡✳

❋ür ❞✐❡ y✲❑♦♦r❞✐♥❛t❡ ❡✐♥❡s ❚✐❡❢♣✉♥❦t❡s ❣✐❧t✿ f

(

√

k
2

)

= k2

4 − k · k
2 = −k2

4

−1 = −k2

4 ⇔ 4 = k2 ❆❧s♦ ✐st k = 2 ✭❞❛ k = −2 ❡♥t❢ä❧❧t✱ ✇❡✐❧ k ♣♦s✐t✐✈ s❡✐♥ s♦❧❧✮✳

✸



❆✉❢❣❛❜❡ ✼ ✭✹ ✰ ✹ ✰ ✸ ❇❊✮

❇▼❳✲❋❛❤rrä❞❡r s✐♥❞ s♣❡③✐❡❧❧ ❢ür ❞❛s ●❡❧ä♥❞❡ ❛✉s❣❡❧❡❣t❡ ❙♣♦rt❣❡rät❡✳ ❋ür ❞❡♥ ♣r♦❢❡ss✐♦♥❡❧❧❡♥
❊✐♥s❛t③ ❞✐❡s❡r ❋❛❤rrä❞❡r ✇✐r❞ ❛✉❢ ❤♦r✐③♦♥t❛❧❡♠ ❯♥t❡r❣r✉♥❞ ❡✐♥❡ ✸♠ ❜r❡✐t❡ ❙♣r✉♥❣s❝❤❛♥③❡ ✐♥st❛❧✲
❧✐❡rt✳ ■♠ ▲ä♥❣ss❝❤♥✐tt ❞❡r ❙❝❤❛♥③❡ ❦❛♥♥ ❞❡r❡♥ Pr♦✜❧❧✐♥✐❡ ❢ür x ∈ [−8; 0] ♠♦❞❡❧❧❤❛❢t ❞✉r❝❤ ❞✐❡ ✐♥
R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = − 5

256x
3 + 3

4x+2 ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳ ❆❜❜✐❧❞✉♥❣ ✶ ③❡✐❣t ❞❡♥
③✉❣❡❤ör✐❣❡♥ ❚❡✐❧ ❞❡s ●r❛♣❤❡♥ ✈♦♥ f ✳

❆❜❜✐❧❞✉♥❣ ✶✿ ❙♣r✉♥❣s❝❤❛♥③❡

❉❡r ❙t❛rt♣✉♥❦t✱ ✈♦♥ ❞❡♠ ❛✉s ❞✐❡ ❙❝❤❛♥③❡ ❞✉r❝❤❢❛❤r❡♥ ✇✐r❞✱ ✇✐r❞ ❞✉r❝❤ ❞❡♥ P✉♥❦t S (−8 | f(−8))
❞❛r❣❡st❡❧❧t✱ ❞❡r ❆❜s♣r✉♥❣♣✉♥❦t ❞✉r❝❤ A (0 | f(0))✳ ❉❡r ❯♥t❡r❣r✉♥❞ ✇✐r❞ ✐♠ ▲ä♥❣ss❝❤♥✐tt ❞✉r❝❤
❞✐❡ ①✲❆❝❤s❡ ❜❡s❝❤r✐❡❜❡♥❀ ❡✐♥❡ ▲ä♥❣❡♥❡✐♥❤❡✐t ✐♠ ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❡♥ts♣r✐❝❤t ✶♠ ✐♥ ❞❡r ❲✐r❦✲
❧✐❝❤❦❡✐t✳

❛✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡s P✉♥❦ts✱ ❞❡r ✐♠ ▼♦❞❡❧❧ ❞❡♥ t✐❡❢st❡♥ P✉♥❦t ❞❡r ❙❝❤❛♥③❡
❞❛rst❡❧❧t✳ ❇❡st✐♠♠❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤ ❞✐❡ ❍ö❤❡♥❞✐✛❡r❡♥③ ③✇✐s❝❤❡♥ ❞❡♠ ❤ö❝❤st❡♥ ✉♥❞ ❞❡♠
t✐❡❢st❡♥ P✉♥❦t ❞❡r ❙❝❤❛♥③❡✳

❆❜❧❡✐t✉♥❣❡♥ ❜❡st✐♠♠❡♥✿ f ′(x) = − 15
256x

2 + 3
4 f ′′(x) = − 15

128x

♣♦t❡♥t✐❡❧❧❡ ❊①tr❡♠st❡❧❧❡♥ ❡r♠✐tt❡❧♥✿

0 = f ′(x) → x1 ≈ −3, 5777 ✉♥❞ x2 ≈ 3, 5777 ✭❧✐❡❣t ❛❜❡r ♥✐❝❤t ✐♠ ■♥t❡r✈❛❧❧ [−8; 0]

❆rt ❞❡s ❊①tr❡♠✉♠s ❜❡st✐♠♠❡♥✿

f ′′(−3, 5777) ≈ 0, 42 > 0 ❛❧s♦ ❧✐❡❣t ❛♥ ❞❡r ❙t❡❧❧❡ x = −3, 5777 t❛tsä❝❤❧✐❝❤ ❡✐♥ ▼✐♥✐♠✉♠
✈♦r✳

P✉♥❦t❡ ❢ür ❞✐❡ ❍ö❤❡♥❞✐✛❡r❡♥③ ❜❡st✐♠♠❡♥ ✭❚✐❡❢♣✉♥❦t ✉♥❞ ❙t❛rt♣✉♥❦t✮✿

f(−8) = 6✱ ❛❧s♦ S(−8 | 6) ✉♥❞ f(−3, 5777) ≈ 0, 2111✱ ❛❧s♦ T (−3, 5777 | 0, 2111)✳
❉✐❡ ❍ö❤❡♥❞✐✛❡r❡♥③ ✐st 6m− 0, 2111m = 5, 7889m

❜✮ ❱❡r❛♥s❝❤❛✉❧✐❝❤❡♥ ❙✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✶ ❞✐❡ ♠✐tt❧❡r❡ ❙t❡✐❣✉♥❣ ❞❡r ❙❝❤❛♥③❡ ③✇✐s❝❤❡♥ ❙t❛rt♣✉♥❦t
✉♥❞ ❆❜s♣r✉♥❣♣✉♥❦t✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡s❡ ❙t❡✐❣✉♥❣✳

■♥ ❞❡r ❩❡✐❝❤♥✉♥❣ ♠✉ss ❞✐❡ ❙tr❡❝❦❡ ③✇✐s❝❤❡♥ ❙ ✉♥❞ ❆ ❡✐♥❣❡③❡✐❝❤♥❡t ✇❡r❞❡♥✳

❉✐❡ ❙t❡✐❣✉♥❣ ✐st ❞✐❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣ ③✇✐s❝❤❡♥ ❙ ✉♥❞ ❆✳ ❆❧s♦ y2−y1
x2−x1

= 2−6
0−(−8) = −1

2

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●röÿ❡ ❞❡s ❲✐♥❦❡❧s✱ ❞❡♥ ❞✐❡ ❙❝❤❛♥③❡ ✐♠ ❙t❛rt♣✉♥❦t ♠✐t ❞❡r ❍♦r✐③♦♥t❛❧❡♥
❡✐♥s❝❤❧✐❡ÿt✳

f ′(−8) = −3 → tan(α) = −3 → α ≈ −71, 6◦✱ ❛❧s♦ ❡t✇❛ 71, 6 ●r❛❞✳

✹



❆✉❢❣❛❜❡ ✽ ✭✶✵ ❇❊✮

■♠ ❘❛❤♠❡♥ ❡✐♥❡s ❯♥t❡rr✐❝❤ts♣r♦❥❡❦ts ✇✉r❞❡♥ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ❑✉❣❡❧❜❛❤♥❦ör♣❡r ❣❡❢❡rt✐❣t ✉♥❞
❤✐♥s✐❝❤t❧✐❝❤ ✐❤r❡r ❊✐❣❡♥s❝❤❛❢t❡♥ ✉♥t❡rs✉❝❤t✳ ❩✇❡✐ ❞✐❡s❡r ❇❛❤♥❦ör♣❡r s✐♥❞ ✐♥ ❆❜❜✐❧❞✉♥❣ ✷ s❝❤❡✲
♠❛t✐s❝❤ ❞❛r❣❡st❡❧❧t✳

❆❜❜✐❧❞✉♥❣ ✷✿ ❑✉❣❡❧❜❛❤♥❦ör♣❡r

■♠ ▲ä♥❣ss❝❤♥✐tt ❥❡❞❡r ❞❡r ❇❛❤♥❡♥ ❋ ✉♥❞ ●

❼ ❦❛♥♥ ❞✐❡ Pr♦✜❧❧✐♥✐❡ ❞❡r ❇❛❤♥ ♠♦❞❡❧❧❤❛❢t ♠✐t❤✐❧❢❡ ❡✐♥❡r ❋✉♥❦t✐♦♥ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥❀

❼ ✇✐r❞ ❞❡r ❙t❛rt♣✉♥❦t✱ ✈♦♥ ❞❡♠ ❛✉s ❞✐❡ ❑✉❣❡❧ ❞✐❡ ❇❛❤♥ ❞✉r❝❤❧ä✉❢t✱ ❞✉r❝❤ ❞❡♥ P✉♥❦t S(0 | 2)
❞❛r❣❡st❡❧❧t✱ ❞❡r ❊♥❞♣✉♥❦t ❞✉r❝❤ ❞❡♥ P✉♥❦t E

(

2 | 1
2

)

✳

❉❡r ❤♦r✐③♦♥t❛❧❡ ❯♥t❡r❣r✉♥❞✱ ❛✉❢ ❞❡♠ ❞✐❡ ❜❡✐❞❡♥ ❇❛❤♥❦ör♣❡r st❡❤❡♥✱ ✇✐r❞ ❥❡✇❡✐❧s ❞✉r❝❤ ❞✐❡
①✲❆❝❤s❡ ❜❡s❝❤r✐❡❜❡♥❀ ❡✐♥❡ ▲ä♥❣❡♥❡✐♥❤❡✐t ✐♠ ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❡♥ts♣r✐❝❤t ❡✐♥❡♠ ▼❡t❡r ✐♥ ❞❡r
❲✐r❦❧✐❝❤❦❡✐t✳

❉✐❡ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡r Pr♦✜❧❧✐♥✐❡ ❞❡r ❇❛❤♥ ❋ ❡r❢♦❧❣t ♠✐t❤✐❧❢❡ ❞❡r ✐♥ R ❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥

f(x) = 3
11x

3 − 81
44x+ 2✳

❛✮ ❩❡✐❣❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤✱ ❞❛ss ❞❡r t✐❡❢st❡ P✉♥❦t ❞❡r ❇❛❤♥ ❋ ✉♥t❡r❤❛❧❜ ✐❤r❡s ❊♥❞♣✉♥❦t❡s ❧✐❡❣t✳

f ′(x) = 9
11x

2 − 81
44 f ′′(x) = 18

11x f ′′′(x) = 18
11

0 = f ′(x) → x1 = −1, 5 ✉♥❞ x2 = 1, 5 x1 ❡♥t❢ä❧❧t✱ ❞❛ ❡s ❦❧❡✐♥❡r ✵ ✐st✳

f ′′(1, 5) ≈ 2, 45 > 0 → ❜❡✐ x2 = 1, 5 ❧✐❡❣t ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠ ✈♦r✳

f(1, 5) ≈ 0, 159 → T (1, 5 | 0, 159) ✐st ❞❡r t✐❡❢st❡ P✉♥❦t ❞❡r ❇❛❤♥ ❋✳

❜✮ ■♠ ❢❛❧❧❡♥❞❡♥ ❆❜s❝❤♥✐tt ❞❡r ❇❛❤♥ ❋ ❣✐❜t ❡s ❡✐♥❡♥ P✉♥❦t✱ ❞❡r ❛✉❢ ❞❡r ❍ö❤❡ ❞❡s ❊♥❞♣✉♥❦ts
❧✐❡❣t✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❢ür ❞✐❡s❡♥ P✉♥❦t ❞❡♥ ❆❜st❛♥❞ ✈♦♠ ❊♥❞♣✉♥❦t✳

❉❡r ❢❛❧❧❡♥❞❡ ❆❜s❝❤♥✐tt ✐st ♥❛❝❤ ❆✉❢❣❛❜❡ ❛✮ ❞❛s ■♥t❡r✈❛❧❧ [0; 1, 5]
1
2 = f(x) → x1 ≈ −2, 94 ✭❡♥t❢ä❧❧t✮, x2 ≈ 0, 9365 ✉♥❞ x3 = 2 ✭❡♥t❢ä❧❧t✮

❆❧s♦ ✐st ❞❡r P✉♥❦t ❡t✇❛ 2− 0, 9365 = 1, 0635 ♠ ✈♦♠ ❊♥❞♣✉♥❦t ❡♥t❢❡r♥t✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ▲❛❣❡ ❞❡s❥❡♥✐❣❡♥ P✉♥❦ts ❞❡r ❇❛❤♥ ❋✱ ✐♥ ❞❡♠ ❞✐❡s❡ ❞❛s ❣röÿt❡ ●❡❢ä❧❧❡
❤❛t✳

●❡s✉❝❤t ✐st ❛❧s♦ ❞❛s ▼✐♥✐♠✉♠ ❞❡s ❆♥st✐❡❣s✱ ❛❧s♦ ❞❡r ✶✳ ❆❜❧❡✐t✉♥❣ → ✷✳ ❆❜❧❡✐t✉♥❣

f ′′(x) = 0 → x = 0 f ′′′(0) = 18
11 > 0✱ ❛❧s♦ ✐st ❞✐❡s ❞❛s ▼✐♥✐♠✉♠ ❞❡r ✷✳ ❆❜❧❡✐t✉♥❣✳

f(0) = 2 → ■♠ P✉♥❦t S(0 | 2) ✐st ❞❛s ❣röÿt❡ ●❡❢ä❧❧❡✳

❞✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ f ❢ür 0 ≦ x ≦ 2

✺



❆❜❜✐❧❞✉♥❣ ✸✿ ▲ös✉♥❣ ❢ür ❞✮ ✉♥❞ ❡✮

❉✐❡ ❇❛❤♥ ● ✈❡r❧ä✉❢t ❣❡r❛❞❡✳ ❉✐❡ ❇❡s❝❤r❡✐❜✉♥❣ ✐❤r❡r Pr♦✜❧❧✐♥✐❡ ❡r❢♦❧❣t ♠✐t❤✐❧❢❡ ❡✐♥❡r ❋✉♥❦t✐♦♥ g✳

❡✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ g ❢ür 0 ≦ x ≦ 2 ✐♥ ❞❛s ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❛✉s ❚❡✐❧❛✉❢❣❛❜❡
❞✮ ❡✐♥ ✉♥❞ ③❡✐❣❡♥ ❙✐❡✱ ❞❛ss g(x) = −3

4x+ 2 ❣✐❧t✳

❩❡✐❝❤♥✉♥❣ s✐❡❤❡ ♦❜❡♥✳

m = y2−y1
x2−x1

= 0,5−2
2−0 = −3

4

y = m · x+ n ⇒ 2 = −3
4 · 0 + n → n = 2

⇒ g(x) = −3
4x+ 2

✻



❆✉❢❣❛❜❡♥ ③✉ ❑rü♠♠✉♥❣s✈❡r❤❛❧t❡♥ ✉♥❞ ❲❡♥❞❡♣✉♥❦t❡ ✭✷✾✳✵✾✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✾ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❧♦❦❛❧❡♥ ❍♦❝❤✲ ❜③✇✳ ❚✐❡❢♣✉♥❦t❡ ✉♥❞ ❞✐❡ ❲❡♥❞❡♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ❞❡r ❋✉♥❦✲

t✐♦♥ f(x) ♠✐t f(x) = (x− 1) · (x+ 2)2✳

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✹ ❇❊✮

❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ g(x) ♥✉r ❦♦♥✈❡① ♦❞❡r ♥✉r ❦♦♥❦❛✈ s✐♥❞✳

❛✮ g(x) = x2 + 3x− 4 ❜✮ g(x) = −1

4
x2 − 38x+ π

❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✷ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = 1

3
x3 − 4

3
x+ 1 ✉♥❞ x ∈ R

✶✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ①✲❑♦♦r❞✐♥❛t❡ ❞❡r P✉♥❦t❡✱ ✐♥ ❞❡♥❡♥ ❞❡r ●r❛♣❤ ✈♦♥ f ❞✐❡ ●❡r❛❞❡ ♠✐t ❞❡r

●❧❡✐❝❤✉♥❣ y = 1 s❝❤♥❡✐❞❡t✳

✷✳ ❯♥t❡r ❞❡♥ ❚❛♥❣❡♥t❡♥ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ f ❤❛t ❡✐♥❡ ❞✐❡ ❦❧❡✐♥st❡ ❙t❡✐❣✉♥❣✳ ❇❡st✐♠♠❡♥ ❙✐❡

❞✐❡ ❙t❡✐❣✉♥❣ ❞✐❡s❡r ❚❛♥❣❡♥t❡✳

❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✷ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ f ✱ ❞✐❡ ❢ür ❥❡❞❡s x ∈ [a; b] ❡✐♥❡ ❆❜❧❡✐t✉♥❣ f ′(x) ❤❛t✳
❊s ❣✐❧t f(a) = f(b) = 0 s♦✇✐❡ f(x) > 0 ❢ür x ∈ (a; b)✳

❛✮ ❊♥ts❝❤❡✐❞❡♥ ❙✐❡ ❢ür ❥❡❞❡ ❞❡r ❜❡✐❞❡♥ ❆✉ss❛❣❡♥✱ ♦❜ s✐❡ ✇❛❤r ♦❞❡r ❢❛❧s❝❤ ✐st✳

❼ f ❜❡s✐t③t ♠✐♥❞❡st❡♥s ❡✐♥ ❊①tr❡♠✉♠ ✐♥ (a; b)✳

❼ f ❜❡s✐t③t ♠✐♥❞❡st❡♥s ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ✐♥ (a; b)✳

❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❆♥③❛❤❧ ❞❡r ❊①tr❡♠❛ ✈♦♥ f ❢ür x ∈ (a; b) ✉♥❣❡r❛❞❡ s❡✐♥ ♠✉ss✳

❆✉❢❣❛❜❡ ✺ ✭✷ ✰ ✷ ❇❊✮

❊s ✇✐r❞ ❞✐❡ ❢♦❧❣❡♥❞❡ ❆✉ss❛❣❡ ❜❡tr❛❝❤t❡t✿

✒●✐❧t f ′(a) = 0✱ ❞❛♥♥ ❧✐❡❣t ❞❡r P✉♥❦t P (a | f(a)) ❞❡s ●r❛♣❤❡♥ ✈♦♥ f ❛✉❢ ❞❡r x✲❆❝❤s❡✳✏

❛✮ ❩❡✐❣❡♥ ❙✐❡ ❛♥❤❛♥❞ ❡✐♥❡s ●❡❣❡♥❜❡✐s♣✐❡❧s✱ ❞❛ss ❞✐❡s❡ ❆✉ss❛❣❡ ❢❛❧s❝❤ ✐st✳

❜✮ ❋♦r♠✉❧✐❡r❡♥ ❙✐❡ ❡✐♥❡ s✐♥♥✈♦❧❧❡ ✇❛❤r❡ ❆✉ss❛❣❡✱ ❞✐❡ ✐♥ ❢♦❧❣❡♥❞❡r ❲❡✐s❡ ❜❡❣✐♥♥t✿

✒❲❡♥♥ f ′(a) = 0 ✐st✱ ❞❛♥♥ ✳✳✳✏

✶



❆✉❢❣❛❜❡ ✻ ✭✸ ✰ ✸ ✰ ✹ ✰ ✷ ❇❊✮

P❛♣✐❡r✢✐❡❣❡r ✈❡r❧❛ss❡♥ ❞✐❡ ❍❛♥❞ ❡✐♥❡s ❲❡r❢❡rs ✐♥ ❡✐♥❡r ❜❡st✐♠♠t❡♥ ❆❜✇✉r❢❤ö❤❡✱ ✉♥t❡r ❡✐♥❡♠

❜❡st✐♠♠t❡♥ ❆❜✇✉r❢✇✐♥❦❡❧ ✉♥❞ ♠✐t ❡✐♥❡r ❜❡st✐♠♠t❡♥ ❆♥❢❛♥❣s❣❡s❝❤✇✐♥❞✐❣❦❡✐t✳ ❉✐❡ ❋❧✉❣❦✉r✈❡♥

❦ö♥♥❡♥ ❛❜❤ä♥❣✐❣ ✈♦♥ ❞✐❡s❡♥ ❞r❡✐ ❇❡❞✐♥❣✉♥❣❡♥ s♦✇✐❡ ✈♦♥ ❞❡r ❥❡✇❡✐❧✐❣❡♥ ❇❛✉✇❡✐s❡ ❞❡s P❛♣✐❡r✲

✢✐❡❣❡rs ✉♥t❡rs❝❤✐❡❞❧✐❝❤ ✈❡r❧❛✉❢❡♥✳ ■♠ ❋♦❧❣❡♥❞❡♥ s♦❧❧❡♥ ❞r❡✐ ❚②♣❡♥ ✈♦♥ ❋❧✉❣❦✉r✈❡♥ ✉♥t❡rs❝❤✐❡❞❡♥

✇❡r❞❡♥✱ ❞✐❡ ✐♥ ❞❡r ❆❜❜✐❧❞✉♥❣ s❝❤❡♠❛t✐s❝❤ ❞❛r❣❡st❡❧❧t s✐♥❞✳

❲✐r❞ ❞✐❡ ●röÿ❡ ❞❡r ❜❡tr❛❝❤t❡t❡♥ P❛♣✐❡r✢✐❡❣❡r ✈❡r♥❛❝❤❧äss✐❣t✱ ❦ö♥♥❡♥ ❞✐❡ ❋❧✉❣❦✉r✈❡♥ ❜❡✐ ❱❡r✇❡♥✲

❞✉♥❣ ❡✐♥❡s ❑♦♦r❞✐♥❛t❡♥s②st❡♠s✱ ❞❡ss❡♥ ①✲❆❝❤s❡ ❡♥t❧❛♥❣ ❞❡s ❤♦r✐③♦♥t❛❧❡♥ ❇♦❞❡♥s ✉♥❞ ❞❡ss❡♥ ②✲

❆❝❤s❡ ❞✉r❝❤ ❞❡♥ ❆❜✇✉r❢♣✉♥❦t ✈❡r❧ä✉❢t✱ ♠♦❞❡❧❧❤❛❢t ♠✐t❤✐❧❢❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳

■♠ ❋♦❧❣❡♥❞❡♥ s♦❧❧ ❞❡r ①✲❲❡rt ❞❡r ❤♦r✐③♦♥t❛❧❡♥ ❊♥t❢❡r♥✉♥❣ ❞❡s P❛♣✐❡r✢✐❡❣❡rs ✈♦♠ ❆❜✇✉r❢♣✉♥❦t

❡♥ts♣r❡❝❤❡♥✱ ❞❡r ③✉❣❡❤ör✐❣❡ ❋✉♥❦t✐♦♥s✇❡rt ❞❡r ❋❧✉❣❤ö❤❡ ✭❥❡✇❡✐❧s ✐♥ ▼❡t❡r♥✮✳

❆❜❜✐❧❞✉♥❣ ✶✿ ❋❧✉❣❦✉r✈❡♥

❊✐♥ P❛♣✐❡r✢✐❡❣❡r ❜❡✇❡❣t s✐❝❤ ❡♥t❧❛♥❣ ❡✐♥❡r ❋❧✉❣❦✉r✈❡ ✈♦♠ ❚②♣ ❙✳ ❉✐❡s❡ ❦❛♥♥ ♠✐t❤✐❧❢❡ ❞❡r ✐♥ R

❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥ s ♠✐t s(x) = −x4 + 2x3 + 1

2
x+ 2 ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳

❛✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❆❜✇✉r❢❤ö❤❡ ❛♥ ✉♥❞ ③❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❋❧✉❣✇❡✐t❡ ❡t✇❛ ✷✱✷✼ ♠ ❜❡trä❣t✳

❜✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞❡r P❛♣✐❡r✢✐❡❣❡r s❡✐♥❡ ♠❛①✐♠❛❧❡ ❋❧✉❣❤ö❤❡ ❜❡s✐t③t✱ ✇❡♥♥ s❡✐♥❡ ❤♦r✐③♦♥t❛❧❡

❊♥t❢❡r♥✉♥❣ ✈♦♠ ❆❜✇✉r❢♣✉♥❦t ❡t✇❛ ✶✱✺ ♠ ❜❡trä❣t✳ ●❡❜❡♥ ❙✐❡ ❞✐❡s❡ ❋❧✉❣❤ö❤❡ ❛♥✳

❝✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡r ❜❡✐❞❡♥ ❲❡♥❞❡♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ s ✉♥❞ ❣❡❜❡♥ ❙✐❡

❞✐❡ ❥❡✇❡✐❧✐❣❡ ❙t❡✐❣✉♥❣ ❞❡s ●r❛♣❤❡♥ ✈♦♥ s ✐♥ ❞❡♥ ❲❡♥❞❡♣✉♥❦t❡♥ ❛♥✳

❞✮ ❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞❡s ❲❡♥❞❡♣✉♥❦ts ♠✐t ❞❡r ❣röÿ❡r❡♥ ①✲❑♦♦r❞✐♥❛t❡ ✐♠ ❍✐♥✲

❜❧✐❝❦ ❛✉❢ ❞✐❡ ❙t❡✐❣✉♥❣ ❞❡r ❋❧✉❣❦✉r✈❡ ❞❡s P❛♣✐❡r✢✐❡❣❡rs✳

✷



❆✉❢❣❛❜❡ ✼ ✭✸ ✰ ✷ ✰ ✸ ✰ ✻ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❙❝❤❛r ❞❡r ✐♥ R ❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥❡♥ vt ♠✐t

vt(x) =
(x

t

)2

· (x− t)2 + 1 ♠✐t t ∈ R
+

❛✮ ◆❡♥♥❡♥ ❙✐❡ ❞r❡✐ ❊✐❣❡♥s❝❤❛❢t❡♥✱ ❞✐❡ ❛❧❧❡ ●r❛♣❤❡♥ ❞❡r ❙❝❤❛r ❣❡♠❡✐♥s❛♠ ❤❛❜❡♥✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡s ❍♦❝❤♣✉♥❦t❡s ❞❡s ●r❛♣❤❡♥ ✈♦♥ v8✳

❝✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞❡r ●r❛♣❤ ✈♦♥ vt ❣❡♥❛✉ ③✇❡✐ ❲❡♥❞❡♣✉♥❦t❡ ❤❛t✱ ❞❡r❡♥ y✲❑♦♦r❞✐♥❛t❡♥ ❞❡♥

❲❡rt 1

36
t2 + 1 ❤❛❜❡♥✳

❇❡tr❛❝❤t❡t ✇✐r❞ ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = 4

√

v8(x)✳

❞✮ ❇❡✉rt❡✐❧❡♥ ❙✐❡ ❥❡❞❡ ❞❡r ❢♦❧❣❡♥❞❡♥ ❆✉ss❛❣❡♥✿

❼ ❋ür ❦❡✐♥❡♥ ❲❡rt ✈♦♥ x ✐st ❞❡r ❋✉♥❦t✐♦♥s✇❡rt ✈♦♥ f ❣röÿ❡r ❛❧s ❞❡r ✈♦♥ v8✳

❼ ❉❛s ▼♦♥♦t♦♥✐❡✈❡r❤❛❧t❡♥ ✈♦♥ f st✐♠♠t ♠✐t ❞❡♠ ✈♦♥ v8 ü❜❡r❡✐♥✳

❡✮ ❊s ❣✐❧t lim
x→∞

((√
2

4
x−

√
2

)

− f(x)

)

= 0

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❣r❛✜s❝❤❡ ❇❡❞❡✉t✉♥❣ ❞✐❡s❡r ❆✉ss❛❣❡✳

❆✉❢❣❛❜❡ ✽ ✭✷ ✰ ✸ ✰ ✷ ✰ ✸ ✰ ✸ ✰ ✸ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ g(x) = 5

2
x2 · (2x+ 3)

❛✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ g ❢ür −1, 5 ≦ x ≦ 0, 5 ✐♥ ❡✐♥ ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❡✐♥✳

❜✮ ❇❡tr❛❝❤t❡t ✇✐r❞ ❞✐❡ ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ g ✐♥ ❞❡ss❡♥ ❲❡♥❞❡♣✉♥❦t✳ ❇❡r❡❝❤♥❡♥ ❙✐❡

❞✐❡ ●röÿ❡ ❞❡s ❲✐♥❦❡❧s✱ ✉♥t❡r ❞❡♠ ❞✐❡s❡ ❚❛♥❣❡♥t❡ ❞✐❡ x✲❆❝❤s❡ s❝❤♥❡✐❞❡t✳

❉✐❡ ❆❜❜✐❧❞✉♥❣ ③❡✐❣t ❞❡♥ ●r❛♣❤❡♥ ❞❡r ✐♥ R ❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥ h ♠✐t h(x) = 5x2 · e 2

3
x
3

✳

❝✮ ●❡❜❡♥ ❙✐❡ ❞❡♥ ●r❡♥③✇❡rt ✈♦♥ h ❢ür x → ∞ ❛♥ ✉♥❞ ❜❡s❝❤r❡✐❜❡♥ ❙✐❡✱ ✇❛s s✐❝❤ ❛✉s ❞✐❡s❡♠

●r❡♥③✇❡rt ✐♠ ❍✐♥❜❧✐❝❦ ❛✉❢ ❞❡♥ ❱❡r❧❛✉❢ ❞❡s ●r❛♣❤❡♥ ✈♦♥ h ❢♦❧❣❡r♥ ❧ässt✳

❞✮ ❩❡✐❣❡♥ ❙✐❡✿ h′(x) = 10x · (1 + x3) · e 2

3
x
3

✐st ❡✐♥ ❚❡r♠ ❞❡r ❡rst❡♥ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✈♦♥ h✳

❡✮ ❇❡st✐♠♠❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡r ❜❡✐❞❡♥ ❊①tr❡♠♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ h✳

❢✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ♣r♦③❡♥t✉❛❧❡ ❆❜✇❡✐❝❤✉♥❣ ❞❡r ♠✐tt❧❡r❡♥ ❙t❡✐❣✉♥❣ ❞❡s ●r❛♣❤❡♥ ✈♦♥ g ✈♦♥

❞❡r ♠✐tt❧❡r❡♥ ❙t❡✐❣✉♥❣ ❞❡s ●r❛♣❤❡♥ ✈♦♥ h ✐♠ ❇❡r❡✐❝❤ −1 ≦ x ≦ 0✳

❣✮ ❊s ❣✐❧t✿ (h(1)− g(1)) ·(h(2)− g(2)) < 0✳ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞✐❡s❡r ❚❛ts❛❝❤❡ ❤✐♥s✐❝❤t✲

❧✐❝❤ ❞❡r ❣❡❣❡♥s❡✐t✐❣❡♥ ▲❛❣❡ ❞❡r ●r❛♣❤❡♥ ✈♦♥ g ✉♥❞ h ✐♠ ❇❡r❡✐❝❤ 1 < x < 2 ❛♥✳ ❇❡❣rü♥❞❡♥

❙✐❡ ■❤r❡ ❆♥❣❛❜❡✳

✸



❆✉❢❣❛❜❡♥ ③✉ ❑rü♠♠✉♥❣s✈❡r❤❛❧t❡♥ ✉♥❞ ❲❡♥❞❡♣✉♥❦t❡ ✭✷✻✳✵✾✳✷✵✶✾✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ♦❤♥❡ ❈❆❙ ✭✾ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❧♦❦❛❧❡♥ ❍♦❝❤✲ ❜③✇✳ ❚✐❡❢♣✉♥❦t❡ ✉♥❞ ❞✐❡ ❲❡♥❞❡♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ❞❡r ❋✉♥❦✲
t✐♦♥ f(x) ♠✐t f(x) = (x− 1) · (x+ 2)2✳

f(x) = x3 + 3x2 − 4 f ′(x) = 3x2 + 6x f ′′(x) = 6x+ 6 f ′′′(x) = 6

❊①tr❡♠♣✉♥❦t❡✿

0 = 3x2 + 6x = 3x · (x+ 2) ⇒ x1 = 0 ✉♥❞ x2 = −2

❆rt ❞❡s ❊①tr❡♠✉♠s❄

f ′′(0) = 6 > 0 → ❇❡✐ x1 = 0 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠✳

f ′′(−2) = −6 < 0 → ❇❡✐ x2 = −2 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠✳

❑♦♦r❞✐♥❛t❡♥ ❜❡st✐♠♠❡♥

f(0) = −4 → T (0| − 4) f(−2) = −8 + 12− 4 = 0 → H(−2|0)
❲❡♥❞❡♣✉♥❦t✿

0 = 6x+ 6 ⇒ x = −1

■st ❡s ❡✐♥ ❲❡♥❞❡♣✉♥❦t❄

f ′′′(−1) = 6 6= 0 → ❇❡✐ x = −1 ❧✐❡❣t ❡✐♥ ❲❡♥❞♣✉♥❦t ✈♦r✳

❑♦♦r❞✐♥❛t❡♥ ❜❡st✐♠♠❡♥

f(−1) = −1 + 3− 4 = −2 → W (−1| − 2)

❆✉❢❣❛❜❡ ✷ ♦❤♥❡ ❈❆❙ ✭✹ ❇❊✮

❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ g(x) ♥✉r ❦♦♥✈❡① ♦❞❡r ♥✉r ❦♦♥❦❛✈ s✐♥❞✳

❛✮ g(x) = x2 + 3x− 4

g′(x) = 2x+ 3 ✉♥❞ g′′(x) = 2

❆❧s♦ ✐st g′′(x) > 0 ✭✐♠♠❡r✮✱ ❞❡s❤❛❧❜ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ g(x) ♥✉r ❦♦♥✈❡①✳

❜✮ g(x) = −1
4x

2 − 38x+ π

g′(x) = −1
2x− 38 ✉♥❞ g′′(x) = −1

2

❆❧s♦ ✐st g′′(x) < 0 ✭✐♠♠❡r✮✱ ❞❡s❤❛❧❜ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ g(x) ♥✉r ❦♦♥❦❛✈✳

❆✉❢❣❛❜❡ ✸ ♦❤♥❡ ❈❆❙ ✭✷ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = 1
3x

3 − 4
3x+ 1 ✉♥❞ x ∈ R

✶✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ①✲❑♦♦r❞✐♥❛t❡ ❞❡r P✉♥❦t❡✱ ✐♥ ❞❡♥❡♥ ❞❡r ●r❛♣❤ ✈♦♥ f ❞✐❡ ●❡r❛❞❡ ♠✐t ❞❡r
●❧❡✐❝❤✉♥❣ y = 1 s❝❤♥❡✐❞❡t✳

1 = 1
3x

3 − 4
3x+ 1 | −1

0 = 1
3x

3 − 4
3x | (13x ❛✉s❦❧❛♠♠❡r♥)

0 = 1
3x · (x2 − 4)

◆✉♥ ❣✐❧t ❞❡r ❙❛t③✿ ❊✐♥ Pr♦❞✉❦t ✐st ❞❛♥♥ ◆✉❧❧✱ ✇❡♥♥ ❡✐♥ ❋❛❦t♦r ◆✉❧❧ ✐st✳ → x1 = 0

0 = x2 − 4 → x2 = −2 ✉♥❞ x3 = 2

✶



✷✳ ❯♥t❡r ❞❡♥ ❚❛♥❣❡♥t❡♥ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ f ❤❛t ❡✐♥❡ ❞✐❡ ❦❧❡✐♥st❡ ❙t❡✐❣✉♥❣✳ ❇❡st✐♠♠❡♥ ❙✐❡
❞✐❡ ❙t❡✐❣✉♥❣ ❞✐❡s❡r ❚❛♥❣❡♥t❡✳

●❡s✉❝❤t ✐st ❛❧s♦ ❞❡r ❦❧❡✐♥st❡ ❆♥st✐❡❣✱ ❛❧s♦ ❞❛s ▼✐♥✐♠✉♠ ❞❡r ❡rst❡♥ ❆❜❧❡✐t✉♥❣✳

f ′(x) = x2 − 4
3 ✉♥❞ f ′′(x) = 2x ✉♥❞ f ′′′(x) = 2

0 = f ′′(x) ❜③✇✳ 0 = 2x → x = 0

❲❡✐❧ f ′′′(0) = 2 > 0 ✐st✱ ✐st ❞✐❡s ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠✳ ❉❡r ❦❧❡✐♥st❡ ❆♥st✐❡❣ ✐st ❛❧s♦ ❛♥ ❞❡r
❙t❡❧❧❡ x = 0✳ ◆✉♥ ♠✉ss ❞❛s ♥♦❝❤ ✐♥ ❞✐❡ ✶✳ ❆❜❧❡✐t✉♥❣ ❡✐♥❣❡s❡t③t ✇❡r❞❡♥✱ ✉♠ ❛♥❣❡❜❡♥ ③✉
❦ö♥♥❡♥✱ ✇✐❡ ❣r♦ÿ ❞❡r ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ ✐st✳

f ′(0) = −4
3 ❆❧s♦ ❤❛t ❞✐❡ ❚❛♥❣❡♥t❡ ❡✐♥❡ ❙t❡✐❣✉♥❣ ✈♦♥ −4

3 ✳

❆✉❢❣❛❜❡ ✹ ♦❤♥❡ ❈❆❙ ✭✷ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ f ✱ ❞✐❡ ❢ür ❥❡❞❡s x ∈ [a; b] ❡✐♥❡ ❆❜❧❡✐t✉♥❣ f ′(x) ❤❛t✳
❊s ❣✐❧t f(a) = f(b) = 0 s♦✇✐❡ f(x) > 0 ❢ür x ∈ (a; b)✳

❛✮ ❊♥ts❝❤❡✐❞❡♥ ❙✐❡ ❢ür ❥❡❞❡ ❞❡r ❜❡✐❞❡♥ ❆✉ss❛❣❡♥✱ ♦❜ s✐❡ ✇❛❤r ♦❞❡r ❢❛❧s❝❤ ✐st✳

❼ f ❜❡s✐t③t ♠✐♥❞❡st❡♥s ❡✐♥ ❊①tr❡♠✉♠ ✐♥ (a; b)✳
❉❛s ❢♦❧❣t ❛✉s ❞❡♠ ❙❛t③ ✈♦♥ ❘♦❧❧❡ ✉♥❞ ✐st s♦♠✐t ✇❛❤r✳

❼ f ❜❡s✐t③t ♠✐♥❞❡st❡♥s ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ✐♥ (a; b)✳
❉✐❡s❡ ❆✉ss❛❣❡ ✐st ❢❛❧s❝❤✱ ✇❡✐❧ f(x) > 0 s❡✐♥ s♦❧❧ ✉♥❞ s♦♠✐t ❦❡✐♥❡ ◆✉❧❧st❡❧❧❡ ♠❡❤r
❜❡s✐t③❡♥ ❦❛♥♥✳

❜✮ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❆♥③❛❤❧ ❞❡r ❊①tr❡♠❛ ✈♦♥ f ❢ür x ∈ (a; b) ✉♥❣❡r❛❞❡ s❡✐♥ ♠✉ss✳
▼❛①✐♠❛ ✉♥❞ ▼✐♥✐♠❛ ✈♦♥ f ❦ö♥♥❡♥ ✐♥ (a; b) ♥✉r ✐♠ ❲❡❝❤s❡❧ ❛✉❢tr❡t❡♥✳
❉❛ f(a) = 0 ✉♥❞ f(x) > 0 ❢ür x > a ❣✐❧t✱ ♠✉ss r❡❝❤ts ✈♦♥ a ③✉❡rst ❡✐♥ ▼❛①✐♠✉♠ ❦♦♠♠❡♥✱
❞❛♥♥ ✭❢❛❧❧s ❡s ❡✐♥❡s ❣✐❜t✮ ❡✐♥ ▼✐♥✐♠✉♠✱ ❞❛♥♥ ✇✐❡❞❡r ❡✐♥ ▼❛①✐♠✉♠ ❡t❝✳
❉❛ f(x) > 0 ❢ür x < b ✉♥❞ f(b) = 0 ❣✐❧t✱ ♠✉ss ❞❛s ❧❡t③t❡ ❊①tr❡♠✉♠ ✐♥ (a; b) ❧✐♥❦s ✈♦♥ b

❡❜❡♥❢❛❧❧s ❡✐♥ ▼❛①✐♠✉♠ s❡✐♥✳
❆❧s♦ ✐st ❞✐❡ ❆♥③❛❤❧ ❞❡r ❊①tr❡♠❛ ✐♥ (a; b) ❣❧❡✐❝❤ ✶ ♦❞❡r ✸ ♦❞❡r ✳✳✳✱ ❥❡❞❡♥❢❛❧❧s ✉♥❣❡r❛❞❡✳

❆✉❢❣❛❜❡ ✺ ✭✷ ✰ ✷ ❇❊✮

❊s ✇✐r❞ ❞✐❡ ❢♦❧❣❡♥❞❡ ❆✉ss❛❣❡ ❜❡tr❛❝❤t❡t✿
✒●✐❧t f ′(a) = 0✱ ❞❛♥♥ ❧✐❡❣t ❞❡r P✉♥❦t P (a | f(a)) ❞❡s ●r❛♣❤❡♥ ✈♦♥ f ❛✉❢ ❞❡r x✲❆❝❤s❡✳✏

❛✮ ❩❡✐❣❡♥ ❙✐❡ ❛♥❤❛♥❞ ❡✐♥❡s ●❡❣❡♥❜❡✐s♣✐❡❧s✱ ❞❛ss ❞✐❡s❡ ❆✉ss❛❣❡ ❢❛❧s❝❤ ✐st✳
❉✐❡s ❦❛♥♥ ♠❛♥ ♠✐t s❡❤r ✈✐❡❧❡♥ ●❡❣❡♥❜❡✐s♣✐❡❧❡♥ ③❡✐❣❡♥✳
❩✉♠ ❇❡✐s♣✐❡❧✿ f(x) = x2 + 2 ❞♦rt ✐st f ′(x) = 2x ✉♥❞ ❞❛♠✐t ✐st f ′(0) = 0✱ ❛❜❡r f(0) = 2
❜③✇✳ ❞❡r P✉♥❦t P (0|2) ✭❧✐❡❣t ♥✐❝❤t ❛✉❢ ❞❡r x✲❆❝❤s❡✮✳

❜✮ ❋♦r♠✉❧✐❡r❡♥ ❙✐❡ ❡✐♥❡ s✐♥♥✈♦❧❧❡ ✇❛❤r❡ ❆✉ss❛❣❡✱ ❞✐❡ ✐♥ ❢♦❧❣❡♥❞❡r ❲❡✐s❡ ❜❡❣✐♥♥t✿
✒❲❡♥♥ f ′(a) = 0 ✐st✱ ❞❛♥♥ ✳✳✳✏
✒✳✳✳ ❜❡s✐t③t ❞❡r ●r❛♣❤ ✐♠ P✉♥❦t P (a|f(a)) ❡✐♥❡ ✇❛❛❣❡r❡❝❤t❡ ❚❛♥❣❡♥t❡✳✏ ♦❞❡r
✒✳✳✳ ✐st ❞❡r P✉♥❦t P (a|f(a)) ❡✐♥ ❊①tr❡♠✲ ♦❞❡r ❙❛tt❡❧♣✉♥❦t✳✏ ♦❞❡r
✒✳✳✳ ❧✐❡❣t ❞❡r P✉♥❦t P (a|f ′(a)) ❞❡s ●r❛♣❤❡♥ ❞❡r ❆❜❧❡✐t✉♥❣ ❛✉❢ ❞❡r x✲❆❝❤s❡✳✏

✷



❆✉❢❣❛❜❡ ✻ ✭✸ ✰ ✸ ✰ ✹ ✰ ✷ ❇❊✮

P❛♣✐❡r✢✐❡❣❡r ✈❡r❧❛ss❡♥ ❞✐❡ ❍❛♥❞ ❡✐♥❡s ❲❡r❢❡rs ✐♥ ❡✐♥❡r ❜❡st✐♠♠t❡♥ ❆❜✇✉r❢❤ö❤❡✱ ✉♥t❡r ❡✐♥❡♠
❜❡st✐♠♠t❡♥ ❆❜✇✉r❢✇✐♥❦❡❧ ✉♥❞ ♠✐t ❡✐♥❡r ❜❡st✐♠♠t❡♥ ❆♥❢❛♥❣s❣❡s❝❤✇✐♥❞✐❣❦❡✐t✳ ❉✐❡ ❋❧✉❣❦✉r✈❡♥
❦ö♥♥❡♥ ❛❜❤ä♥❣✐❣ ✈♦♥ ❞✐❡s❡♥ ❞r❡✐ ❇❡❞✐♥❣✉♥❣❡♥ s♦✇✐❡ ✈♦♥ ❞❡r ❥❡✇❡✐❧✐❣❡♥ ❇❛✉✇❡✐s❡ ❞❡s P❛♣✐❡r✲
✢✐❡❣❡rs ✉♥t❡rs❝❤✐❡❞❧✐❝❤ ✈❡r❧❛✉❢❡♥✳ ■♠ ❋♦❧❣❡♥❞❡♥ s♦❧❧❡♥ ❞r❡✐ ❚②♣❡♥ ✈♦♥ ❋❧✉❣❦✉r✈❡♥ ✉♥t❡rs❝❤✐❡❞❡♥
✇❡r❞❡♥✱ ❞✐❡ ✐♥ ❞❡r ❆❜❜✐❧❞✉♥❣ s❝❤❡♠❛t✐s❝❤ ❞❛r❣❡st❡❧❧t s✐♥❞✳
❲✐r❞ ❞✐❡ ●röÿ❡ ❞❡r ❜❡tr❛❝❤t❡t❡♥ P❛♣✐❡r✢✐❡❣❡r ✈❡r♥❛❝❤❧äss✐❣t✱ ❦ö♥♥❡♥ ❞✐❡ ❋❧✉❣❦✉r✈❡♥ ❜❡✐ ❱❡r✇❡♥✲
❞✉♥❣ ❡✐♥❡s ❑♦♦r❞✐♥❛t❡♥s②st❡♠s✱ ❞❡ss❡♥ ①✲❆❝❤s❡ ❡♥t❧❛♥❣ ❞❡s ❤♦r✐③♦♥t❛❧❡♥ ❇♦❞❡♥s ✉♥❞ ❞❡ss❡♥ ②✲
❆❝❤s❡ ❞✉r❝❤ ❞❡♥ ❆❜✇✉r❢♣✉♥❦t ✈❡r❧ä✉❢t✱ ♠♦❞❡❧❧❤❛❢t ♠✐t❤✐❧❢❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳
■♠ ❋♦❧❣❡♥❞❡♥ s♦❧❧ ❞❡r ①✲❲❡rt ❞❡r ❤♦r✐③♦♥t❛❧❡♥ ❊♥t❢❡r♥✉♥❣ ❞❡s P❛♣✐❡r✢✐❡❣❡rs ✈♦♠ ❆❜✇✉r❢♣✉♥❦t
❡♥ts♣r❡❝❤❡♥✱ ❞❡r ③✉❣❡❤ör✐❣❡ ❋✉♥❦t✐♦♥s✇❡rt ❞❡r ❋❧✉❣❤ö❤❡ ✭❥❡✇❡✐❧s ✐♥ ▼❡t❡r♥✮✳

❆❜❜✐❧❞✉♥❣ ✶✿ ❋❧✉❣❦✉r✈❡♥

❊✐♥ P❛♣✐❡r✢✐❡❣❡r ❜❡✇❡❣t s✐❝❤ ❡♥t❧❛♥❣ ❡✐♥❡r ❋❧✉❣❦✉r✈❡ ✈♦♠ ❚②♣ ❙✳ ❉✐❡s❡ ❦❛♥♥ ♠✐t❤✐❧❢❡ ❞❡r ✐♥ R

❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥ s ♠✐t s(x) = −x4 + 2x3 + 1
2x+ 2 ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳

❛✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❆❜✇✉r❢❤ö❤❡ ❛♥ ✉♥❞ ③❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❋❧✉❣✇❡✐t❡ ❡t✇❛ ✷✱✷✼ ♠ ❜❡trä❣t✳

s(0) = 2 → ❆❜✇✉r❢❤ö❤❡✿ ✷ ♠

0 = s(x) → x1 ≈ −0, 83 ✭❡♥t❢ä❧❧t✱ ❞❛ ❦❧❡✐♥❡r ✵✮ ✉♥❞ x2 ≈ 2, 27 ✭❋❧✉❣✇❡✐t❡✮

❜✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞❡r P❛♣✐❡r✢✐❡❣❡r s❡✐♥❡ ♠❛①✐♠❛❧❡ ❋❧✉❣❤ö❤❡ ❜❡s✐t③t✱ ✇❡♥♥ s❡✐♥❡ ❤♦r✐③♦♥t❛❧❡
❊♥t❢❡r♥✉♥❣ ✈♦♠ ❆❜✇✉r❢♣✉♥❦t ❡t✇❛ ✶✱✺ ♠ ❜❡trä❣t✳ ●❡❜❡♥ ❙✐❡ ❞✐❡s❡ ❋❧✉❣❤ö❤❡ ❛♥✳

s′(x) = −4x3 + 6x2 + 1
2 ✉♥❞ s′′(x) = −12x2 + 12x

0 = s′(x) → x ≈ 1, 55

s′′(1, 55) = −10, 23 < 0 → ❛♥ ❞❡r ❙t❡❧❧❡ x = 1, 55 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠✳ ❙❝❤❧❡❝❤t
❣❡r✉♥❞❡t ❦ö♥♥t❡ ♠❛♥ s❛❣❡♥✱ ❞❛ss ❡s ❡t✇❛ ✶✱✺ ♠ ✈♦♠ ❆❜✇✉r❢♣✉♥❦t ❡♥t❢❡r♥t ✐st✳

s(1, 55) ≈ 4, 45 → ❉✐❡ ♠❛①✐♠❛❧❡ ❋❧✉❣❤ö❤❡ ❜❡trä❣t ❡t✇❛ ✹✱✹✺ ♠✳

❝✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡r ❜❡✐❞❡♥ ❲❡♥❞❡♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ s ✉♥❞ ❣❡❜❡♥ ❙✐❡
❞✐❡ ❥❡✇❡✐❧✐❣❡ ❙t❡✐❣✉♥❣ ❞❡s ●r❛♣❤❡♥ ✈♦♥ s ✐♥ ❞❡♥ ❲❡♥❞❡♣✉♥❦t❡♥ ❛♥✳

s′′′(x) = −24x+ 12

0 = s′′(x) → x1 = 0 ✉♥❞ x2 = 1

s′′′(0) = 12 6= 0 ✉♥❞ s′′′(1) = −12 6= 0 → ❆♥ ❜❡✐❞❡♥ ❙t❡❧❧❡♥ ❧✐❡❣t ❡✐♥ ❲❡♥❞❡♣✉♥❦t ✈♦r✳

s(0) = 2 → W1(0|2)
s′(0) = 1

2 ❆❧s♦ ✐st 1
2 ❞✐❡ ❙t❡✐❣✉♥❣ ✐♠ ❲❡♥❞❡♣✉♥❦t W1✳

s(1) = 3, 5 → W2(1|3, 5)
s′(1) = 2, 5 ❆❧s♦ ✐st ✷✱✺ ❞✐❡ ❙t❡✐❣✉♥❣ ✐♠ ❲❡♥❞❡♣✉♥❦t W2✳

✸



❞✮ ❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞❡s ❲❡♥❞❡♣✉♥❦ts ♠✐t ❞❡r ❣röÿ❡r❡♥ ①✲❑♦♦r❞✐♥❛t❡ ✐♠ ❍✐♥✲
❜❧✐❝❦ ❛✉❢ ❞✐❡ ❙t❡✐❣✉♥❣ ❞❡r ❋❧✉❣❦✉r✈❡ ❞❡s P❛♣✐❡r✢✐❡❣❡rs✳

■♠ ❲❡♥❞❡♣✉♥❦t W2 ✭❲❡♥❞❡♣✉♥❦t ♠✐t ❞❡r ❣röÿ❡r❡♥ ①✲❑♦♦r❞✐♥❛t❡✮ ✐st ❞✐❡ ❙t❡✐❣✉♥❣ ❛♠
❣röÿt❡♥✳ ❉❛s ❤❡✐ÿt✱ ❞❛ss s✐❡ ❞❛♥❛❝❤ ♥✉r ♥♦❝❤ ❛❜♥✐♠♠t✳

❆✉❢❣❛❜❡ ✼ ✭✸ ✰ ✷ ✰ ✸ ✰ ✻ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❙❝❤❛r ❞❡r ✐♥ R ❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥❡♥ vt ♠✐t

vt(x) =
(x

t

)2
· (x− t)2 + 1 ♠✐t t ∈ R

+

❛✮ ◆❡♥♥❡♥ ❙✐❡ ❞r❡✐ ❊✐❣❡♥s❝❤❛❢t❡♥✱ ❞✐❡ ❛❧❧❡ ●r❛♣❤❡♥ ❞❡r ❙❝❤❛r ❣❡♠❡✐♥s❛♠ ❤❛❜❡♥✳
❉✐❡ ●r❛♣❤❡♥ ❜❡st❡❤❡♥ ❛✉s P✉♥❦t❡♥ ♠✐t ♣♦s✐t✐✈❡♥ y✲❑♦♦r❞✐♥❛t❡♥✱ ❤❛❜❡♥ ❣❡♥❛✉ ❞r❡✐ ❊①tr❡♠✲
♣✉♥❦t❡ ✉♥❞ s✐♥❞ s②♠♠❡tr✐s❝❤ ❜❡③ü❣❧✐❝❤ ❡✐♥❡r P❛r❛❧❧❡❧❡ ③✉r y✲❆❝❤s❡✳ ✭✇❡✐t❡r❡ ❊✐❣❡♥s❝❤❛❢t❡♥
♠ö❣❧✐❝❤✮

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡s ❍♦❝❤♣✉♥❦t❡s ❞❡s ●r❛♣❤❡♥ ✈♦♥ v8✳
v′8(x) = 0 ⇔ x1 = 0;x2 = 4 ✉♥❞ x3 = 8
v′′8(4) = −1 < 0 ✉♥❞ v8(4) = 5 → H(4 | 5)

❝✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞❡r ●r❛♣❤ ✈♦♥ vt ❣❡♥❛✉ ③✇❡✐ ❲❡♥❞❡♣✉♥❦t❡ ❤❛t✱ ❞❡r❡♥ y✲❑♦♦r❞✐♥❛t❡♥ ❞❡♥
❲❡rt 1

36 t
2 + 1 ❤❛❜❡♥✳

v′′t (x) = 0 ⇒ x1 =
(
√
3+3)·t
6 ✉♥❞ x2 =

−(
√
3−3)·t
6

v′′′t

(

(
√
3+3)·t
6

)

= 4·
√
3

t
6= 0 v′′′t

(

−(
√
3−3)·t
6

)

= −4·
√
3

t
6= 0

→ ❜❡✐❞❡ ❲❡♥❞❡♣✉♥❦t❡ ❡①✐st✐❡r❡♥✳

vt

(

(
√
3+3)·t
6

)

= t2

36 + 1 = v8

(

−(
√
3−3)·t
6

)

❇❡tr❛❝❤t❡t ✇✐r❞ ❞✐❡ ✐♥ R ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = 4

√

v8(x)✳

❞✮ ❇❡✉rt❡✐❧❡♥ ❙✐❡ ❥❡❞❡ ❞❡r ❢♦❧❣❡♥❞❡♥ ❆✉ss❛❣❡♥✿

❼ ❋ür ❦❡✐♥❡♥ ❲❡rt ✈♦♥ x ✐st ❞❡r ❋✉♥❦t✐♦♥s✇❡rt ✈♦♥ f ❣röÿ❡r ❛❧s ❞❡r ✈♦♥ v8✳

f(x) > v8(x)
❈❆❙⇒ ❢❛❧s❝❤❡ ❆✉ss❛❣❡✳ ❉❛❤❡r ✐st ❛❧s♦ ❞❡r ❋✉♥❦t✐♦♥s✇❡rt ✈♦♥ f ❢ür ❦❡✐♥❡♥

❲❡rt ✈♦♥ x ❣röÿ❡r ❛❧s ❞✐❡ ❋✉♥❦t✐♦♥s✇❡rt❡ ✈♦♥ v8✳

❼ ❉❛s ▼♦♥♦t♦♥✐❡✈❡r❤❛❧t❡♥ ✈♦♥ f st✐♠♠t ♠✐t ❞❡♠ ✈♦♥ v8 ü❜❡r❡✐♥✳

f ′(x) = 0 ⇒ x1 =
t
2 ;x2 = t;x3 = 0

❉❛s s✐♥❞ ❛✉❝❤ ❞✐❡ ❊①tr❡♠st❡❧❧❡♥ ✈♦♥ vt(x)✳
❉✐❡ ❲✉r③❡❧❢✉♥❦t✐♦♥ ✈❡rä♥❞❡rt ❞✐❡ ▼♦♥♦t♦♥✐❡ ❡✐♥❡r ❋✉♥❦t✐♦♥ ♥✐❝❤t ✉♥❞ ❞❛ ❞✐❡ ❊①✲
tr❡♠st❡❧❧❡♥ ❛♥ ❞❡♥ ❣❧❡✐❝❤❡♥ ❙t❡❧❧❡♥ s✐♥❞✱ ♠üss❡♥ ❛✉❝❤ ❞✐❡ ▼♦♥♦t♦♥✐❡❜❡r❡✐❝❤❡ ❣❧❡✐❝❤
s❡✐♥✳

❡✮ ❊s ❣✐❧t lim
x→∞

((√
2

4
x−

√
2

)

− f(x)

)

= 0

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❣r❛✜s❝❤❡ ❇❡❞❡✉t✉♥❣ ❞✐❡s❡r ❆✉ss❛❣❡✳

❉✐❡ ●❡r❛❞❡ y =
√
2
4 x−

√
2 ✐st ❡✐♥❡ ❆s②♠♣t♦t❡ ❢ür ❞✐❡ ❋✉♥❦t✐♦♥ f(x)✳

✹



❆✉❢❣❛❜❡ ✽ ✭✷ ✰ ✸ ✰ ✷ ✰ ✸ ✰ ✸ ✰ ✸ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ g(x) = 5
2x

2 · (2x+ 3)

❛✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ g ❢ür −1, 5 ≦ x ≦ 0, 5 ✐♥ ❡✐♥ ❑♦♦r❞✐♥❛t❡♥s②st❡♠ ❡✐♥✳

❜✮ ❇❡tr❛❝❤t❡t ✇✐r❞ ❞✐❡ ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ g ✐♥ ❞❡ss❡♥ ❲❡♥❞❡♣✉♥❦t✳ ❇❡r❡❝❤♥❡♥ ❙✐❡
❞✐❡ ●röÿ❡ ❞❡s ❲✐♥❦❡❧s✱ ✉♥t❡r ❞❡♠ ❞✐❡s❡ ❚❛♥❣❡♥t❡ ❞✐❡ x✲❆❝❤s❡ s❝❤♥❡✐❞❡t✳
❲❡♥❞❡♣✉♥❦t ❣r❛♣❤✐s❝❤ ❜❡st✐♠♠❡♥✿ W (−0, 5|1, 25)
❊s ❣✐❧t m = tan(α) = g′(x0) ❛❧s♦ g′(−0, 5) = −3, 75 s♦♠✐t ✐st tan(α) = −3, 75 ❜③✇✳
α = tan−1(−3, 75) ≈ −75, 1◦ ✭❛♥ ●r❛❞♠❛ÿ ✐♠ ❘❡❝❤♥❡r ❞❡♥❦❡♥✮

❉✐❡ ❆❜❜✐❧❞✉♥❣ ③❡✐❣t ❞❡♥ ●r❛♣❤❡♥ ❞❡r ✐♥ R ❞❡✜♥✐❡rt❡♥ ❋✉♥❦t✐♦♥ h ♠✐t h(x) = 5x2 · e 2

3
x3

✳

❝✮ ●❡❜❡♥ ❙✐❡ ❞❡♥ ●r❡♥③✇❡rt ✈♦♥ h ❢ür x → ∞ ❛♥ ✉♥❞ ❜❡s❝❤r❡✐❜❡♥ ❙✐❡✱ ✇❛s s✐❝❤ ❛✉s ❞✐❡s❡♠
●r❡♥③✇❡rt ✐♠ ❍✐♥❜❧✐❝❦ ❛✉❢ ❞❡♥ ❱❡r❧❛✉❢ ❞❡s ●r❛♣❤❡♥ ✈♦♥ h ❢♦❧❣❡r♥ ❧ässt✳

lim
x→−∞

h(x) = 0✱ ❛❧s♦ ♥ä❤❡rt s✐❝❤ ❞❡r ❋✉♥❦t✐♦♥s❣r❛♣❤ ✐♠ ♥❡❣❛t✐✈❡♥ ❇❡r❡✐❝❤ ✐♠♠❡r ♥ä❤❡r

❞❡r x✲❆❝❤s❡ ❛♥✳

❞✮ ❩❡✐❣❡♥ ❙✐❡✿ h′(x) = 10x · (1 + x3) · e 2

3
x3

✐st ❡✐♥ ❚❡r♠ ❞❡r ❡rst❡♥ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ ✈♦♥ h✳

h′(x) = 10x · e 2

3
x3

+ 5x2 · 2x2 · e 2

3
x3

= e
2

3
x3 · (10x+ 10x4) = e

2

3
x3 · 10x · (1 + x3)

❡✮ ❇❡st✐♠♠❡♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡r ❜❡✐❞❡♥ ❊①tr❡♠♣✉♥❦t❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ h✳

0 = h′(x) ⇒ x1 = −1 ✉♥❞ x2 = 0

h′′(−1) = −30·e− 2

3 < 0 → xmax = −1 → h(−1) = 5·e− 2

3 → H
(

−1 | 5 · e− 2

3

)

h′′(0) = 10 > 0 → xmin = 0 → h(0) = 0 → T (0|0)

❢✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ♣r♦③❡♥t✉❛❧❡ ❆❜✇❡✐❝❤✉♥❣ ❞❡r ♠✐tt❧❡r❡♥ ❙t❡✐❣✉♥❣ ❞❡s ●r❛♣❤❡♥ ✈♦♥ g ✈♦♥
❞❡r ♠✐tt❧❡r❡♥ ❙t❡✐❣✉♥❣ ❞❡s ●r❛♣❤❡♥ ✈♦♥ h ✐♠ ❇❡r❡✐❝❤ −1 ≦ x ≦ 0✳

▼✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ✈♦♥ g✿ g(0)−g(−1)
0−(−1) = −5

2

✺



▼✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ✈♦♥ h✿ h(0)−h(−1)
0−(−1) = −5 · e− 2

3

−5
2

e−
2

3

≈ 0, 9739 → ❛❧s♦ ✇❡✐❝❤t ❞✐❡ ♠✐tt❧❡r❡ ➘♥❞❡r✉♥❣sr❛t❡ ✈♦♥ g ❝❛✳ ✷✱✻✶✪ ✈♦♥ h ✐♠

❇❡r❡✐❝❤ −1 ≦ x ≦ 0 ❛❜✳

❣✮ ❊s ❣✐❧t✿ (h(1)− g(1)) ·(h(2)− g(2)) < 0✳ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞✐❡s❡r ❚❛ts❛❝❤❡ ❤✐♥s✐❝❤t✲
❧✐❝❤ ❞❡r ❣❡❣❡♥s❡✐t✐❣❡♥ ▲❛❣❡ ❞❡r ●r❛♣❤❡♥ ✈♦♥ g ✉♥❞ h ✐♠ ❇❡r❡✐❝❤ 1 < x < 2 ❛♥✳ ❇❡❣rü♥❞❡♥
❙✐❡ ■❤r❡ ❆♥❣❛❜❡✳

❉❛s Pr♦❞✉❦t ✐st ♥❡❣❛t✐✈✱ ❛❧s♦ ♠üss❡♥ ❜❡✐❞❡ ❋❛❦t♦r❡♥ ❡✐♥ ❛♥❞❡r❡s ❱♦r③❡✐❝❤❡♥ ❤❛❜❡♥✳ ■♠
❡rst❡♥ ❋✉♥❦t✐♦♥ ✇✐r❞ ❞✐❡ ❉✐✛❡r❡♥③ ✈♦♥ h ❜③❣❧✳ g ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ❜❡r❡❝❤♥❡t ✉♥❞ ❜❡✐♠
③✇❡✐t❡♥ ❋❛❦t♦r ❛♥ ❞❡r ❙t❡❧❧❡ x = 2✳ ❆❧s♦ ♠üss❡♥ ❜❡✐❞❡ ❋✉♥❦t✐♦♥❡♥ ✐♠ ■♥t❡r✈❛❧❧ (1; 2)
♠✐♥❞❡st❡♥s ❡✐♥♠❛❧ s❝❤♥❡✐❞❡♥✳

✻



❆✉❢❣❛❜❡♥ ③✉ ❋✉♥❦t✐♦♥s✉♥t❡rs✉❝❤✉♥❣ ✭✷✶✳✶✵✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭❥❡ ✽ ❇❊✮

❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f ✳

❛✮ f : x 7→ x3 + 3x2 − 9x

❜✮ f : x 7→
1

2
(x− 1)2(x+ 3)

❝✮ f : x 7→ x4 − 2x2

❞✮ f : x 7→ 2x3 − 6x

❡✮ f : x 7→ (x− 1) · (x+ 2)2

❢✮ f : x 7→
1

3
x3 − 4

3
x

❣✮ f : x 7→ (x+ 1) · e−x

❤✮ f : x 7→ 2x · e1−x

✐✮ f : x 7→
1

4
e2x · (x2 − 2)

❆✉❢❣❛❜❡ ✷ ✭✺ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = −
2

3
x3 − x2 + 4x✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❆❜st❛♥❞ ③✇✐s❝❤❡♥ ❍♦❝❤✲ ✉♥❞ ❚✐❡❢♣✉♥❦t✳

✶



❆✉❢❣❛❜❡♥ ③✉ ❋✉♥❦t✐♦♥s✉♥t❡rs✉❝❤✉♥❣ ✭✷✶✳✶✵✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭❥❡ ✽ ❇❊✮

❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f ✳

❛✮ f : x 7→ x3 + 3x2 − 9x

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = −∞ lim
x→∞

f(x) = ∞

❙②♠♠❡tr✐❡✿ ❦❡✐♥❡ ❙②♠♠❡tr✐❡

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy(0|0)❀ Sx1
(−4, 85|0); Sx2

(0|0); Sx3
(1, 85|0)

❊①tr❡♠♣✉♥❦t❡✿ H(−3|27) ✉♥❞ T (1| − 5)

❲❡♥❞❡♣✉♥❦t✿ W (−1|11)

❜✮ f : x 7→ 1

2
(x− 1)2(x+ 3)

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = −∞ lim
x→∞

f(x) = ∞

❙②♠♠❡tr✐❡✿ ❦❡✐♥❡ ❙②♠♠❡tr✐❡

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy

(

0|3
2

)

❀ Sx1
(−3|0); Sx2

(1|0)
❊①tr❡♠♣✉♥❦t❡✿ H

(

−5

3
|128
27

)

✉♥❞ T (1|0)
❲❡♥❞❡♣✉♥❦t✿ W

(

−1

3
|64
27

)

❝✮ f : x 7→ x4 − 2x2

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R; y ≧ −1

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = ∞ lim
x→∞

f(x) = ∞ ⇒ lim
x→±∞

f(x) = ∞

❙②♠♠❡tr✐❡✿ ❛❝❤s❡♥s②♠♠❡tr✐s❝❤ ✭f(x) = f(−x)✮

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy(0|0)❀ Sx1
(−

√
2|0); Sx2

(0|0); Sx3
(
√
2|0)

❊①tr❡♠♣✉♥❦t❡✿ T1(−1| − 1) ✉♥❞ H(0|0) ✉♥❞ T2(1| − 1)

❲❡♥❞❡♣✉♥❦t✿ W1

(

−
√
3

3
| − 5

9

)

✉♥❞ W2

(√
3

3
| − 5

9

)

❞✮ f : x 7→ 2x3 − 6x

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = −∞ lim
x→∞

f(x) = ∞

❙②♠♠❡tr✐❡✿ ♣✉♥❦ts②♠♠❡tr✐s❝❤ ✭f(−x) = −f(x)✮

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy(0|0)❀ Sx1
(−

√
3|0); Sx2

(0|0); Sx3
(
√
3|0)

❊①tr❡♠♣✉♥❦t❡✿ H(−1|4) ✉♥❞ T (1| − 4)

❲❡♥❞❡♣✉♥❦t✿ W (0|0)

❡✮ f : x 7→ (x− 1) · (x+ 2)2

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R

✶



❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = −∞ lim
x→∞

f(x) = ∞

❙②♠♠❡tr✐❡✿ ❦❡✐♥❡ ❙②♠♠❡tr✐❡

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy(0| − 4)❀ Sx1
(−2|0); Sx2

(1|0)
❊①tr❡♠♣✉♥❦t❡✿ H(−2|0) ✉♥❞ T (0| − 4)

❲❡♥❞❡♣✉♥❦t✿ W (−1| − 2)

❢✮ f : x 7→ 1

3
x3 − 4

3
x

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = −∞ lim
x→∞

f(x) = ∞

❙②♠♠❡tr✐❡✿ ♣✉♥❦ts②♠♠❡tr✐s❝❤

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy(0|0)❀ Sx1
(−2|0); Sx2

(0|0); Sx3
(2|0)

❊①tr❡♠♣✉♥❦t❡✿ H
(

−
√

4

3
| 16·

√
3

27

)

✉♥❞ T
(
√

4

3
| −16·

√
3

27

)

❲❡♥❞❡♣✉♥❦t✿ W (0|0)

❣✮ f : x 7→ (x+ 1) · e−x

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R; y ≦ 1

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = −∞ lim
x→∞

f(x) = 0

❙②♠♠❡tr✐❡✿ ❦❡✐♥❡ ❙②♠♠❡tr✐❡

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy(0|1)❀ Sx(−1|0)
❊①tr❡♠♣✉♥❦t❡✿ H(0|1)
❲❡♥❞❡♣✉♥❦t✿ W

(

1 | 2

e

)

❤✮ f : x 7→ 2x · e1−x

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R; y ≦ 2

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = −∞ lim
x→∞

f(x) = 0

❙②♠♠❡tr✐❡✿ ❦❡✐♥❡ ❙②♠♠❡tr✐❡

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy(0|0)❀ Sx(0|0)
❊①tr❡♠♣✉♥❦t❡✿ H(1|2)
❲❡♥❞❡♣✉♥❦t✿ W

(

2 | 4

e

)

✐✮ f : x 7→ 1

4
e2x · (x2 − 2)

❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✿ x ∈ R✱ ❲❡rt❡❜❡r❡✐❝❤✿ y ∈ R; y ≧ − e
2

4

❱❡r❤❛❧t❡♥ ✐♠ ❯♥❡♥❞❧✐❝❤❡♥✿ lim
x→−∞

f(x) = 0 lim
x→∞

f(x) = ∞

❙②♠♠❡tr✐❡✿ ❦❡✐♥❡ ❙②♠♠❡tr✐❡

❆❝❤s❡♥s❝❤♥✐tt♣✉♥❦t❡✿ Sy

(

0 | −1

2

)

❀ Sx1
(−

√
2|0); Sx2

(
√
2|0)

❊①tr❡♠♣✉♥❦t❡✿ T
(

1 | − e
2

4

)

❲❡♥❞❡♣✉♥❦t✿ W1(−2, 58|0, 007); W2(0, 58| − 1, 33)

✷



❆✉❢❣❛❜❡ ✷ ✭✺ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = −2

3
x3 − x2 + 4x✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❆❜st❛♥❞ ③✇✐s❝❤❡♥ ❍♦❝❤✲ ✉♥❞ ❚✐❡❢♣✉♥❦t✳

f ′(x) = −2x2 − 2x+ 4 ✉♥❞ f ′′(x) = −4x− 2

0 = f ′(x) → x1 = −2 ✉♥❞ x2 = 1

f ′′(−2) = 6 > 0 → ❜❡✐ x = −2 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠❀

f ′′(1) = −6 < 0 → ❜❡✐ x = 1 ✐st ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠

f(−2) = −20

3
⇒ T

(

−2| − 20

3

)

f(1) = 7

3
⇒ H

(

1|7
3

)

❆❜st❛♥❞ d ✭❞✐st❛♥❝❡✮ ❜❡r❡❝❤♥❡♥ ü❜❡r ❞✐❡ ❋♦r♠❡❧ d =
√

(x2 − x1)2 + (y2 − y1)2

d =
√

(−2− 1)2 + (−20

3
− 7

3
)2 =

√
90 ≈ 9, 49 ▲❊

✸



❲✐❡❞❡r❤♦❧✉♥❣s❛✉❢❣❛❜❡♥ ✭✷✵✳✶✵✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✻ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

■♥ ❞❡♥ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❆✉❢❣❛❜❡♥ ✐st ❧❡❞✐❣❧✐❝❤ ❡✐♥❡ ❞❡r ❢ü♥❢ ❆✉s✇❛❤❧♠ö❣❧✐❝❤❦❡✐t❡♥ r✐❝❤t✐❣✳ ❑r❡✉③❡♥

❙✐❡ ❞❛s ❥❡✇❡✐❧✐❣❡ ❋❡❧❞ ❛♥✳

❛✮ ❲✐❡ ✈✐❡❧❡ ◆✉❧❧st❡❧❧❡♥ ❜❡s✐t③t ❞✐❡ ❋✉♥❦t✐♦♥ f : x 7→ x · (x− 7) · (x2 + 4) (x ∈ R)❄

� � � � �

0 1 2 3 4

❜✮ ❲❡❧❝❤❡ ❋✉♥❦t✐♦♥ h ❜❡s✐t③t ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ❡✐♥❡ ❊①tr❡♠st❡❧❧❡❄

� � � � �

h(x) = ex h(x) = sin(x) h(x) = ln(x) h(x) = 1

x
+ x h(x) =

√
x

(x ∈ R) (x ∈ R) (x ∈ R, x > 0) (x ∈ R, x 6= 0) (x ∈ R, x ≧ 0)

❝✮ ❉❡r ❣röÿt♠ö❣❧✐❝❤❡ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ Df ❞❡r ❋✉♥❦t✐♦♥ f ♠✐t f(x) =
√
4 · x− 4 ✐st

� � �

Df = {x|x ∈ R, x < 1} Df = {x|x ∈ R, x ≦ 1} Df = {x|x ∈ R, x 6= 1}
� �

Df = {x|x ∈ R, x ≧ 1} Df = {x|x ∈ R, x > 1}

❞✮ ❉✐❡ ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f ♠✐t f : x 7→ ln(x) (x ∈ Df ) ❤❛t ❛♥ ❞❡r ❙t❡❧❧❡

x = 1 ❞❡♥ ❆♥st✐❡❣

� � � � �

−1 0 1

e
1 e

❡✮ ❉✐❡ ❡rst❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ g′ ❞❡r ❋✉♥❦t✐♦♥ g ♠✐t g(x) = − 6

x3
(x ∈ Dg) ❦❛♥♥ ❜❡s❝❤r✐❡❜❡♥

✇❡r❞❡♥ ❞✉r❝❤✿

� � � � �

g′(x) = − 2

x2 g′(x) = 3

x2 g′(x) = 18

x2 g′(x) = − 2

x4 g′(x) = 18

x4

❢✮ ●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ k ♠✐t k(x) = 2 · x · (x+ 4)2 (x ∈ R)✳ ❲❡❧❝❤❡ ◆✉❧❧st❡❧❧❡♥ ❜❡s✐t③t k❄

� � � � �

x1 = −4 x1 = −2 x1 = −4 x1 = −4 x1 = 0

x2 = −2 x2 = 0 x2 = 4 x2 = 0 x2 = 4

x3 = 4 x3 = 2

✶



❆✉❢❣❛❜❡ ✷ ✭✹ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = x2 + x− 2 (x ∈ R)

❊s ✇❡r❞❡♥ ❞✐❡ ❚❛♥❣❡♥t❡♥ ✐♥ ❞❡♥ ❜❡✐❞❡♥ ❙❝❤♥✐tt♣✉♥❦t❡♥ ❞❡s ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f ♠✐t ❞❡r

x✲❆❝❤s❡ ❜❡tr❛❝❤t❡t✳

❯♥t❡rs✉❝❤❡♥ ❙✐❡✱ ♦❜ s✐❝❤ ❞✐❡ ❚❛♥❣❡♥t❡♥ ♦rt❤♦❣♦♥❛❧ s❝❤♥❡✐❞❡♥✳

❆✉❢❣❛❜❡ ✸ ✭✸ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ h ♠✐t y = h(x) = x2 + 2 · x− 3 (x ∈ R)

❉✐❡ ●❡r❛❞❡ g ✈❡r❧ä✉❢t ❞✉r❝❤ ❞✐❡ P✉♥❦t❡ P (0|h(0)) ✉♥❞ Q (2|h(2))✳
❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡ x✱ ❛♥ ❞❡r ❞✐❡ ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ h ♣❛r❛❧❧❡❧ ③✉r ●❡r❛❞❡♥ g

✈❡r❧ä✉❢t✳

❆✉❢❣❛❜❡ ✹ ✭✺ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

❉❡r ●r❛♣❤ ❞❡r ❋✉♥❦t✐♦♥ s ♠✐t s(x) = 2 ·x3− 6 ·x2 (x ∈ R) ❜❡s✐t③t ❣❡♥❛✉ ❡✐♥❡♥ ❲❡♥❞❡♣✉♥❦t W ✳

❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ s ✐♥ ❞✐❡s❡♠ ❲❡♥❞❡✲

♣✉♥❦t W ✳

❆✉❢❣❛❜❡ ✺ ✭✹ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

❉❡r ●r❛♣❤ ❞❡r ❋✉♥❦t✐♦♥ r ♠✐t r(x) = x3 − 6 · x2 + 11 · x − 6 (x ∈ R) ❜❡s✐t③t ❣❡♥❛✉ ❡✐♥❡♥

❲❡♥❞❡♣✉♥❦t W ✳

❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ r ✐♥ ❞✐❡s❡♠ ❲❡♥❞❡✲

♣✉♥❦t W ✳

✷



❲✐❡❞❡r❤♦❧✉♥❣s❛✉❢❣❛❜❡♥ ✭✷✵✳✶✵✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✻ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

■♥ ❞❡♥ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❆✉❢❣❛❜❡♥ ✐st ❧❡❞✐❣❧✐❝❤ ❡✐♥❡ ❞❡r ❢ü♥❢ ❆✉s✇❛❤❧♠ö❣❧✐❝❤❦❡✐t❡♥ r✐❝❤t✐❣✳ ❑r❡✉③❡♥

❙✐❡ ❞❛s ❥❡✇❡✐❧✐❣❡ ❋❡❧❞ ❛♥✳

❛✮ ❲✐❡ ✈✐❡❧❡ ◆✉❧❧st❡❧❧❡♥ ❜❡s✐t③t ❞✐❡ ❋✉♥❦t✐♦♥ f : x 7→ x · (x− 7) · (x2 + 4) (x ∈ R)❄

� � × � �

0 1 2 3 4

❜✮ ❲❡❧❝❤❡ ❋✉♥❦t✐♦♥ h ❜❡s✐t③t ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ❡✐♥❡ ❊①tr❡♠st❡❧❧❡❄

� � � × �

h(x) = ex h(x) = sin(x) h(x) = ln(x) h(x) = 1

x
+ x h(x) =

√
x

(x ∈ R) (x ∈ R) (x ∈ R, x > 0) (x ∈ R, x 6= 0) (x ∈ R, x ≧ 0)

❝✮ ❉❡r ❣röÿt♠ö❣❧✐❝❤❡ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ Df ❞❡r ❋✉♥❦t✐♦♥ f ♠✐t f(x) =
√
4 · x− 4 ✐st

� � �

Df = {x|x ∈ R, x < 1} Df = {x|x ∈ R, x ≦ 1} Df = {x|x ∈ R, x 6= 1}
× �

Df = {x|x ∈ R, x ≧ 1} Df = {x|x ∈ R, x > 1}

❞✮ ❉✐❡ ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f ♠✐t f : x 7→ ln(x) (x ∈ Df ) ❤❛t ❛♥ ❞❡r ❙t❡❧❧❡

x = 1 ❞❡♥ ❆♥st✐❡❣

� � � × �

−1 0 1

e
1 e

❡✮ ❉✐❡ ❡rst❡ ❆❜❧❡✐t✉♥❣s❢✉♥❦t✐♦♥ g′ ❞❡r ❋✉♥❦t✐♦♥ g ♠✐t g(x) = − 6

x3
(x ∈ Dg) ❦❛♥♥ ❜❡s❝❤r✐❡❜❡♥

✇❡r❞❡♥ ❞✉r❝❤✿

� � � � ×
g′(x) = − 2

x2 g′(x) = 3

x2 g′(x) = 18

x2 g′(x) = − 2

x4 g′(x) = 18

x4

❢✮ ●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ k ♠✐t k(x) = 2 · x · (x+ 4)2 (x ∈ R)✳ ❲❡❧❝❤❡ ◆✉❧❧st❡❧❧❡♥ ❜❡s✐t③t k❄

� � � × �

x1 = −4 x1 = −2 x1 = −4 x1 = −4 x1 = 0

x2 = −2 x2 = 0 x2 = 4 x2 = 0 x2 = 4

x3 = 4 x3 = 2

✶



❆✉❢❣❛❜❡ ✷ ✭✹ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ♠✐t f(x) = x2 + x− 2 (x ∈ R)

❊s ✇❡r❞❡♥ ❞✐❡ ❚❛♥❣❡♥t❡♥ ✐♥ ❞❡♥ ❜❡✐❞❡♥ ❙❝❤♥✐tt♣✉♥❦t❡♥ ❞❡s ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ f ♠✐t ❞❡r

x✲❆❝❤s❡ ❜❡tr❛❝❤t❡t✳

❯♥t❡rs✉❝❤❡♥ ❙✐❡✱ ♦❜ s✐❝❤ ❞✐❡ ❚❛♥❣❡♥t❡♥ ♦rt❤♦❣♦♥❛❧ s❝❤♥❡✐❞❡♥✳

❙❝❤♥✐tt♣✉♥❦t❡ ♠✐t ❞❡r x✲❆❝❤s❡ s✐♥❞ ❞✐❡ ◆✉❧❧st❡❧❧❡♥✱ ❛❧s♦ 0 = x2 + x − 2 ❧ös❡♥ ✉♥❞ ♠❛♥ ❡r❤ä❧t✿

x1 = −2 ✉♥❞ x2 = 1✳

❋ür ❞✐❡ ❆♥st✐❡❣❡ ✇✐r❞ ❞✐❡ ❡rst❡ ❆❜❧❡✐t✉♥❣ ❜❡♥öt✐❣t✿ f ′(x) = 2x+ 1✳

❉❡r ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡r ❙t❡❧❧❡ x = −2 ✐st✿ f ′(−2) = −3✳
❉❛③✉ ✐st ❞❡r s❡♥❦r❡❝❤t❡ ❆♥st✐❡❣✿ 1

3
✳

❉❡r ❆♥st✐❡❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ✐st✿ f ′(1) = 3 6= 1

3
✳

❉❛❤❡r s❝❤♥❡✐❞❡♥ s✐❝❤ ❞✐❡ ❜❡✐❞❡♥ ❚❛♥❣❡♥t❡♥ ♥✐❝❤t ♦rt❤♦❣♦♥❛❧✳

❆✉❢❣❛❜❡ ✸ ✭✸ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ h ♠✐t y = h(x) = x2 + 2 · x− 3 (x ∈ R)

❉✐❡ ●❡r❛❞❡ g ✈❡r❧ä✉❢t ❞✉r❝❤ ❞✐❡ P✉♥❦t❡ P (0|h(0)) ✉♥❞ Q (2|h(2))✳
❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ❙t❡❧❧❡ x✱ ❛♥ ❞❡r ❞✐❡ ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ✈♦♥ h ♣❛r❛❧❧❡❧ ③✉r ●❡r❛❞❡♥ g

✈❡r❧ä✉❢t✳

h(0) = −3 ✉♥❞ h(2) = 5✱ ❛❧s♦ ✐st P (0| − 3) ✉♥❞ Q(2|5)✳

❉❡r ❆♥st✐❡❣ ③✇✐s❝❤❡♥ P ✉♥❞ Q ✐st✿ m =
5− (−3)

2− 0
=

8

2
= 4✳

●❡s✉❝❤t ✐st ♥✉♥ ❞✐❡ ❙t❡❧❧❡✱ ❛♥ ✇❡❧❝❤❡r ❞✐❡ ❚❛♥❣❡♥t❡ ❛♥ h(x) ❞❡♥ ❆♥st✐❡❣ m = 4 ❜❡s✐t③t✳ ❉❛③✉

✇✐r❞ ❞✐❡ ❡rst❡ ❆❜❧❡✐t✉♥❣ ❣❡❜✐❧❞❡t✿ h′(x) = 2x+ 2

4 = 2x+ 2 ⇒ x = 1✳ ❉❛♠✐t ✐st ❞✐❡ ❙t❡❧❧❡ ❡r♠✐tt❡❧t✳

❆✉❢❣❛❜❡ ✹ ✭✺ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

❉❡r ●r❛♣❤ ❞❡r ❋✉♥❦t✐♦♥ s ♠✐t s(x) = 2 ·x3− 6 ·x2 (x ∈ R) ❜❡s✐t③t ❣❡♥❛✉ ❡✐♥❡♥ ❲❡♥❞❡♣✉♥❦t W ✳

❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ s ✐♥ ❞✐❡s❡♠ ❲❡♥❞❡✲

♣✉♥❦t W ✳

❲❡♥❞❡♣✉♥❦t ❡r♠✐tt❡❧♥✿ s′(x) = 6x2 − 12x✱ s′′(x) = 12x− 12 ✉♥❞ s′′′(x) = 12 6= 0

0 = s′′(x) ❜③✇✳ 0 = 12x−12 ⇒ x = 1✳ ❉❛ s′′′(1) 6= 0 ✐st✱ ❜❡✜♥❞❡t s✐❝❤ ❜❡✐ x = 1 ❡✐♥❡ ❲❡♥❞❡st❡❧❧❡✳

s(1) = −4 s♦♠✐t ❤❛t ❞❡r ❲❡♥❞❡♣✉♥❦t ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ W (1| − 4)✳

❆♥st✐❡❣ ❞❡r ❲❡♥❞❡t❛♥❣❡♥t❡✿ s′(1) = −6

❆✉❢st❡❧❧❡♥ ❞❡r ❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣✿ y = m · x+ n ⇒ −4 = −6 · 1 + n ⇒ n = 2✳

❉❛❤❡r ❤❛t ❞✐❡ ❲❡♥❞❡t❛♥❣❡♥t❡ ❞✐❡ ●❧❡✐❝❤✉♥❣✿ y = −6x+ 2✳

✷



❆✉❢❣❛❜❡ ✺ ✭✹ ❇❊✮ ✕ ❤✐❧❢s♠✐tt❡❧❢r❡✐

❉❡r ●r❛♣❤ ❞❡r ❋✉♥❦t✐♦♥ r ♠✐t r(x) = x3 − 6 · x2 + 11 · x − 6 (x ∈ R) ❜❡s✐t③t ❣❡♥❛✉ ❡✐♥❡♥

❲❡♥❞❡♣✉♥❦t W ✳

❊r♠✐tt❡❧♥ ❙✐❡ ❡✐♥❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ r ✐♥ ❞✐❡s❡♠ ❲❡♥❞❡✲

♣✉♥❦t W ✳

❲❡♥❞❡♣✉♥❦t ❡r♠✐tt❡❧♥✿ r′(x) = 3x2 − 12x+ 11✱ r′′(x) = 6x− 12 ✉♥❞ r′′′(x) = 6 6= 0

0 = r′′(x) ❜③✇✳ 0 = 6x− 12 ⇒ x = 2✳ ❉❛ r′′′(2) 6= 0 ✐st✱ ❜❡✜♥❞❡t s✐❝❤ ❜❡✐ x = 2 ❡✐♥❡ ❲❡♥❞❡st❡❧❧❡✳

r(2) = 0 s♦♠✐t ❤❛t ❞❡r ❲❡♥❞❡♣✉♥❦t ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ W (2|0)✳
❆♥st✐❡❣ ❞❡r ❲❡♥❞❡t❛♥❣❡♥t❡✿ r′(2) = −1

❆✉❢st❡❧❧❡♥ ❞❡r ❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣✿ y = m · x+ n ⇒ 0 = −1 · 2 + n ⇒ n = 2✳

❉❛❤❡r ❤❛t ❞✐❡ ❲❡♥❞❡t❛♥❣❡♥t❡ ❞✐❡ ●❧❡✐❝❤✉♥❣✿ y = −x+ 2✳

✸



P❛r❛♠❡t❡r❢✉♥❦t✐♦♥❡♥ ✭✵✽✳✶✶✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✶✹ ❇❊✮ ✕ ♦❤♥❡ ❈❆❙

▲❡✐t❡♥ ❙✐❡ ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ ③✇❡✐♠❛❧ ♥❛❝❤ ❞❡r ❱❛r✐❛❜❧❡ ❛❜✱ ❞✐❡ ✐♥ ❞❡r ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣

st❡❤t✳

❛✮ f(x) = (5x2 + 3) · (8x4 − 3x2 − 4)

❜✮ f(x) = sin(3x+ 5) · x3

❝✮ f(x) = e5x · 3 · x4

❞✮ f(x) = 7 · 5

√

(12x− 3)10

❡✮ f(a) = 3a4b7c5 − e3a−4b+2c

❢✮ f(b) = 3a4b7c5 − e3a−4b+2c

❣✮ f(c) = 3a4b7c5 − e3a−4b+2c

❆✉❢❣❛❜❡ ✷ ✭✷ ✰ ✶ ✰ ✷ ✰ ✻ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ P❛r❛♠❡t❡r❢✉♥❦t✐♦♥ gr(x) =
3

10
· r2 · x3 − 2 · x ♠✐t r ∈ R; r 6= 0

❛✮ ❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss gr(x) ♣✉♥❦ts②♠♠❡tr✐s❝❤ ✐st✳

❜✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ g2(x) ❛♥✳

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ❢ür ✇❡❧❝❤❡s r > 0 ❞✐❡ ◆✉❧❧st❡❧❧❡♥ x1 = −3✱ x2 = 0 ✉♥❞ x3 = 3 s✐♥❞✳

❞✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❊①tr❡♠♣✉♥❦t❡ ✭♠✐t ❆rt✮ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ r ✉♥❞ ❞❡♥ ❲❡♥❞❡♣✉♥❦t

✈♦♥ gr(x)✳

❡✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ❢ür ✇❡❧❝❤❡s r > 0 ❞❡r ❍♦❝❤♣✉♥❦t ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ H
(

− 2

15
| 8

45

)

❜❡s✐t③t✳

❢✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❖rts❦✉r✈❡ ❞❡r ❊①tr❡♠♣✉♥❦t❡ ❢ür r > 0✳

❆✉❢❣❛❜❡ ✸ ✭✷ ✰ ✸ ❇❊✮ ✕ ♦❤♥❡ ❈❆❙

❉✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ fa(x) = (x2−a2)·eax ✇✐r❞ ❢ür ❥❡❞❡ ♣♦s✐t✐✈❡ ❩❛❤❧ a ❡✐♥❡ ❋✉♥❦t✐♦♥ fa ❞❡✜♥✐❡rt✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ❞❡r ❋✉♥❦t✐♦♥ fa✳

❜✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ♣♦s✐t✐✈❡ ◆✉❧❧st❡❧❧❡ ✈♦♥ fa ♥✐❡♠❛❧s ❡✐♥❡ ❊①tr❡♠st❡❧❧❡ ❞✐❡s❡r ❋✉♥❦t✐♦♥

s❡✐♥ ❦❛♥♥✳

❆✉❢❣❛❜❡ ✹ ✭✸ ✰ ✷ ❇❊✮ ✕ ♦❤♥❡ ❈❆❙

●❡❣❡❜❡♥ ✐st ❞✐❡ P❛r❛♠❡t❡r❢✉♥❦t✐♦♥ fa ♠✐t fa(x) = x · ex+a✳ ❉❛❜❡✐ s❡✐ a ❡✐♥❡ ♣♦s✐t✐✈❡ ❩❛❤❧✳

❛✮ ▲❡✐t❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r❥❡♥✐❣❡♥ ❋✉♥❦t✐♦♥ fa ❞❡r ❙❝❤❛r ❤❡r✱ ❞❡r❡♥ ●r❛♣❤ ❞✉r❝❤ ❞❡♥

P✉♥❦t (−2| − 2) ✈❡r❧ä✉❢t✳

❜✮ ❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❥❡❞❡ ❋✉♥❦t✐♦♥ ❞❡r ❙❝❤❛r ❡✐♥❡♥ ●r❛♣❤❡♥ ♠✐t ❡✐♥❡♠ ❚✐❡❢♣✉♥❦t ❜❡s✐t③t✳

✶



❆✉❢❣❛❜❡ ✺ ✭✸ ✰ ✷ ❇❊✮ ✕ ♦❤♥❡ ❈❆❙

❋ür ❥❡❞❡ r❡❡❧❧❡ ❩❛❤❧ t ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ ft ❞✉r❝❤ ft(x) = x3 − 2tx2 + t2x ❣❡❣❡❜❡♥✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❲❡♥❞❡st❡❧❧❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ ft✳

❜✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞✐❡ ❆♥③❛❤❧ ❞❡r ◆✉❧❧st❡❧❧❡♥ ✈♦♥ ft ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ t✳

❆✉❢❣❛❜❡ ✻ ✭✷ ✰ ✸ ❇❊✮ ✕ ♦❤♥❡ ❈❆❙

❋ür ❥❡❞❡s ♣♦s✐t✐✈❡ r❡❡❧❧❡ a ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ fa ❣❡❣❡❜❡♥ ❞✉r❝❤ fa(x) = ea·x
2

− ea; x ∈ R✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡s P✉♥❦t❡s Pa (1 | fa(1))✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ta ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ fa ✐♠ P✉♥❦t

Pa✳

❆✉❢❣❛❜❡ ✼ ✭✷ ✰ ✸ ❇❊✮ ✕ ♦❤♥❡ ❈❆❙

❋ür ❥❡❞❡♥ ❲❡rt ✈♦♥ a ♠✐t a ∈ R ✉♥❞ a 6= 0 ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ fa ❞✉r❝❤ fa(x) = a ·x6−x4; x ∈ R

❣❡❣❡❜❡♥✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡❥❡♥✐❣❡♥ ❲❡rt❡ ✈♦♥ a✱ ❢ür ❞✐❡ fa ♠❡❤r ❛❧s ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ❤❛t✳

❜✮ ❋ür ❣❡♥❛✉ ❡✐♥❡♥ ❲❡rt ✈♦♥ a ❤❛t fa ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ❡✐♥ ▼✐♥✐♠✉♠✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡s❡♥ ❲❡rt ✈♦♥ a✳

❆✉❢❣❛❜❡ ✽ ✭✹ ✰ ✷ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥❡♥s❝❤❛r fk(x) = x4 − k · x2; k ∈ R

❛✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞✐❡ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥❡♥ fk ❛✉❢ ❊①tr❡♠✲ ✉♥❞ ❲❡♥❞❡♣✉♥❦t❡✳ ❙❦✐③③✐❡r❡♥

❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❢ür k = −2 ✉♥❞ k = 2✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❢ür k > 0 ❞✐❡ ❖rts❦✉r✈❡ ❞❡r ❚✐❡❢♣✉♥❦t❡ ❛❧❧❡r ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✳

❝✮ ❊s s✐♥❞ xe 6= 0 ❡✐♥❡ ❊①tr❡♠st❡❧❧❡ ✉♥❞ xw 6= 0 ❡✐♥❡ ❲❡♥❞❡st❡❧❧❡ ✈♦♥ fk ❢ür k > 0✳
❩❡✐❣❡♥ ❙✐❡✿ ❉❛s ❱❡r❤ä❧t♥✐s xe

xw

❤ä♥❣ ♥✐❝❤t ✈♦♥ k ❛❜✳ ❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞✐❡s❡r

❆✉ss❛❣❡✳

❆✉❢❣❛❜❡ ✾ ✭✻ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ss❝❤❛r ft ♠✐t ft(x) = (ex−t)2 ✉♥❞ t > 0✳ ❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r
❖rts❦✉r✈❡♥ ❞❡r ❊①tr❡♠♣✉♥❦t❡ ✉♥❞ ❞❡r ❲❡♥❞❡♣✉♥❦t❡✳ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞✐❡ ❖rts❦✉r✈❡♥ ③✉s❛♠♠❡♥

♠✐t ❡✐♥✐❣❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ss❝❤❛r ✐♥ ❡✐♥ ❣❡♠❡✐♥s❛♠❡s ❑♦♦r❞✐♥❛t❡♥s②st❡♠✳

✷



P❛r❛♠❡t❡r❢✉♥❦t✐♦♥❡♥ ✭✵✽✳✶✶✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✶✹ ❇❊✮ ✕ ♦❤♥❡ ❈❆❙

▲❡✐t❡♥ ❙✐❡ ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ ③✇❡✐♠❛❧ ♥❛❝❤ ❞❡r ❱❛r✐❛❜❧❡ ❛❜✱ ❞✐❡ ✐♥ ❞❡r ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣
st❡❤t✳

❛✮ f(x) = (5x2 + 3) · (8x4 − 3x2 − 4)

f ′(x) = 10x · (8x4 − 3x2 − 4) + (5x2 + 3) · (32x3 − 6x)
f ′′(x) = 10 · (8x4 − 3x2 − 4) + 10x · (32x3 − 6x) + 10x · (32x3 − 6x) + (5x2 + 3) · (96x2 − 6)

✭❇❡♠❡r❦✉♥❣✿ ❉❛s ❦ö♥♥t❡ ♠❛♥ ❛✉❝❤ ❛✉s♠✉❧t✐♣❧✐③✐❡r❡♥✱ ❛❜❡r ❦❡✐♥ ▼❡♥s❝❤ ❤❛t ▲✉st ❞❛r❛✉❢✳✮

❜✮ f(x) = sin(3x+ 5) · x3

f ′(x) = 3 · cos(3x+ 5) · x3 + 3 · sin(3x+ 5) · x2
f ′′(x) = −9 · sin(3x+ 5) · x3 + 9 · cos(3x+ 5) · x2 + 9 · cos(3x+ 5) · x2 + 6 · sin(3x+ 5) · x

❝✮ f(x) = e5x · 3 · x4

f ′(x) = 15 · e5x · x4 + 12 · e5x · x3 = 3 · e5x · (5x4 + 4x3)

f ′′(x) = 15 · e5x · (5x4 + 4x3) + 3 · e5x · (20x3 + 12x2) = 3 · e5x · (25x4 + 40x3 + 12x2)

❞✮ f(x) = 7 · 5

√

(12x− 3)10 = 7 · (12x− 3)2

f ′(x) = 14 · 12 · (12x− 3) = 168 · (12x− 3)
f ′′(x) = 168 · 12 = 2016

❡✮ f(a) = 3a4b7c5 − e3a−4b+2c

f ′(a) = 12a3b7c5 − 3 · e3a−4b+2c

f ′′(a) = 36a2b7c5 − 9 · e3a−4b+2c

❢✮ f(b) = 3a4b7c5 − e3a−4b+2c

f ′(b) = 21a4b6c5 + 4 · e3a−4b+2c

f ′′(b) = 126a4b5c5 − 16 · e3a−4b+2c

❣✮ f(c) = 3a4b7c5 − e3a−4b+2c

f ′(c) = 15a4b7c4 − 2 · e3a−4b+2c

f ′′(c) = 60a4b7c3 − 4 · e3a−4b+2c

✶



❆✉❢❣❛❜❡ ✷ ✭✷ ✰ ✶ ✰ ✷ ✰ ✻ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ P❛r❛♠❡t❡r❢✉♥❦t✐♦♥ gr(x) =
3
10 · r2 · x3 − 2 · x ♠✐t r ∈ R; r 6= 0

❛✮ ❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss gr(x) ♣✉♥❦ts②♠♠❡tr✐s❝❤ ✐st✳

gr(x) =
3
10 · r2 · x3 − 2 · x

gr(−x) = 3
10 · r2 · (−x)3 − 2 · (−x) = − 3

10 · r2 · x3 + 2x

−gr(x) = −
(

3
10 · r2 · x3 − 2 · x

)

= − 3
10 · r2 · x3 + 2 · x

❉❛ gr(−x) = −gr(x) ❣✐❧t✱ ✐st ❞❡r ●r❛♣❤ ✈♦♥ gr(x) ♣✉♥❦ts②♠♠❡tr✐s❝❤✳

❜✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ g2(x) ❛♥✳

g2(x) =
12
10x

3 − 2x✳ ❉✐❡ ◆✉❧❧st❡❧❧❡♥ s✐♥❞✿ x1 = −
√

5
3 , x2 = 0 , x3 =

√

5
3

❝✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ❢ür ✇❡❧❝❤❡s r > 0 ❞✐❡ ◆✉❧❧st❡❧❧❡♥ x1 = −3✱ x2 = 0 ✉♥❞ x3 = 3 s✐♥❞✳

❋ür ❞✐❡ ◆✉❧❧st❡❧❡♥ ❣✐❧t✿ 0 = 3
10 · r2 · x3 − 2x ⇒ x1 = −2·

√
15

3r , x2 = 0 , x3 =
2·
√
15

3r

❉❛ x2 = 0 st❡ts ❡r❢ü❧❧t ✐st ✉♥❞ gr(x) ♥❛❝❤ ❆✉❢❣❛❜❡ ❛✮ ♣✉♥❦ts②♠♠❡tr✐s❝❤ ✐st✱ ❣❡♥ü❣t ❡s✱ ❞❡♥
P❛r❛♠❡t❡r r ♠✐t❤✐❧❢❡ ❞❡r ●❧❡✐❝❤✉♥❣

3 =
2 ·

√
15

3r

③✉ ❜❡st✐♠♠❡♥✳ ❊s ❢♦❧❣t s♦♠✐t✿ r = 2·
√
15

9

❞✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❊①tr❡♠♣✉♥❦t❡ ✭♠✐t ❆rt✮ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ r ✉♥❞ ❞❡♥ ❲❡♥❞❡♣✉♥❦t
✈♦♥ gr(x)✳

g′r(x) =
9
10 · r2 · x2 − 2 g′′r (x) =

9
5 · r2 · x g′′′r (x) =

9
5 · r2

❊①tr❡♠st❡❧❧❡♥ ✭♥♦t✇❡♥❞✐❣❡ ❇❡❞✐♥❣✉♥❣✮✿

0 = g′r(x) ⇒ x1 = −2·
√
5

3r , x2 =
2·
√
5

3r

❊①tr❡♠st❡❧❧❡♥ ✭❆rt✮✿

g′′r

(

−2·
√
5

3r

)

= −6·
√
5·r
5 < 0 → ❧♦❦❛❧❡s ▼❛①✐♠✉♠ ❜❡✐ x♠❛① = −2·

√
5

3r

g′′r

(

2·
√
5

3r

)

= 6·
√
5·r
5 > 0 → ❧♦❦❛❧❡s ▼✐♥✐♠✉♠ ❜❡✐ x♠✐♥ = 2·

√
5

3r

❊①tr❡♠♣✉♥❦t❡✿

gr

(

−2·
√
5

3r

)

= 8·
√
5

9r ⇒ H
(

−2·
√
5

3r | 8·
√
5

9r

)

gr

(

2·
√
5

3r

)

= −8·
√
5

9r ⇒ T
(

2·
√
5

3r | −8·
√
5

9r

)

❉✐❡s❡ ❇❡tr❛❝❤t✉♥❣ ❣✐❧t ❢ür r > 0✳ ❇❡✐ r < 0 ✐st ❡s ❣❡♥❛✉ ❛♥❞❡rs ❤❡r✉♠✳

❲❡♥❞❡st❡❧❧❡ ✭♥♦t✇❡♥❞✐❣❡ ❇❡❞✐♥❣✉♥❣✮✿

0 = g′′r (x) ⇒ x = 0

Ü❜❡r♣rü❢✉♥❣ ❲❡♥❞❡st❡❧❧❡✿

g′′′r (0) =
9
5 · r2 6= 0 → ❲❡♥❞❡st❡❧❧❡ ❜❡✐ xW = 0

❲❡♥❞❡♣✉♥❦t✿

gr(0) = 0 ⇒ W (0|0)

✷



❡✮ ❇❡st✐♠♠❡♥ ❙✐❡✱ ❢ür ✇❡❧❝❤❡s r > 0 ❞❡r ❍♦❝❤♣✉♥❦t ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ H
(

− 2
15 | 8

45

)

❜❡s✐t③t✳

− 2
15 = −2·

√
5

3r ⇒ r = 5 ·
√
5

❢✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❖rts❦✉r✈❡ ❞❡r ❊①tr❡♠♣✉♥❦t❡ ❢ür r > 0✳

❋ür ❞❡♥ ❍♦❝❤♣✉♥❦t ❣✐❧t✿ x = −2·
√
5

3r ⇔ r = −2·
√
5

3x ✉♥❞ ❞❛❤❡r ✐st y =
8 ·

√
5

9 ·
(

−2·
√
5

3x

) = −4
3 · x

❆✉❢❣r✉♥❞ ❞❡r P✉♥❦ts②♠♠❡tr✐❡✱ ❧✐❡❣t ❞❡r ❚✐❡❢♣✉♥❦t ❛✉❝❤ ❛✉❢ ❞✐❡s❡r ●❡r❛❞❡♥✳ ❉✐❡s ❦ö♥♥t❡
❛✉❝❤ r❡❝❤♥❡r✐s❝❤ ♥❛❝❤❣❡✇✐❡s❡♥ ✇❡r❞❡♥✳

❆✉❢❣❛❜❡ ✸ ✭✷ ✰ ✸ ❇❊✮

❉✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ fa(x) = (x2−a2)·eax ✇✐r❞ ❢ür ❥❡❞❡ ♣♦s✐t✐✈❡ ❩❛❤❧ a ❡✐♥❡ ❋✉♥❦t✐♦♥ fa ❞❡✜♥✐❡rt✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ❞❡r ❋✉♥❦t✐♦♥ fa✳

❉❛ eax ♥✐❡ ◆✉❧❧ s❡✐♥ ❦❛♥♥✱ ❡❣❛❧ ✇❛s ❢ür a ♦❞❡r x ❡✐♥❣❡s❡t③t ✇✐r❞✱ ♠✉ss ❣❡❧t❡♥✿

x2 − a2 = 0 ⇒ x2 = a2 ⇒ x1 = −a ✉♥❞ x2 = a

❜✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ♣♦s✐t✐✈❡ ◆✉❧❧st❡❧❧❡ ✈♦♥ fa ♥✐❡♠❛❧s ❡✐♥❡ ❊①tr❡♠st❡❧❧❡ ❞✐❡s❡r ❋✉♥❦t✐♦♥
s❡✐♥ ❦❛♥♥✳

f ′
a(x) = 2x · eax + (x2 − a2) · a · eax

❆❧s♦ ✐st f ′
a(a) = 2a · ea2 6= 0✱ ✇❡✐❧ a ❡✐♥❡ ♣♦s✐t✐✈❡ ❩❛❤❧ ✐st✳

❆✉❢❣❛❜❡ ✹ ✭✸ ✰ ✷ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ P❛r❛♠❡t❡r❢✉♥❦t✐♦♥ fa ♠✐t fa(x) = x · ex+a✳ ❉❛❜❡✐ s❡✐ a ❡✐♥❡ ♣♦s✐t✐✈❡ ❩❛❤❧✳

❛✮ ▲❡✐t❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r❥❡♥✐❣❡♥ ❋✉♥❦t✐♦♥ fa ❞❡r ❙❝❤❛r ❤❡r✱ ❞❡r❡♥ ●r❛♣❤ ❞✉r❝❤ ❞❡♥
P✉♥❦t (−2| − 2) ✈❡r❧ä✉❢t✳

fa(−2) = −2 ❣✐❧t ❛✉❢❣r✉♥❞ ❞❡s P✉♥❦t❡s✱ ❛❧s♦ ✐st✿

−2 · e−2+a = −2
:(−2)⇒ e−2+a = 1

❊s ❣✐❧t ❢ür ❥❡❞❡ r❡❡❧❧❡ ❩❛❤❧✿ a0 = 1✱ ❛❧s♦ ♠✉ss ✐♠ ❊①♣♦♥❡♥t❡♥ ❡✐♥❡ ◆✉❧❧ ❤❡r❛✉s❦♦♠♠❡♥✳
❉❛❤❡r ✐st a = 2✳

◆✉♥ s♦❧❧ f2(x) = x · ex+2 ❛❜❣❡❧❡✐t❡t ✇❡r❞❡♥✳ ❊s ✐st f ′
2(x) = ex+2 + x · ex+2 = (1+ x) · ex+2✳

❜✮ ❲❡✐s❡♥ ❙✐❡ ♥❛❝❤✱ ❞❛ss ❥❡❞❡ ❋✉♥❦t✐♦♥ ❞❡r ❙❝❤❛r ❡✐♥❡♥ ●r❛♣❤❡♥ ♠✐t ❡✐♥❡♠ ❚✐❡❢♣✉♥❦t ❜❡s✐t③t✳

❊s ✐st f ′
a(x) = ex+a + x · ex+a = (1 + x) · ex+a

0 = (1 + x) · ex+a ⇒ x = −1✳

❩✉r ❇❡st✐♠♠✉♥❣ ❞❡r ❆rt ❞❡s ❊①tr❡♠✉♠s ♠✉ss x = −1 ♥✉♥ ✐♥ ❞✐❡ ③✇❡✐t❡ ❆❜❧❡✐t✉♥❣ ❡✐♥❣❡✲
s❡t③t ✇❡r❞❡♥✳ ❊s ✐st✿

f ′′
a (x) = ex+a + (1 + x) · ex+a ⇒ f ′′

a (−1) = e−1+a > 0✱ ❛❧s♦ ✐st ❞✐❡ ❊①tr❡♠st❡❧❧❡
✐♠♠❡r ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠✳

✸



❆✉❢❣❛❜❡ ✺ ✭✷ ✰ ✸ ❇❊✮

❋ür ❥❡❞❡ r❡❡❧❧❡ ❩❛❤❧ t ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ ft ❞✉r❝❤ ft(x) = x3 − 2tx2 + t2x ❣❡❣❡❜❡♥✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❲❡♥❞❡st❡❧❧❡ ❞❡s ●r❛♣❤❡♥ ✈♦♥ ft✳

f ′
t(x) = 3x2 − 4tx+ t2

f ′′
t (x) = 6x− 4t

f ′′′
t (x) = 6

❲❡♥❞❡st❡❧❧❡ ❜❡st✐♠♠❡♥✿ 0 = 6x − 4t ⇔ 4t = 6x ⇔ x = 2
3 t ✭✐st ❲❡♥❞❡st❡❧❧❡✱ ✇❡✐❧

f ′′′
t

(

2
3 t
)

= 6 6= 0 ✐st✳

❜✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞✐❡ ❆♥③❛❤❧ ❞❡r ◆✉❧❧st❡❧❧❡♥ ✈♦♥ ft ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ t✳

ft(x) = x · (x2 − 2tx+ t2) ⇒ x1 = 0

❋ür x2 ✉♥❞ x3 ✐st 0 = x2 − 2tx+ t2 ♠✐t ❞❡r p✲q✲❋♦r♠❡❧ ③✉ ❧ös❡♥✳

x2/3 = t±
√
t2 − t2 = t

❆❧s♦ ❤❛t ft(x) ♥✉r ❡✐♥❡ ◆✉❧❧st❡❧❧❡✱ ✇❡♥♥ t = 0 ✐st ✉♥❞ s♦♥st ③✇❡✐ ◆✉❧❧st❡❧❧❡♥✳

❇❡♠❡r❦✉♥❣✿ ❉❛s ❤ätt❡ ♠❛♥ ❛✉❝❤ s❡❤❡♥ ❦ö♥♥❡♥✱ ✇❡♥♥ ♠❛♥ ❜✐♥♦♠✐s❝❤❡ ❋♦r♠❡❧♥ ❦❛♥♥✿
x · (x2 − 2tx+ t2) = x · (x− t)2

❆✉❢❣❛❜❡ ✻ ✭✷ ✰ ✸ ❇❊✮

❋ür ❥❡❞❡s ♣♦s✐t✐✈❡ r❡❡❧❧❡ a ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ fa ❣❡❣❡❜❡♥ ❞✉r❝❤ fa(x) = ea·x
2 − ea; x ∈ R✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡s P✉♥❦t❡s Pa (1 | fa(1))✳
fa(1) = ea·1

2 − ea = ea − ea = 0✱ ❛❧s♦ Pa(1|0)✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❚❛♥❣❡♥t❡ ta ❛♥ ❞❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ fa ✐♠ P✉♥❦t
Pa✳

f ′
a(x) = 2x · ea·x2

f ′
a(1) = 2 · ea

y = m · x+ n ⇒ 0 = 2 · ea · 1 + n ⇔ n = −2 · ea

tPa
(x) = 2 · ea · x− 2 · ea = 2 · ea · (x− 1)

❆✉❢❣❛❜❡ ✼ ✭✷ ✰ ✸ ❇❊✮

❋ür ❥❡❞❡♥ ❲❡rt ✈♦♥ a ♠✐t a ∈ R ✉♥❞ a 6= 0 ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ fa ❞✉r❝❤ fa(x) = a ·x6−x4; x ∈ R

❣❡❣❡❜❡♥✳

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡❥❡♥✐❣❡♥ ❲❡rt❡ ✈♦♥ a✱ ❢ür ❞✐❡ fa ♠❡❤r ❛❧s ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ❤❛t✳

fa(x) = a · x6 − x4 = x4 · (a · x2 − 1) ⇒ ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ✐st ❛❧s♦ ❞❛❤❡r x1 = 0✳

0 = a · x2 − 1 ⇔ 1 = a · x2 ⇔ 1
a = x2

⇒ x2 = −
√

1
a ✉♥❞ x3 =

√

1
a

❋ür a < 0 s✐♥❞ ❜❡✐❞❡ ❲✉r③❡❧♥ ✉♥❞❡✜♥✐❡rt ✉♥❞ ❞❛♥♥ ❤ätt❡ fa(x) ♥✉r ❞✐❡ ◆✉❧❧st❡❧❧❡ x1 = 0✳
❉❛❤❡r ❤❛t fa(x) ♠❡❤r ❛❧s ❡✐♥❡ ◆✉❧❧st❡❧❧❡ ❢ür a > 0✳

✹



❜✮ ❋ür ❣❡♥❛✉ ❡✐♥❡♥ ❲❡rt ✈♦♥ a ❤❛t fa ❛♥ ❞❡r ❙t❡❧❧❡ x = 1 ❡✐♥ ▼✐♥✐♠✉♠✳
❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡s❡♥ ❲❡rt ✈♦♥ a✳

f ′
a(x) = 6ax5 − 4x3

f ′′
a (x) = 30ax4 − 12x2

0 = 6ax5 − 4x3 ⇔ 0 = 2x3 · (3ax2 − 2) ⇒ x1 = 0

0 = 3ax2 − 2 ⇔ 2
3a = x2 ⇒ x2 = −

√

2
3a ✉♥❞ x3 =

√

2
3a

❊s ♠✉ss ❛❧s♦ ❣❡❧t❡♥ 2
3a = 1✳ ❲❡♥♥ ♠❛♥ ❞❡♥ ❇r✉❝❤ ✉♠s❝❤r❡✐❜t✱ st❡❤t ❞♦rt 2

3 · 1
a = 1✳ ❉❛♠✐t

❞❛s ❣✐❧t✱ ♠✉ss a = 2
3 s❡✐♥✱ ❞❡♥♥ 2

3 · 12
3

= 2
3 · 3

2 = 1✳

✺



❆✉❢❣❛❜❡ ✽ ✭✹ ✰ ✷ ✰ ✸ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥❡♥s❝❤❛r fk(x) = x4 − k · x2; k ∈ R

❛✮ ❯♥t❡rs✉❝❤❡♥ ❙✐❡ ❞✐❡ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥❡♥ fk ❛✉❢ ❊①tr❡♠✲ ✉♥❞ ❲❡♥❞❡♣✉♥❦t❡✳ ❙❦✐③③✐❡r❡♥
❙✐❡ ❞❡♥ ●r❛♣❤❡♥ ❢ür k = −2 ✉♥❞ k = 2✳

f ′
k(x) = 4x3 − 2k · x f ′′

k (x) = 12x2 − 2k f ′′′
k (x) = 24x

❋ür k = 0 ✐st ❞✐❡ ❋✉♥❦t✐♦♥s❣❧❡✐❝❤✉♥❣ f0(x) = x4 ✉♥❞ ❜❡s✐t③t ❡✐♥ ❣❧♦❜❛❧❡s ▼✐♥✐♠✉♠ ❜❡✐
T (0 | 0)✱ ❥❡❞♦❝❤ ❦❡✐♥❡♥ ❲❡♥❞❡♣✉♥❦t✳

❊①tr❡♠♣✉♥❦t❡✿

0 = f ′
k(x) ⇒ x1 = −

√

k
2 , x2 = 0, x3 =

√

k
2

x1 ✉♥❞ x3 s✐♥❞ ❛❧s♦ ♥✉r ❞❡✜♥✐❡rt ❢ür k > 0✳

f ′′
k (0) = −2k ❉❛❤❡r ✐st ❜❡✐ x = 0 ❡✐♥ ▼❛①✐♠✉♠ ❢ür k > 0 ✉♥❞ ❡✐♥ ▼✐♥✐♠✉♠ ❢ür k ≦ 0✳
fk(0) = 0 → ❉❛s ❊①tr❡♠✉♠ ❤❛t ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ E1(0 | 0)

f ′′
k

(

±
√

k
2

)

= 4k > 0 ❛❧s♦ s✐♥❞ ❛♥ ❜❡✐❞❡♥ ❙t❡❧❧❡♥ ❥❡✇❡✐❧s ▼✐♥✐♠❛✳

fk

(

±
√

k
2

)

= −k2

4 → E2

(

−
√

k
2 | −k2

4

)

✉♥❞ E3

(

√

k
2 | −k2

4

)

❲❡♥❞❡♣✉♥❦t❡✿

0 = f ′′
k (x) ⇒ x1 = −

√

k
6 ✉♥❞ x2 =

√

k
6 ✳ ❆❧s♦ ❡①✐st✐❡r❡♥ ❲❡♥❞❡♣✉♥❦t❡ ❣r✉♥❞sät③❧✐❝❤

♥✉r ❢ür k > 0✳

f ′′′
k

(

−
√

k
6

)

= −24 ·
√

k
6 6= 0 ✭❛♥❛❧♦❣ ❢ür x2✮✳ ❉❛❤❡r ❡①✐st✐❡r❡♥ ❞✐❡ ❲❡♥❞❡♣✉♥❦t❡ ✇✐r❦❧✐❝❤

❢ür k > 0

fk

(

±
√

k
6

)

= −5k2

36 → W1

(

−
√

k
6 | −5k2

36

)

✉♥❞ W2

(

√

k
6 | −5k2

36

)

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❢ür k > 0 ❞✐❡ ❖rts❦✉r✈❡ ❞❡r ❚✐❡❢♣✉♥❦t❡ ❛❧❧❡r ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥✳

x =
√

k
2 ⇒ k = 2 · x2 y = − (2x2)2

4 = −x4

❝✮ ❊s s✐♥❞ xe 6= 0 ❡✐♥❡ ❊①tr❡♠st❡❧❧❡ ✉♥❞ xw 6= 0 ❡✐♥❡ ❲❡♥❞❡st❡❧❧❡ ✈♦♥ fk ❢ür k > 0✳
❩❡✐❣❡♥ ❙✐❡✿ ❉❛s ❱❡r❤ä❧t♥✐s xe

xw

❤ä♥❣ ♥✐❝❤t ✈♦♥ k ❛❜✳ ❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞✐❡s❡r
❆✉ss❛❣❡✳

xe

xw

=

√

k
2

√

k
6

=
√
3 ⇔ xe =

√
3 · xw

❆❧s♦ ✐st ❞✐❡ ❊①tr❡♠st❡❧❧❡ ✐♠♠❡r ✉♠ ❡✐♥ ❱✐❡❧❢❛❝❤❡s ❣röÿ❡r ❛❧s ❞✐❡ ❲❡♥❞❡st❡❧❧❡✳

✻



❆✉❢❣❛❜❡ ✾ ✭✻ ❇❊✮

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ss❝❤❛r ft ♠✐t ft(x) = (ex−t)2 ✉♥❞ t > 0✳ ❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r
❖rts❦✉r✈❡♥ ❞❡r ❊①tr❡♠♣✉♥❦t❡ ✉♥❞ ❞❡r ❲❡♥❞❡♣✉♥❦t❡✳ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞✐❡ ❖rts❦✉r✈❡♥ ③✉s❛♠♠❡♥
♠✐t ❡✐♥✐❣❡♥ ●r❛♣❤❡♥ ❞❡r ❋✉♥❦t✐♦♥ss❝❤❛r ✐♥ ❡✐♥ ❣❡♠❡✐♥s❛♠❡s ❑♦♦r❞✐♥❛t❡♥s②st❡♠✳

f ′
t(x) = 2 · (ex − t) · ex f ′′

t (x) = 2 · ex · (2 · ex − t) f ′′′
t (x) = 2 · ex · (4 · ex − t)

0 = f ′
t(x) ⇒ x = ln(t) f ′′

t (ln(t)) = 2 · t2 > 0 ❛❧s♦ ✐st ❜❡✐ x = ln(t) ❡✐♥ ❧♦❦❛❧❡s ▼✐♥✐♠✉♠

ft(ln(t)) = 0 → T (ln(t) | 0)

0 = f ′′
t (x) ⇒ x = ln

(

t
2

)

f ′′′
t

(

ln
(

t
2

))

= t2 6= 0 ❛❧s♦ ❡①✐st✐❡rt ❞✐❡ ❲❡♥❞❡st❡❧❧❡✳

ft
(

ln
(

t
2

))

= t2

4 → W
(

ln
(

t
2

)

| t2

4

)

❖rts❦✉r✈❡ ❞❡r ❊①tr❡♠♣✉♥❦t❡✿ y = 0 ✭✇❡✐❧ ❛❧❧❡ ❊①tr❡♠♣✉♥❦t❡ ❛✉❢ ❞❡r x✲❆❝❤s❡ ❧✐❡❣❡♥✳

❖rts❦✉r✈❡ ❞❡r ❲❡♥❞❡♣✉♥❦t❡✿ x = ln
(

t
2

)

⇒ t = 2 · ex → y = (2·ex)2

4 = (ex)2 = e2x

❍✐❡r ✐st ❞✐❡ ♥❡♦♥❣rü♥❡ ▲✐♥✐❡ ❞✐❡ ❖rts❦✉r✈❡ ❞❡r ❚✐❡❢♣✉♥❦t❡ ✉♥❞ ❞✐❡ ❣❡❧❜❡ ▲✐♥✐❡ ❞✐❡ ❖rts❦✉r✈❡ ❞❡r
❲❡♥❞❡♣✉♥❦t❡✳

✼



❆✉❢❣❛❜❡♥ ③✉ ❋✉♥❦t✐♦♥s❜❡st✐♠♠✉♥❣ ✭✵✻✳✶✷✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭❥❡ ✸ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥❡s P♦❧②♥♦♠s ❞r✐tt❡♥ ●r❛❞❡s✱ ❞❡ss❡♥ ●r❛♣❤ ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞❡♥

❊✐❣❡♥s❝❤❛❢t❡♥ ❜❡s✐t③t ✉♥❞ s❦✐③③✐❡r❡♥ ❙✐❡ ❞✐❡s❡✿

❛✮ ✳✳✳ ❤❛t ✐♠ P✉♥❦t T (1|0) ❡✐♥❡♥ ❚✐❡❢♣✉♥❦t ✉♥❞ ✐♠ P✉♥❦t H(3|4) ❡✐♥❡♥ ❍♦❝❤♣✉♥❦t✳

❜✮ ✳✳✳ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ ✐st ❲❡♥❞❡♣✉♥❦t✱ ❞❡r P✉♥❦t H(3|2) ✐st ❍♦❝❤♣✉♥❦t✳

❝✮ ✳✳✳ ✐♠ ❲❡♥❞❡♣✉♥❦t W (2|4) ❤❛t ❞✐❡ ❲❡♥❞❡t❛♥❣❡♥t❡ ❞✐❡ ❙t❡✐❣✉♥❣ −3✱ ❛✉ÿ❡r❞❡♠ ❣❡❤t ❞❡r

●r❛♣❤ ❞✉r❝❤ ❞❡♥ ❯rs♣r✉♥❣✳

❞✮ ✳✳✳ ❣❡❤t ❞✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ ✉♥❞ ❤❛t ✐♥ S(2|1) ❡✐♥❡♥ ❙❛tt❡❧♣✉♥❦t✳

❡✮ ✳✳✳ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞✐❡ P✉♥❦t❡ P (0| − 5) s♦✇✐❡ Q(1|0) ✉♥❞ ❜❡rü❤rt ❞✐❡ x✲❆❝❤s❡ ✐♠ P✉♥❦t

R(5|0)✳

❢✮ ✳✳✳ ✐♠ P✉♥❦t P (1|4) ❡✐♥❡ ❚❛♥❣❡♥t❡ ♣❛r❛❧❧❡❧ ③✉r ✶✳ ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥ ✉♥❞ ✐♥ Q(0|2) ❡✐♥❡
❚❛♥❣❡♥t❡ P❛r❛❧❧❡❧ ③✉r x✲❆❝❤s❡✳

❣✮ ✳✳✳ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ ✉♥❞ ❜❡s✐t③t ❞❡♥ ❲❡♥❞❡♣✉♥❦t W (1| − 2)✳ ❉✐❡
❲❡♥❞❡t❛♥❣❡♥t❡ s❝❤♥❡✐❞❡t ❞✐❡ x✲❆❝❤s❡ ✐♥ Q(2|0)✳

❆✉❢❣❛❜❡ ✷ ✭❥❡ ✸ ❇❊✮

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥❡r ❋✉♥❦t✐♦♥ ✺✳ ●r❛❞❡s✱ ✇❡❧❝❤❡ ♣✉♥❦ts②♠♠❡tr✐s❝❤ ③✉♠

❯rs♣r✉♥❣ ♠✐t ❯rs♣r✉♥❣s❣❡r❛❞❡ y = 7 · x ✐st s♦✇✐❡ ❡✐♥❡♥ ❲❡♥❞❡♣✉♥❦t W (1|0) ❜❡s✐t③t✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥❡r ③✉r y✲❆❝❤s❡ ❛❝❤s❡♥s②♠♠❡tr✐s❝❤❡♥ ❋✉♥❦t✐♦♥ ✹✳ ●r❛❞❡s✱

❞❡r❡♥ ❲❡♥❞❡t❛♥❣❡♥t❡ ✐♠ ❯rs♣r✉♥❣ ♠✐t ❡✐♥❡r ❙t❡✐❣✉♥❣ ✶ ❧✐❡❣t ✉♥❞ ✐♠ P✉♥❦t P (2|4) ❤❛t ❞✐❡
❋✉♥❦t✐♦♥ ❡✐♥ ❊①tr❡♠✉♠✳

❆✉❢❣❛❜❡ ✸ ✕ ♦❤♥❡ ❈❆❙ ✭✺ ❇❊✮

❉❡r ●r❛♣❤ ❡✐♥❡r q✉❛❞r❛t✐s❝❤❡♥ ❋✉♥❦t✐♦♥ f ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣✳ ❉✐❡ ❚❛♥✲

❣❡♥t❡ ❛♥ ❞✐❡s❡♥ ●r❛♣❤❡♥ ✐♠ P✉♥❦t (2|f(2)) ❤❛t ❞✐❡ ●❧❡✐❝❤✉♥❣ y = 4x− 2✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❡✐♥❡♥

❋✉♥❦t✐♦♥st❡r♠ ✈♦♥ f ✳

❆✉❢❣❛❜❡ ✹ ✭✸ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❞❛r❣❡st❡❧❧t❡♥ ❋✉♥❦t✐♦♥✳✶

✶◗✉❡❧❧❡✿ ❤tt♣s✿✴✴❞❡✳s❡r❧♦✳♦r❣✴♠❛t❤❡✴✷✶✺✼✴st❡❝❦❜r✐❡❢❛✉❢❣❛❜❡

✶



❆✉❢❣❛❜❡♥ ③✉ ❋✉♥❦t✐♦♥s❜❡st✐♠♠✉♥❣ ✭✵✻✳✶✷✳✷✵✷✶✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✶✷ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥❡s P♦❧②♥♦♠s ❞r✐tt❡♥ ●r❛❞❡s✱ ❞❡ss❡♥ ●r❛♣❤ ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞❡♥

❊✐❣❡♥s❝❤❛❢t❡♥ ❜❡s✐t③t ✉♥❞ s❦✐③③✐❡r❡♥ ❙✐❡ ❞✐❡s❡✿ ❊s ✐st f(x) = a · x3 + b · x2 + c · x + d ✉♥❞

f ′(x) = 3a · x2 + 2b · x+ c ✉♥❞ f ′′(x) = 6a · x+ 2b

❛✮ ✳✳✳ ❤❛t ✐♠ P✉♥❦t T (1|0) ❡✐♥❡♥ ❚✐❡❢♣✉♥❦t ✉♥❞ ✐♠ P✉♥❦t H(3|4) ❡✐♥❡♥ ❍♦❝❤♣✉♥❦t✳

❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ f(1) = 0 ✭P✉♥❦t✮✱ f ′(1) = 0 ✭❚✐❡❢♣✉♥❦t✮✱ f(3) = 4 ✭P✉♥❦t✮ ✉♥❞

f ′(3) = 0 ✭❍♦❝❤♣✉♥❦t✮✳

f(x) = −x3 + 6x2 − 9x+ 4

❜✮ ✳✳✳ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ ✐st ❲❡♥❞❡♣✉♥❦t✱ ❞❡r P✉♥❦t H(3|2) ✐st ❍♦❝❤♣✉♥❦t✳

❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ f(0) = 0 ✭P✉♥❦t✮✱ f ′′(0) = 0 ✭❲❡♥❞❡♣✉♥❦t✮✱ f(3) = 2 ✭P✉♥❦t✮ ✉♥❞

f ′(3) = 0 ✭❍♦❝❤♣✉♥❦t✮✳

f(x) = − 1
27x

3 + x

❝✮ ✳✳✳ ✐♠ ❲❡♥❞❡♣✉♥❦t W (2|4) ❤❛t ❞✐❡ ❲❡♥❞❡t❛♥❣❡♥t❡ ❞✐❡ ❙t❡✐❣✉♥❣ −3✱ ❛✉ÿ❡r❞❡♠ ❣❡❤t ❞❡r

●r❛♣❤ ❞✉r❝❤ ❞❡♥ ❯rs♣r✉♥❣✳

❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ f(0) = 0 ✭P✉♥❦t✮✱ f(2) = 4 ✭P✉♥❦t✮✱ f ′′(2) = 0 ✭❲❡♥❞❡♣✉♥❦t✮ ✉♥❞

f ′(2) = −3 ✭❙t❡✐❣✉♥❣ ❞❡r ❲❡♥❞❡t❛♥❣❡♥t❡✮✳

f(x) = 5
4x

3 − 15
2 x

2 + 12x

❞✮ ✳✳✳ ❣❡❤t ❞✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ ✉♥❞ ❤❛t ✐♥ S(2|1) ❡✐♥❡♥ ❙❛tt❡❧♣✉♥❦t✳

❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ f(0) = 0 ✭P✉♥❦t✮✱ f(2) = 1 ✭P✉♥❦t✮✱ f ′(2) = 0 ✭❙❛tt❡❧♣✉♥❦t✮ ✉♥❞

f ′′(2) = 0 ✭❙❛tt❡❧♣✉♥❦t✮✳

f(x) = 1
8x

3 − 3
4x

2 + 3
2x

❡✮ ✳✳✳ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞✐❡ P✉♥❦t❡ P (0| − 5) s♦✇✐❡ Q(1|0) ✉♥❞ ❜❡rü❤rt ❞✐❡ x✲❆❝❤s❡ ✐♠ P✉♥❦t

R(5|0)✳

❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ f(0) = −5 ✭P✉♥❦t✮✱ f(1) = 0 ✭P✉♥❦t✮✱ f(5) = 0 ✭P✉♥❦t✮ ✉♥❞

f ′(5) = 0 ✭❜❡rü❤rt ❞✐❡ x✲❆❝❤s❡✮✳

f(x) = 1
5x

3 − 11
5 x

2 + 7x− 5

❢✮ ✳✳✳ ✐♠ P✉♥❦t P (1|4) ❡✐♥❡ ❚❛♥❣❡♥t❡ ♣❛r❛❧❧❡❧ ③✉r ✶✳ ❲✐♥❦❡❧❤❛❧❜✐❡r❡♥❞❡♥ ✉♥❞ ✐♥ Q(0|2) ❡✐♥❡
❚❛♥❣❡♥t❡ P❛r❛❧❧❡❧ ③✉r x✲❆❝❤s❡✳

❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ f(1) = 4 ✭P✉♥❦t✮✱ f(0) = 2 ✭P✉♥❦t✮✱ f ′(1) = 1 ✭♣❛r❛❧❧❡❧ ③✉r ✶✳ ❲✐♥✲

❦❡❧❤❛❧❜✐❡r❡♥❞❡♥✮ ✉♥❞ f ′(0) = 0 ✭♣❛r❛❧❧❡❧ ③✉r x✲❆❝❤s❡✮✳

f(x) = −3x3 + 5x2 + 2

❣✮ ✳✳✳ ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ ✉♥❞ ❜❡s✐t③t ❞❡♥ ❲❡♥❞❡♣✉♥❦t W (1| − 2)✳ ❉✐❡
❲❡♥❞❡t❛♥❣❡♥t❡ s❝❤♥❡✐❞❡t ❞✐❡ x✲❆❝❤s❡ ✐♥ Q(2|0)✳

❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ f(0) = 0 ✭P✉♥❦t✮✱ f(1) = −2 ✭P✉♥❦t✮✱ f ′′(1) = 0 ✭❲❡♥❞❡♣✉♥❦t✮

❉✐❡ ❧❡t③t❡ ■♥❢♦r♠❛t✐♦♥ ✐st s❝❤✇✐❡r✐❣❡r✳ ❲✐r ❦ö♥♥❡♥ ❞❡♥ ❆♥st✐❡❣ ❞❡r ❲❡♥❞❡t❛♥❣❡♥t❡ ❞✉r❝❤

❞❡♥ ❉✐✛❡r❡♥③❡♥q✉♦t✐❡♥t❡♥ ❡r♠✐tt❡❧♥✿

y2−y1

x2−x1
= 0−(−2)

2−1 = 2 = f ′(1) ✭❆♥st✐❡❣ ❞❡r ❲❡♥❞❡t❛♥❣❡♥t❡✮

f(x) = −4x3 + 12x2 − 10x

✶



❆✉❢❣❛❜❡ ✷ ✭❥❡ ✸ ❇❊✮

❛✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥❡r ❋✉♥❦t✐♦♥ ✺✳ ●r❛❞❡s✱ ✇❡❧❝❤❡ ♣✉♥❦ts②♠♠❡tr✐s❝❤ ③✉♠

❯rs♣r✉♥❣ ♠✐t ❯rs♣r✉♥❣s❣❡r❛❞❡ y = 7 · x ✐st s♦✇✐❡ ❡✐♥❡♥ ❲❡♥❞❡♣✉♥❦t W (1|0) ❜❡s✐t③t✳

f(x) = a · x5 + b · x3 + c · x ✭❛✉❢❣r✉♥❞ ❞❡r P✉♥❦ts②♠♠❡tr✐❡ ③✉♠ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣✮

f ′(x) = 5 · a · x4 + 3 · b · x2 + c

f ′′(x) = 20 · a · x3 + 6 · b · x

❊s ❣❡❧t❡♥ ❞✐❡ ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥✿

I f ′(0) = 7 ✭❆♥st✐❡❣ ❞❡r ❯rs♣r✉♥❣s❣❡r❛❞❡♥✮

II f(1) = 0 ✭❑♦♦r❞✐♥❛t❡♥ ❞❡s ❲❡♥❞❡♣✉♥❦t❡s✮

III f ′′(1) = 0 ✭❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡s ❲❡♥❞❡♣✉♥❦t❡s✮

⇒ f(x) = 3 · x5 − 10 · x3 + 7 · x

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥❡r ③✉r y✲❆❝❤s❡ ❛❝❤s❡♥s②♠♠❡tr✐s❝❤❡♥ ❋✉♥❦t✐♦♥ ✹✳ ●r❛❞❡s✱

❞❡r❡♥ ❲❡♥❞❡t❛♥❣❡♥t❡ ✐♠ ❯rs♣r✉♥❣ ♠✐t ❡✐♥❡r ❙t❡✐❣✉♥❣ ✶ ❧✐❡❣t ✉♥❞ ✐♠ P✉♥❦t P (2|4) ❤❛t ❞✐❡
❋✉♥❦t✐♦♥ ❡✐♥ ❊①tr❡♠✉♠✳

f(x) = a · x4 + b · x2 + c ✭❛✉❢❣r✉♥❞ ❞❡r ❆❝❤s❡♥s②♠♠❡tr✐❡ ③✉r y✲❆❝❤s❡✮

f ′(x) = 4 · a · x3 + 2 · b · x

f ′′(x) = 12 · a · x2 + 2 · b

❙t❛tt ✸ ■♥❢♦r♠❛t✐♦♥❡♥ ❣❡❧t❡♥ ❢♦❧❣❡♥❞❡ ✺ ●❧❡✐❝❤✉♥❣❡♥✿

I f(0) = 0 ✭❲❡♥❞❡♣✉♥❦t ✐♠ ❯rs♣r✉♥❣✮

II f ′′(0) = 0 ✭❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡s ❲❡♥❞❡♣✉♥❦t❡s✮

III f ′(0) = 1 ✭❆♥st✐❡❣ ❞❡r ❲❡♥❞❡t❛♥❣❡♥t❡✮

IV f(2) = 4 ✭P✉♥❦t❦♦♦r❞✐♥❛t❡♥✮

V f ′(2) = 4 ✭❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡s ❊①tr❡♠✉♠s✮

⇒ ❦❡✐♥❡ ▲ös✉♥❣ ♠ö❣❧✐❝❤

❲❡♥♥ ❞✐❡ ❋✉♥❦t✐♦♥ ♥✐❝❤t ❛❝❤s❡♥s②♠♠❡tr✐s❝❤ ✐st✱ ✇är❡ f(x) = −1
2x

4 + 5
4x

3 + x

❆✉❢❣❛❜❡ ✸ ✕ ♦❤♥❡ ❈❆❙ ✭✺ ❇❊✮

❉❡r ●r❛♣❤ ❡✐♥❡r q✉❛❞r❛t✐s❝❤❡♥ ❋✉♥❦t✐♦♥ f ✈❡r❧ä✉❢t ❞✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣✳ ❉✐❡ ❚❛♥✲

❣❡♥t❡ ❛♥ ❞✐❡s❡♥ ●r❛♣❤❡♥ ✐♠ P✉♥❦t (2|f(2)) ❤❛t ❞✐❡ ●❧❡✐❝❤✉♥❣ y = 4x− 2✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❡✐♥❡♥

❋✉♥❦t✐♦♥st❡r♠ ✈♦♥ f ✳

❊s ✐st f(x) = a · x2 + b · x+ c

❉❡r P✉♥❦t P ❧✐❡❣t ❛✉❝❤ ❛✉❢ ❞❡r ❚❛♥❣❡♥t❡✳ ❯♠ ❛❧s♦ ❞✐❡ y✲❑♦♦r❞✐♥❛t❡ ③✉ ❜❡st✐♠♠❡♥✱ ✇✐r❞ ❞❡r

x✲❲❡rt ❞❡s P✉♥❦t❡s ✐♥ ❞✐❡ ❚❛♥❣❡♥t❡♥❣❧❡✐❝❤✉♥❣ ❡✐♥❣❡s❡t③t✿ y = 4 · 2− 2 = 6 → P (2|6)✳

◆✉♥ ❦ö♥♥❡♥ ❞✐❡ ❞r❡✐ ●❧❡✐❝❤✉♥❣❡♥ ❛✉❢❣❡st❡❧❧t ✇❡r❞❡♥✿

❉✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ ❣✐❧t✿ f(0) = 0 ⇔ c = 0

❆❧s♦ ✐st ❞✐❡ ●❧❡✐❝❤✉♥❣ ❢ür f ♥✉r ♥♦❝❤ f(x) = a · x2 + b · x ✉♥❞ f ′(x) = 2a · x+ b

P✉♥❦t P (2|6)✿ f(2) = 6 ⇔ 4a+ 2b = 6 ⇔ 2a+ b = 3 ✭■✮

❆♥st✐❡❣ ✐♥ P (2|6) ✐st 4✿ f ′(2) = 4 ⇔ 4a+ b = 4 ✭■■✮

◆✉♥ ♠✉ss ❞❛s ●❧❡✐❝❤✉♥❣ss②st❡♠ ❣❡❧öst ✇❡r❞❡♥✳ ❆✉s ✭■✮ ❧ässt s✐❝❤ b ❣✉t ✉♠st❡❧❧❡♥✿ b = 3 − 2a✳
❉✐❡s ✇✐r❞ ✐♥ ✭■■✮ ❡✐♥❣❡s❡t③t✿

4a+ 3− 2a = 4 ⇔ 2a = 1 ⇔ a = 1
2

b = 3− 2a ⇔ b = 3− 1 = 2 ⇒ f(x) = 1
2x

2 + 2x

✷



❆✉❢❣❛❜❡ ✹ ✭✸ ❇❊✮

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❞❛r❣❡st❡❧❧t❡♥ ❋✉♥❦t✐♦♥✳✶

❲❛❤rs❝❤❡✐♥❧✐❝❤ ✐st ❞✐❡s ❡✐♥❡ ❋✉♥❦t✐♦♥ ❞r✐tt❡♥ ●r❛❞❡s✱ ❛❧s♦ ❣❡❧t❡♥ ❛❧❧❡ ❇❡❞✐♥❣✉♥❣❡♥ ✇✐❡ ✐♥ ❆✉❢✲

❣❛❜❡ ✶✳

❉✐❡ ●❧❡✐❝❤✉♥❣❡♥ s✐♥❞✿

f(−1) = 0 ✉♥❞ f(1) = 1 ✭❛✉❢❣r✉♥❞ ❞❡r ❜❡✐❞❡♥ P✉♥❦t❦♦♦r❞✐♥❛t❡♥✮✳

f ′(−1) = 0 ✉♥❞ f ′(1) = 0 ✭❛✉❢❣r✉♥❞ ❞❡r ❊✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ❍♦❝❤✲ ✉♥❞ ❚✐❡❢♣✉♥❦t✮✳

❉❛❤❡r ✐st f(x) = −1
4x

3 + 3
4x+ 1

2

✶◗✉❡❧❧❡✿ ❤tt♣s✿✴✴❞❡✳s❡r❧♦✳♦r❣✴♠❛t❤❡✴✷✶✺✼✴st❡❝❦❜r✐❡❢❛✉❢❣❛❜❡

✸



❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡ ✭✶✵✳✵✶✳✷✵✷✷✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✻ ❇❊✮

❆✉s ❡✐♥❡♠ ✸✻ ❝♠ ❧❛♥❣❡♥ ❉r❛❤t s♦❧❧ ❞❛s ❑❛♥t❡♥♠♦❞❡❧❧ ❡✐♥❡s ◗✉❛❞❡rs ♠✐t q✉❛❞r❛t✐s❝❤❡r ●r✉♥❞✢ä✲

❝❤❡ ❤❡r❣❡st❡❧❧t ✇❡r❞❡♥✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑❛♥t❡♥❧ä♥❣❡♥ ✉♥t❡r ❞❡r ❇❡❞✐♥❣✉♥❣✱ ❞❛ss ❞❛s ❱♦❧✉♠❡♥

♠❛①✐♠❛❧ ✇✐r❞✳

❆✉❢❣❛❜❡ ✷ ✭✻ ❇❊✮

❊✐♥ r❡❝❤t❡❝❦✐❣❡s P❧❛❦❛t ❤❛t ❡✐♥❡ ❋❧ä❝❤❡ ✈♦♥ ✸✺ ❞♠2✳ ❊s ✇✐r❞ s♦ ❜❡❞r✉❝❦t✱ ❞❛ss ❞✐❡ ❘ä♥❞❡r ❛♥

❞❡♥ ❙❡✐t❡♥ ❥❡✇❡✐❧s ✹ ❝♠✱ ♦❜❡♥ ✉♥❞ ✉♥t❡♥ ❥❡✇❡✐❧s ✺ ❝♠ ❜❡tr❛❣❡♥✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ▼❛ÿ❡ ❞❡s

P❧❛❦❛t❡s ♠✐t ❞❡r ❣röÿt❡♥ ❜❡❞r✉❝❦❜❛r❡♥ ❋❧ä❝❤❡✳

❆✉❢❣❛❜❡ ✸ ✭✻ ✰ ✷ ❇❊✮

❆❜❜✐❧❞✉♥❣ ✶✿ ❊❧❡♠❡♥t❡ ❞❡r ▼❛t❤❡♠❛t✐❦✳ ❙❛❝❤s❡♥ ✶✶✱ ❙✳ ✶✸✻

❆✉❢❣❛❜❡ ✹ ✭✻ ❇❊✮

❊✐♥ ●❡✇ö❧❜❡❣❛♥❣ ❤❛t ❡✐♥❡♥ ◗✉❡rs❝❤♥✐tt ✈♦♥ ❞❡r ❋♦r♠ ❡✐♥❡s ❘❡❝❤t❡❝❦s ♠✐t ❛✉❢❣❡s❡t③t❡♠ ❍❛❧❜✲

❦r❡✐s✳ ❉❡r ❯♠❢❛♥❣ ❞❡s ◗✉❡rs❝❤♥✐tts ✐st ❞✉r❝❤ U = 10 ♠ ❢❡st ✈♦r❣❡❣❡❜❡♥✳ ❲✐❡ ♠✉ss ❞❛s ●❡✇ö❧❜❡

❣❡st❛❧t❡t ✇❡r❞❡♥✱ ❞❛♠✐t ❞✐❡ ◗✉❡rs❝❤♥✐tts✢ä❝❤❡ ♠ö❣❧✐❝❤st ❣r♦ÿ ✇✐r❞❄

❆✉❢❣❛❜❡ ✺ ✭✻ ❇❊✮

❱♦♥ ❡✐♥❡r ❑❛✛❡❡s♦rt❡ ✇❡r❞❡♥ ❜❡✐ ❡✐♥❡♠ Pr❡✐s ✈♦♥ ✷✵ e ❢ür ✶ ❦❣ ✐♠ ▼♦♥❛t ✶✵✳✵✵✵ ❦❣ ✈❡r❦❛✉❢t✳

❊✐♥❡ ▼❛r❦t❢♦rs❝❤✉♥❣ ❤❛t ❡r❣❡❜❡♥✱ ❞❛ss ❡✐♥❡ Pr❡✐ss❡♥❦✉♥❣ ✈♦♥ ✵✱✵✷ e ❥❡ ❦❣ ③✉ ❡✐♥❡r ❆❜s❛t③st❡✐✲

❣❡r✉♥❣ ✈♦♥ ❥❡✇❡✐❧s ✶✵✵ ❦❣ ✐♠ ▼♦♥❛t ❢ü❤r❡♥ ✇ür❞❡✳ ❇❡✐ ✇❡❧❝❤❡♠ ❱❡r❦❛✉❢s♣r❡✐s ✇är❡ ❞❡r ●❡✇✐♥♥

♠❛①✐♠❛❧✱ ✇❡♥♥ ❢ür ✶ ❦❣ ❑❛✛❡❡ ❞❡r ❙❡❧❜st❦♦st❡♥♣r❡✐s ✶✹ e ❜❡trä❣t❄

❆✉❢❣❛❜❡ ✻ ✭✻ ❇❊✮

●❡❣❡❜❡♥ ✐st ❡✐♥ ❑r❡✐s ♠✐t ❘❛❞✐✉s r✳ ❘♦❧❧t ♠❛♥ ❡✐♥❡♥ ❑r❡✐ss❡❦t♦r ♠✐t ▼✐tt❡❧♣✉♥❦ts✇✐♥❦❡❧ α

③✉s❛♠♠❡♥✱ ❡♥tst❡❤t ❡✐♥ ❑❡❣❡❧✳ ❇❡st✐♠♠❡♥ ❙✐❡ α s♦✱ ❞❛ss ❞❛s ❱♦❧✉♠❡♥ ❞❡s ❑❡❣❡❧s ♠❛①✐♠❛❧ ✇✐r❞✳

✭❱❡r❣❧❡✐❝❤❡♥ ❙✐❡ ♠✐t ❡✐♥❡r ❋✐❧t❡rtüt❡ ❢ür ❑❛✛❡❡✳✮

✶



❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡ ✉♥❞ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ✭❆❜stä♥❞❡✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ❆✶✳✶✳✸ ❆❜✐t✉r ✷✵✵✽

●❡❣❡❜❡♥ s✐♥❞ ③✇❡✐ ❋✉♥❦t✐♦♥❡♥ ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣❡♥

f1(x) =
1

18
x3 − 2x ✉♥❞ f2(x) = −

2

9
x3 + 0, 5x ♠✐t x ∈ R

●❡❣❡❜❡♥ s✐♥❞ ❞✐❡ P✉♥❦t❡ Q (u|f1(u)) ✉♥❞ R (u|f2(u)) ✐♠ ■♥t❡r✈❛❧❧ 0 ≦ u ≦ 3, u ∈ R✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❆❜st❛♥❞ ❞❡r P✉♥❦t❡ Q ✉♥❞ R ❢ür u = 1

❊r♠✐tt❡❧♥ ❙✐❡ r❡❝❤♥❡r✐s❝❤ ❞❡♥ ❲❡rt ❢ür u s♦✱ ❞❛ss ❞❡r ❆❜st❛♥❞ ③✇✐s❝❤❡♥ ❞❡♥ P✉♥❦t❡♥ Q ✉♥❞ R

♠❛①✐♠❛❧ ✇✐r❞✳

❑✉r③❧ös✉♥❣✿ ❆❜st❛♥❞ ❢ür u = 1✿ ▲❊ u =

✷



❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡ ✉♥❞ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ✭❉r❡✐❡❝❦❡✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ❆✶✳✷✳✸ ❆❜✐t✉r ✷✵✵✽ ♠✐t ❈❆❙

❉✐❡ ❋✉♥❦t✐♦♥ f ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣

f(x) = −
1

60
x3 −

1

20
x2 +

3

2
x+ 2 ♠✐t x ∈ R

■❤r ●r❛♣❤ ✐st G✳

❊✐♥ ❉r❡✐❡❝❦ OAB ❡♥tst❡❤t ❞✉r❝❤ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥✉rs♣r✉♥❣ O✱ ❞❡♥ ❙❝❤♥✐tt♣✉♥❦t A ❞❡s ●r❛♣❤❡♥

♠✐t ❞❡♠ ♣♦s✐t✐✈❡♥ ❚❡✐❧ ❞❡r x✲❆❝❤s❡ ✉♥❞ ❞❡♥ P✉♥❦t B✳

❉❡r P✉♥❦t B ❧✐❡❣t ✐♠ ❡rst❡♥ ◗✉❛❞r❛♥t❡♥ ❛✉❢ G✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ♠❛①✐♠❛❧❡♥ ❋❧ä❝❤❡♥✐♥❤❛❧t ❞❡s ❉r❡✐❡❝❦s OAB✳

❆✉❢❣❛❜❡ ❆✶✳✸ ❆❜✐t✉r ✷✵✶✷

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ f(x) =
2

x2 + 1
− 1 ♠✐t x ∈ R✳

■❤r ●r❛♣❤ ❤❡✐ÿt F ✳

❉✐❡ P✉♥❦t❡ R (−u|f(−u)) , S(0|0) ✉♥❞ T (u|f(u)) ♠✐t 0 < u < 1 ❜❡st✐♠♠❡♥ ❡✐♥ ❉r❡✐❡❝❦✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ❲❡rt ✈♦♥ u s♦✱ ❞❛ss ❞✐❡ ❉r❡✐❡❝❦s✢ä❝❤❡ ♠❛①✐♠❛❧ ✇✐r❞✳

❆✉❢❣❛❜❡ ❆✶✳✸✳✸ ❆❜✐t✉r ✷✵✶✽

●❡❣❡❜❡♥ ✐st ❞✐❡ ❢ür ❛❧❧❡ r❡❡❧❧❡♥ ❩❛❤❧❡♥ x ♠✐t −2 ≦ x ≦ 8 ❞❡✜♥✐❡rt❡ ❋✉♥❦t✐♦♥ f ♠✐t ❞❡r ●❧❡✐❝❤✉♥❣

f(x) = −
1

100
x4 +

1

10
x3 −

1

4
x2 +

1

4
x+ 1

❋ür ❥❡❞❡♥ ❲❡rt ✈♦♥ a ♠✐t 0 ≦ a < 7; a ∈ R ❧✐❡❣t ❡✐♥ ❉r❡✐❡❝❦ ABC ♠✐t A(a|0), B(7|0) ✉♥❞

C (a|f(a)) ✐♠ ❡rst❡♥ ◗✉❛❞r❛♥t❡♥✳

❋❡rt✐❣❡♥ ❙✐❡ ③✉ ❞✐❡s❡♠ ❙❛❝❤✈❡r❤❛❧t ❡✐♥❡ ❙❦✐③③❡ ❛♥✳

❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ❡s s✐♥♥✈♦❧❧ ✐st✱ ❢ür a ❞❡♥ ❲❡rt ✼ ❛✉s③✉s❝❤❧✐❡ÿ❡♥✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ❞❡s P✉♥❦t❡s C s♦✱ ❞❛ss ❞✐❡ ❋❧ä❝❤❡ ❞❡s ❉r❡✐❡❝❦s ABC ♠ö❣❧✐❝❤st

❣r♦ÿ ✇✐r❞✳

❑✉r③❧ös✉♥❣ ❆✶✳✷✳✸✿♠❛①✐♠❛❧❡r ❋❧ä❝❤❡♥✐♥❤❛❧t✿ ❋❊ B( | )

❑✉r③❧ös✉♥❣ ❆✶✳✸✿ ♠❛①✐♠❛❧❡r ❋❧ä❝❤❡♥✐♥❤❛❧t✿ ❋❊ u =

❑✉r③❧ös✉♥❣ ❆✶✳✸✳✸✿♠❛①✐♠❛❧❡r ❋❧ä❝❤❡♥✐♥❤❛❧t✿ ❋❊ C( | )

✸



❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡ ✉♥❞ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ✭❘❡❝❤t❡❝❦s✢ä❝❤❡♥✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ❆✶✳✹ ❆❜✐t✉r ✷✵✶✵

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣

f(x) = −
1

27
x3 + 3x ♠✐t x ∈ R

❉❡r ●r❛♣❤ ✈♦♥ f ✐st K✳

❆✉❢ ❞❡♠ ●r❛♣❤❡♥ K ✐st ❡✐♥ P✉♥❦t P (r|f(r)) ♠✐t r ∈ R, 0 < r < 9 ❣❡❣❡❜❡♥✳

❉✉r❝❤ P ✇❡r❞❡♥ P❛r❛❧❧❡❧❡♥ ③✉ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❣❡❧❡❣t✳

❉✐❡s❡ P❛r❛❧❧❡❧❡♥ ✉♥❞ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❜❡❣r❡♥③❡♥ ❡✐♥ ❘❡❝❤t❡❝❦✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ✈♦♥ P s♦✱ ❞❛ss ❞❡r ❋❧ä❝❤❡♥✐♥❤❛❧t ❞✐❡s❡s ❘❡❝❤t❡❝❦s ♠❛①✐♠❛❧ ✇✐r❞✳

●❡❜❡♥ ❙✐❡ ❞❡♥ ♠❛①✐♠❛❧❡♥ ❋❧ä❝❤❡♥✐♥❤❛❧t ❛♥✳

❆✉❢❣❛❜❡ ❆✶✳✷✳✷ ❆❜✐t✉r ✷✵✶✸

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ f(x) = −1

5
x3 + x2 ♠✐t x ∈ R✳

❉✉r❝❤ ❞✐❡ P✉♥❦t❡ O(0|0), P (u|0), Q (u|f(u)) ✉♥❞ R (0|f(u)) ♠✐t 0 < u < 5 ✇✐r❞ ❡✐♥ ❘❡❝❤t❡❝❦

❡✐♥❞❡✉t✐❣ ❢❡st❣❡❧❡❣t✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ❲❡rt ✈♦♥ u s♦✱ ❞❛ss ❞❡r ❋❧ä❝❤❡♥✐♥❤❛❧t ❞❡s ❘❡❝❤t❡❝❦❡s ♠❛①✐♠❛❧ ✇✐r❞✳

●❡❜❡♥ ❙✐❡ ❞❡♥ ❋❧ä❝❤❡♥✐♥❤❛❧t ❞✐❡s❡s ❘❡❝❤t❡❝❦s ❛♥✳

❑✉r③❧ös✉♥❣ ❆✶✳✹✿♠❛①✐♠❛❧❡r ❋❧ä❝❤❡♥✐♥❤❛❧t✿ ❋❊ P ( | )

❑✉r③❧ös✉♥❣ ❆✶✳✷✳✷✿ ♠❛①✐♠❛❧❡r ❋❧ä❝❤❡♥✐♥❤❛❧t✿ ❋❊ u =

✹



❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡ ✉♥❞ ❋✉♥❦t✐♦♥s❣r❛♣❤❡♥ ✭❘❡❝❦t❡❝❦s✉♠❢❛♥❣✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ❇✶✳✷ ❆❜✐t✉r ✷✵✵✾

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣

f(x) = e−2x+1 ♠✐t x ∈ R

❉❡r ●r❛♣❤ ✈♦♥ f ✐st K✳

❆✉❢ ❞❡♠ ●r❛♣❤❡♥ K ✐st ❡✐♥ P✉♥❦t P (r|s) ♠✐t r > 0 ❣❡❣❡❜❡♥✳

❉✉r❝❤ P ✇❡r❞❡♥ P❛r❛❧❧❡❧❡♥ ③✉ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❣❡❧❡❣t✳

❉✐❡s❡ P❛r❛❧❧❡❧❡♥ ✉♥❞ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❜❡❣r❡♥③❡♥ ❡✐♥ ❘❡❝❤t❡❝❦✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ✈♦♥ P s♦✱ ❞❛ss ❞❡r ❯♠❢❛♥❣ ❞✐❡s❡s ❘❡❝❤t❡❝❦s ♠✐♥✐♠❛❧ ✇✐r❞✳

●❡❜❡♥ ❙✐❡ ❞❡♥ ♠✐♥✐♠❛❧❡♥ ❯♠❢❛♥❣ ❛♥✳

❆✉❢❣❛❜❡ ❆✶✳✺ ❆❜✐t✉r ✷✵✶✶

●❡❣❡❜❡♥ ✐st ❞✐❡ ❋✉♥❦t✐♦♥ f ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣

f(x) =
2x+ 1

x
♠✐t x ∈ R, x 6= 0

❉❡r ●r❛♣❤ ✈♦♥ f ✐st K✳

❆✉❢ K ❡①✐st✐❡rt ❡✐♥ P✉♥❦t Q (r|f(r)) ♠✐t r ∈ R, r > 0✳
❉✉r❝❤ Q ✇❡r❞❡♥ P❛r❛❧❧❡❧❡♥ ③✉ ❞❡♥ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❣❡❧❡❣t✳

❉✐❡s❡ P❛r❛❧❧❡❧❡♥ ✉♥❞ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥❛❝❤s❡♥ ❜✐❧❞❡♥ ❡✐♥ ❘❡❝❤t❡❝❦✳

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑♦♦r❞✐♥❛t❡♥ ✈♦♥ Q s♦✱ ❞❛ss ❞❡r ❯♠❢❛♥❣ ❞✐❡s❡s ❘❡❝❤t❡❝❦s ♠✐♥✐♠❛❧ ✇✐r❞✳

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞❡♥ ♠✐♥✐♠❛❧❡♥ ❯♠❢❛♥❣✳

❑✉r③❧ös✉♥❣ ❆✶✳✷✿ ♠✐♥✐♠❛❧❡r ❯♠❢❛♥❣✿ ▲❊ P ( | )

❑✉r③❧ös✉♥❣ ❆✶✳✺✿ ♠✐♥✐♠❛❧❡r ❯♠❢❛♥❣✿ ▲❊ Q( | )

✺



❊①tr❡♠✇❡rt♣r♦❜❧❡♠❡ ✭✶✻✳✵✶✳✷✵✷✵✮

❍✳ ❲✉s❝❤❦❡

❆✉❢❣❛❜❡ ✶ ✭✻ ❇❊✮

❆✉s ❡✐♥❡♠ ✸✻ ❝♠ ❧❛♥❣❡♥ ❉r❛❤t s♦❧❧ ❞❛s ❑❛♥t❡♥♠♦❞❡❧❧ ❡✐♥❡s ◗✉❛❞❡rs ♠✐t q✉❛❞r❛t✐s❝❤❡r ●r✉♥❞✢ä✲

❝❤❡ ❤❡r❣❡st❡❧❧t ✇❡r❞❡♥✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❑❛♥t❡♥❧ä♥❣❡♥ ✉♥t❡r ❞❡r ❇❡❞✐♥❣✉♥❣✱ ❞❛ss ❞❛s ❱♦❧✉♠❡♥

♠❛①✐♠❛❧ ✇✐r❞✳

❊①tr❡♠❛❧❜❡❞✐♥❣✉♥❣✿ V (a, b) = a2 · b s♦❧❧ ♠❛①✐♠✐❡rt ✇❡r❞❡♥✳

◆❡❜❡♥❜❡❞✐♥❣✉♥❣✿ 8a+ 4b = 36 ✭❆❧❧❡ ❑❛♥t❡♥ ③✉s❛♠♠❡♥ s✐♥❞ ✸✻ ❝♠ ❧❛♥❣✳✮

4b = 36− 8b ⇔ b = 9− 2a

❩✐❡❧❢✉♥❦t✐♦♥✿ V (a) = a2 · (9− 2a) = 9a2 − 2a3

❍♦❝❤♣✉♥❦t ❞❡r ❩✐❡❧❢✉♥❦t✐♦♥ ❣r❛♣❤✐s❝❤ ❜❡st✐♠♠❡♥ ❡r❣✐❜t✿ H(3|27)✱ ❞❛s ❤❡✐ÿt ❢ür a = 3 ❝♠ ❤❛t

❞❡r ◗✉❛❞❡r ❡✐♥ ❱♦❧✉♠❡♥ ✈♦♥ 27❝♠3✳

❇❡r❡❝❤♥✉♥❣ ✈♦♥ b✿ b = 9 − 2a
a=3⇒ b = 9 − 6 = 3✱ s♦♠✐t ❤❛t b ❛✉❝❤ ❞✐❡ ❑❛♥t❡♥❧ä♥❣❡ ✸❝♠ ✉♥❞

s♦♠✐t ✐st ❞❡r ◗✉❛❞❡r ❡✐♥ ❲ür❢❡❧ ♠✐t ❑❛♥t❡♥❧ä♥❣❡ ✸ ❝♠✳

❆✉❢❣❛❜❡ ✷ ✭✻ ❇❊✮

❊✐♥ r❡❝❤t❡❝❦✐❣❡s P❧❛❦❛t ❤❛t ❡✐♥❡ ❋❧ä❝❤❡ ✈♦♥ ✸✺ ❞♠2✳ ❊s ✇✐r❞ s♦ ❜❡❞r✉❝❦t✱ ❞❛ss ❞✐❡ ❘ä♥❞❡r ❛♥

❞❡♥ ❙❡✐t❡♥ ❥❡✇❡✐❧s ✹ ❝♠✱ ♦❜❡♥ ✉♥❞ ✉♥t❡♥ ❥❡✇❡✐❧s ✺ ❝♠ ❜❡tr❛❣❡♥✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ▼❛ÿ❡ ❞❡s

P❧❛❦❛t❡s ♠✐t ❞❡r ❣röÿt❡♥ ❜❡❞r✉❝❦❜❛r❡♥ ❋❧ä❝❤❡✳

❱♦r❜❡tr❛❝❤t✉♥❣✿ ✸✺ ❞♠2 = 3.500 ❝♠2

❊①tr❡♠❛❧❜❡❞✐♥❣✉♥❣✿ A(a, b) = (a− 8) · (b− 10) s♦❧❧ ♠❛①✐♠❛❧ ✇❡r❞❡♥✳

◆❡❜❡♥❜❡❞✐♥❣✉♥❣✿ a · b = 3.500 ⇔ a = 3.500
b

❩✐❡❧❢✉♥❦t✐♦♥✿ A(b) =
(

3.500
b

− 8
)

· (b− 10) = 3.500− 8b− 3.500
b

+ 80 = −8b− 3.500
b

+ 3580

❩✐❡❧❢✉♥❦t✐♦♥ ♠✐t❤✐❧❢❡ ❞❡s ❈❆❙ ❛❜❧❡✐t❡♥✿ A′(b) = −8 + 3500

x2 A′′(b) = −7000

b3

❍♦❝❤♣✉♥❦t ❜❡r❡❝❤♥❡♥✿ A′(b) = 0 → b1 = −5·
√
70

2
✭❡♥t❢ä❧❧t✱ ❞❛ < 0✮ ✉♥❞ b2 =

5·
√
70

2

❤✐♥r❡✐❝❤❡♥❞❡ ❇❡❞✐♥❣✉♥❣✿ A′′
(

5·
√
70

2

)

= −40 ·
√
70 < 0 → ❜❡✐ b = 5·

√
70

2
✐st ❡✐♥ ❧♦❦❛❧❡s ▼❛①✐♠✉♠✳

❍♦❝❤♣✉♥❦t❦♦♦r❞✐♥❛t❡♥✿ A
(

5·
√
70

2

)

= 3580− 40 ·
√
70 ≈ 3.245, 34 → H(20, 92|3.245, 34)

❙❡✐t❡♥❧ä♥❣❡ ✈♦♥ ❛✿ a =
3.500

b

b≈20,92⇒ a ≈ 167, 33

❉❛s P❧❛❦❛t ❤❛t ❡✐♥❡ ❇r❡✐t❡ ✈♦♥ ❝❛✳ ✶✻✼✱✸✸ ❝♠ ✉♥❞ ❡✐♥❡ ❍ö❤❡ ✈♦♥ ✷✵✱✾✷ ❝♠✳ ❉❛s s✐❡❤t ✈✐❡❧❧❡✐❝❤t

❡t✇❛s s❡❧ts❛♠ ❛✉s✱ ✇❡✐❧ ❡s ❡❤❡r ❡✐♥ ❙tr❡✐❢❡♥ ✐st✱ ❛❜❡r s♦ ✐st ❡s ♥✉♥♠❛❧ ❜❡✐ ❞❡♠ ♠❛①✐♠❛❧❡♥ ❋❧ä✲

❝❤❡♥✐♥❤❛❧t✳

✶



❆✉❢❣❛❜❡ ✸ ✭✻ ✰ ✷ ❇❊✮

❆❜❜✐❧❞✉♥❣ ✶✿ ❊❧❡♠❡♥t❡ ❞❡r ▼❛t❤❡♠❛t✐❦✳ ❙❛❝❤s❡♥ ✶✶✱ ❙✳ ✶✸✻

❊①tr❡♠❛❧❜❡❞✐♥❣✉♥❣✿ A(r, x) = 2r · x s♦❧❧ ♠❛①✐♠❛❧ ✇❡r❞❡♥✳

◆❡❜❡♥❜❡❞✐♥❣✉♥❣✿ 2x+ 2πr = 400 ⇔ x+ πr = 200 ⇔ x = 200− πr

❩✐❡❧❢✉♥❦t✐♦♥✿ A(r) = 2r · (200− πr) = 400r − 2πr2

❩✐❡❧❢✉♥❦t✐♦♥ ❛❜❧❡✐t❡♥✿ A′(r) = 400− 4πr A′′(r) = −4π < 0 → ❡s ❧✐❡❣t ❡✐♥ ▼❛①✐♠✉♠ ✈♦r✳

❍♦❝❤♣✉♥❦t ❜❡r❡❝❤♥❡♥✿ A′(r) = 0 → r = 100

π

❍♦❝❤♣✉♥❦t❦♦♦r❞✐♥❛t❡♥✿ A
(

100

π

)

= 20.000
π

≈ 6.366, 20 → H(31, 83|6.366, 20)

❙❡✐t❡♥❧ä♥❣❡ ✈♦♥ ①✿ x = 200− πr
r= 100

π⇒ x = 100

❇❡✐ ❡✐♥❡r ❆❜♠❡ss✉♥❣ ✈♦♥ ✶✵✵ ♠ ❇r❡✐t❡ ✉♥❞ ❝❛✳ ✻✸✱✻✻ ♠ ❍ö❤❡ ❤❛t ❞❛s ♠✐tt❧❡r❡ ❘❡❝❤t❡❝❦ ❡✐♥❡

♠❛①✐♠❛❧❡ ❋❧ä❝❤❡ ✈♦♥ ❝❛✳ ✻✳✸✻✻✱✷✵ ♠2✳

❆✉❢❣❛❜❡ ❜✮ ❡✐❣❡♥❡ ❘❡❝❤❡r❝❤❡✳

❆✉❢❣❛❜❡ ✹ ✭✻ ❇❊✮

❊✐♥ ●❡✇ö❧❜❡❣❛♥❣ ❤❛t ❡✐♥❡♥ ◗✉❡rs❝❤♥✐tt ✈♦♥ ❞❡r ❋♦r♠ ❡✐♥❡s ❘❡❝❤t❡❝❦s ♠✐t ❛✉❢❣❡s❡t③t❡♠ ❍❛❧❜✲

❦r❡✐s✳ ❉❡r ❯♠❢❛♥❣ ❞❡s ◗✉❡rs❝❤♥✐tts ✐st ❞✉r❝❤ U = 10 ♠ ❢❡st ✈♦r❣❡❣❡❜❡♥✳ ❲✐❡ ♠✉ss ❞❛s ●❡✇ö❧❜❡

❣❡st❛❧t❡t ✇❡r❞❡♥✱ ❞❛♠✐t ❞✐❡ ◗✉❡rs❝❤♥✐tts✢ä❝❤❡ ♠ö❣❧✐❝❤st ❣r♦ÿ ✇✐r❞❄

❩✐❡❧❢✉♥❦t✐♦♥✿ Q = 2 · r · a+ 1

2
· π · r2

◆❡❜❡♥❜❡❞✐♥❣✉♥❣✿ 2r + 2a+ π · r = 10
Q(r) = 10r −

(

2 + 1

2
· π

)

· r2
r = 10

4+π
≈ 1, 40 ♠ ≈ a

❆✉❢❣❛❜❡ ✺ ✭✻ ❇❊✮

❱♦♥ ❡✐♥❡r ❑❛✛❡❡s♦rt❡ ✇❡r❞❡♥ ❜❡✐ ❡✐♥❡♠ Pr❡✐s ✈♦♥ ✷✵ e ❢ür ✶ ❦❣ ✐♠ ▼♦♥❛t ✶✵✳✵✵✵ ❦❣ ✈❡r❦❛✉❢t✳

❊✐♥❡ ▼❛r❦t❢♦rs❝❤✉♥❣ ❤❛t ❡r❣❡❜❡♥✱ ❞❛ss ❡✐♥❡ Pr❡✐ss❡♥❦✉♥❣ ✈♦♥ ✵✱✵✷ e ❥❡ ❦❣ ③✉ ❡✐♥❡r ❆❜s❛t③st❡✐✲

❣❡r✉♥❣ ✈♦♥ ❥❡✇❡✐❧s ✶✵✵ ❦❣ ✐♠ ▼♦♥❛t ❢ü❤r❡♥ ✇ür❞❡✳ ❇❡✐ ✇❡❧❝❤❡♠ ❱❡r❦❛✉❢s♣r❡✐s ✇är❡ ❞❡r ●❡✇✐♥♥

♠❛①✐♠❛❧✱ ✇❡♥♥ ❢ür ✶ ❦❣ ❑❛✛❡❡ ❞❡r ❙❡❧❜st❦♦st❡♥♣r❡✐s ✶✹ e ❜❡trä❣t❄

f(x) = (20− 0, 02 · x− 14) · (10.000 + 100 · x) → x = 100 → ✶✽ e

✷


