
✹✳ ❙t♦❝❤❛st✐❦

✹✳✶ ●r✉♥❞❜❡❣r✐✛❡ ❞❡r ❙t♦❝❤❛st✐❦

❍✳ ❲✉s❝❤❦❡

✶✷✳ ❆✉❣✉st ✷✵✷✵

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

●r✉♥❞❜❡❣r✐✛❡ ❞❡r ▼❡♥❣❡♥❧❡❤r❡ s②♠❜♦❧✐s❝❤ ❜❡s❝❤r❡✐❜❡♥ ✉♥❞
▼❡♥❣❡♥♦♣❡r❛t✐♦♥ ❛✉s❢ü❤r❡♥

●r✉♥❞❜❡❣r✐✛❡ ❞❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tsr❡❝❤♥✉♥❣ ❜❡s❝❤r❡✐❜❡♥

❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t❡ ✐♥ ♠❡❤rst✉✜❣❡♥ ❇❛✉♠❞✐❛❣r❛♠♠❡♥
❞❛rst❡❧❧❡♥

❊✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ▲❛♣❧❛❝❡✲❊①♣❡r✐♠❡♥t ❜❡s❝❤r❡✐❜❡♥

❊r❣❡❜♥✐s♠❡♥❣❡♥ ❛♥❣❡❜❡♥

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡❣r✐✛❡ ✐♥ ❞❡r ▼❡♥❣❡♥❧❡❤r❡

❉❡✜♥✐t✐♦♥ ❡✐♥❡r ▼❡♥❣❡ ✭●❡♦r❣ ❈❛♥t♦r✱ ✶✽✻✾✮

✒❯♥t❡r ❡✐♥❡r ▼❡♥❣❡ ✈❡rst❡❤❡♥ ✇✐r ❥❡❞❡ ❩✉s❛♠♠❡♥❢❛ss✉♥❣ M ✈♦♥
❜❡st✐♠♠t❡♥ ✇♦❤❧✉♥t❡rs❝❤✐❡❞❡♥❡♥ ❖❜❥❡❝t❡♥ m ✉♥sr❡r ❆♥s❝❤❛✉✉♥❣
♦❞❡r ✉♥s❡r❡s ❉❡♥❦❡♥s ✭✇❡❧❝❤❡ ❞✐❡ ❊❧❡♠❡♥t❡ ✈♦♥ M ❣❡♥❛♥♥t
✇❡r❞❡♥✮ ③✉ ❡✐♥❡♠ ●❛♥③❡♥✳✏
a ∈ M ✭❛ ✐st ❡✐♥ ❊❧❡♠❡♥t ✈♦♥ M✮ ∅ ✲ ❞✐❡ ❧❡❡r❡ ▼❡♥❣❡
a /∈ M ✭❛ ✐st ❦❡✐♥ ❊❧❡♠❡♥t ✈♦♥ M)

❇❡✐s♣✐❡❧❡

✶ M = {✶, ✸, ✹, ✶✼, ✹✷}✱ ❞❛♥♥ ✐st ❜s♣✇✳ ✹✷ ∈ M✱ ❛❜❡r ✷ /∈ M
{✶, ✸, ✶, ✶✼, ✹, ✸, ✶, ✹✷, ✶} = {✶, ✸, ✹, ✶✼, ✹✷} ✕ ❥❡❞❡s ❊❧❡♠❡♥t
❦♦♠♠t ♥✉r ❡✐♥♠❛❧ ✈♦r

✷ N ✐st ❞✐❡ ▼❡♥❣❡ ❞❡r ♥❛tür❧✐❝❤❡♥ ❩❛❤❧❡♥

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



▼❡♥❣❡♥❜❡③✐❡❤✉♥❣❡♥

❙❡✐❡♥ M✶,M✷ ▼❡♥❣❡♥✳

M✶ j M✷ ⇔ ❛❧❧❡ ❊❧❡♠❡♥t❡ ✈♦♥ M✶ s✐♥❞ ❛✉❝❤ ✐♥ M✷ ❡♥t❤❛❧t❡♥✳
✭M✶ ✐st ❚❡✐❧♠❡♥❣❡ ✈♦♥ M✷✮

M✶ ⊂ M✷ ⇔ ❛❧❧❡ ❊❧❡♠❡♥t❡ ✈♦♥ M✶ s✐♥❞ ❛✉❝❤ ✐♥ M✷ ❡♥t❤❛❧t❡♥
✉♥❞ ❡s ❣✐❜t ❊❧❡♠❡♥t❡ ✐♥ M✷✱ ❞✐❡ ♥✐❝❤t ✐♥ M✶ s✐♥❞✳

✭M✶ ✐st ❡❝❤t❡ ❚❡✐❧♠❡♥❣❡ ✈♦♥ M✷✮

M✶ = M✷ ⇔ M✶ ✉♥❞ M✷ ❡♥t❤❛❧t❡♥ ❞✐❡ s❡❧❜❡♥ ❊❧❡♠❡♥t❡
✭M✶ ❣❧❡✐❝❤ M✷✮

❇❡♠❡r❦✉♥❣

❊s ❣✐❧t st❡ts✿ M j M ✉♥❞ ∅ j M✳

■st M✶ j M✷ ✉♥❞ M✷ j M✶✱ ❞❛♥♥ ❣✐❧t✿ M✶ = M✷

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



✐♠♣❧✐③✐t❡ ✉♥❞ ❡①♣❧✐③✐t❡ ❆♥❣❛❜❡ ✈♦♥ ▼❡♥❣❡♥

▼❡♥❣❡♥ ❦ö♥♥❡♥ ❛✉❢ ③✇❡✐ ❆rt❡♥ ❛♥❣❡❣❡❜❡♥ ✇❡r❞❡♥✿

✶✳ ❊①♣❧✐③✐t❡ ❆♥❣❛❜❡ ❛❧❧❡r ❊❧❡♠❡♥t❡✿
M✶ = {✶, ✸, ✻, ✼}❀ M✷ = {♥,⋆,�}

✷✳ ■♠♣❧✐③✐t❡ ❆♥❣❛❜❡ ❞❡r ❝❤❛r❛❦t❡r✐st✐s❝❤❡♥ ❊✐❣❡♥s❝❤❛❢t✿
M✸ = {x | x ✐st Pr✐♠③❛❤❧}❀ M✹ = {k : k ✐st ❑ü❝❤❡♥❣❡rät}

❇❡✐s♣✐❡❧❡

✶ ❙❡✐ A = {k | k ✐st ❜❡st❛♥❞❡♥❡ ❑❧❛✉s✉r}
✉♥❞ B = {K | K ✐st ❑❧❛✉s✉r}✱ ❞❛♥♥ ✐st A j B✳
❲❡♥♥ ❛❧❧❡ ❑❧❛✉s✉r❡♥ ❜❡st❛♥❞❡♥ ✇✉r❞❡♥✱ ❞❛♥♥ ✐st A = B✱
❛♥s♦♥st❡♥ s♦❣❛r A ⊂ B

✷ {✷ · n | n ∈ N} = {k | k ∈ N, k ✐st ❣❡r❛❞❡} j N

✸ {✶, ✹} j {✶, ✷, ✸, ✹} ❜③✇✳ s♦❣❛r {✶, ✹} ⊂ {✶, ✷, ✸, ✹}

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆✶✮ ▼❡♥❣❡♥❞❛rst❡❧❧✉♥❣❡♥

●❡❜❡♥ ❙✐❡ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ▼❡♥❣❡♥ ❡①♣❧✐③✐t ❛♥✿

✶ A = {x ∈ N | ✹ < x ≦ ✽}

✷ B = {y | y ∈ Z, |y | < ✺}

✸ C = {w | w = ✷ · k − ✶, k ∈ N, w < ✶✷}

❇❡✐ ❞❡♥ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ▼❡♥❣❡♥ ✇ü♥s❝❤t ♠❛♥ s✐❝❤ ❡✐♥❡ ✐♠♣❧✐③✐t❡
❙❝❤r❡✐❜✇❡✐s❡✳ ●❡❜❡♥ ❙✐❡ ❞✐❡s❡ ❛♥✳

✶ D = {✺, ✶✵, ✶✺, ✷✵, ✷✺, ....}

✷ E = {✶, ✹, ✾, ✶✻, ✷✺, ✸✻, ...}

✸ F = {✶, ✷, ✹, ✽, ✶✻, ✸✷, ...}

✹ G =

{

...,−
✸π

✷
,−

π

✷
,
π

✷
,
✸π

✷
,
✺π

✷
, ...

}

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



▼❡♥❣❡♥♦♣❡r❛t✐♦♥❡♥

❉✉r❝❤s❝❤♥✐tt

A ∩ B = {x | x ∈ A ✉♥❞ x ∈ B}
❍❡✐ÿt ❉✉r❝❤s❝❤♥✐tt ❞❡r ▼❡♥❣❡♥ A ✉♥❞ B ✳

A B

■st A ∩ B = ∅✱ s♦ ❤❡✐ÿ❡♥ A ✉♥❞ B ❞✐s❥✉♥❦t✳

❇❡✐s♣✐❡❧❡

✶ {✶, ✷, ✸, ✹, ✺, ✻} ∩ {−✷,−✶, ✵, ✶, ✷} = {✶, ✷}

{x | x ∈ N, x < ✼} ∩ {y | y ∈ Z, |y | ≦ ✸} = {✶, ✷, ✸}

✷ {✷ · n | n ∈ N} ∩ {p | p ✐st Pr✐♠③❛❤❧} = {✷}

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❱❡r❡✐♥✐❣✉♥❣

A ∪ B = {x | x ∈ A ♦❞❡r x ∈ B}
❍❡✐ÿt ❱❡r❡✐♥✐❣✉♥❣ ❞❡r ▼❡♥❣❡♥ A ✉♥❞ B ✳

✭❉❛s ♦❞❡r ✐st ❡✐♥ ♠❛t❤❡♠❛t✐s❝❤❡s ✲ ✒♥✐❝❤t ❛✉ss❝❤❧✐❡ÿ❡♥❞❡s ♦❞❡r✏✳✮

A B

❇❡✐s♣✐❡❧❡

✶ {✶, ✷, ✸, ✹, ✺} ∪ {✵, ✶, ✷} = {✵, ✶, ✷, ✸, ✹, ✺}

✷ N ∪ {✵} = N✵ = {✵, ✶, ✷, ✸, ✹, ...}

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❉✐✛❡r❡♥③♠❡♥❣❡

A \ B = {x | x ∈ A ✉♥❞ x /∈ B}
❍❡✐ÿt ❉✐✛❡r❡♥③♠❡♥❣❡ ✒❆ ♦❤♥❡ ❇✏✳
✭❆❝❤t✉♥❣✿ A/B ✐st ❞✐❡ ❋❛❦t♦r♠❡♥❣❡✦✮

A B

❇❡✐s♣✐❡❧❡

✶ {✶, ✷, ✸, ✹, ✺, ✻, ✼, ✽} \ {p | p ✐st Pr✐♠③❛❤❧ } = {✶, ✹, ✻, ✽}

✷ {✹ · n | n ∈ N} \ {✷ ·m | m ∈ N} = ∅

✸ {S | S ✐st ❙ä✉❣❡t✐❡r } \ {L | L ❚✐❡r✱ ❞❛s ❛♥ ▲❛♥❞ ❧❡❜t}
= {Wal ,Robbe, Seekuh, Seeotter}✱

✇♦❜❡✐ ♥❛tür❧✐❝❤ {Delphin} j {Wal} ❣✐❧t✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❲❛s ✐st ❩✉❢❛❧❧❄

❆❜❜✐❧❞✉♥❣✿ P❧❛❦❛t ❙❝❤❛✉s♣✐❡❧ ▲❡✐♣③✐❣
❬❍❲ ✷✵✶✹❪

❆❜❜✐❧❞✉♥❣✿ ❇✉❝❤♠❡ss❡ ▲❡✐♣③✐❣ ❬❍❲
✷✵✶✸❪

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❲❛s ✐st ❩✉❢❛❧❧❄

❆❜❜✐❧❞✉♥❣✿ ❊✐♥s❛♠❡r ❉r✉❝❦❡r ❬❍❲
✷✵✶✼❪

❆❜❜✐❧❞✉♥❣✿ ❚♦❦②♦ ❍✐❣❤✇❛② ❬❍❲
✷✵✶✽❪

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t✱ ❊r❣❡❜♥✐s✱ ❊r❡✐❣♥✐s✱ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t

❊✐♥ ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t ✐st ❡✐♥ ❱♦r❣❛♥❣ ♠✐t ✉♥❣❡✇✐ss❡♠ ❆✉s❣❛♥❣✳

❉❛s ❘❡s✉❧t❛t ❜③✇✳ ❞❡r ❆✉s❣❛♥❣ ❡✐♥❡s ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t❡s ❤❡✐ÿt
✭❱❡rs✉❝❤s✲✮❊r❣❡❜♥✐s ♦❞❡r ❊❧❡♠❡♥t❛r❡r❡✐❣♥✐s✳
✭▼❡❤r❡r❡✮ ❊r❣❡❜♥✐ss❡ ✇❡r❞❡♥ ③✉ ❡✐♥❡♠ ✭❱❡rs✉❝❤s✲✮❊r❡✐❣♥✐s
③✉s❛♠♠❡♥❣❡❢❛sst✳

❏❡❞❡♠ ❊r❣❡❜♥✐s✴❊r❡✐❣♥✐s E ✇✐r❞ ❡✐♥❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t P(E )
♠✐t ✵ ≦ P(E ) ≦ ✶ ③✉❣❡✇✐❡s❡♥✳

■st P(E ) = ✵✱ s♦ s♣r✐❝❤t ♠❛♥ ✈♦♠ ✉♥♠ö❣❧✐❝❤❡♥ ❊r❡✐❣♥✐s✳
■sr P(E ) = ✶✱ s♦ s♣r✐❝❤t ♠❛♥ ✈♦♠ s✐❝❤❡r❡♥ ❊r❡✐❣♥✐s✳

❇❡✐s♣✐❡❧ ✕ ❲ür❢❡❧♥

❊✐♥ ❣❡✇ö❤♥❧✐❝❤❡r ❲ür❢❡❧ ✭❍❡①❛❡❞❡r✮ ✇✐r❞ ❣❡✇♦r❢❡♥ ✉♥❞ ❞✐❡
❆✉❣❡♥③❛❤❧ ❜❡st✐♠♠t✳
P(✷ ♦❞❡r ✹) = ✷

✻
= ✶

✸
❀ P(❩❛❤❧ ❦❧❡✐♥❡r ❛❧s ✼) = ✶❀ P(✼) = ✵

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



■♥ ❞❡r Pr❛①✐s tr❡t❡♥ ❞✐❡ ❊r❡✐❣♥✐ss❡ ♥✐❝❤t s♦ ❛✉❢✱ ✇✐❡ ✇✐r s✐❡
♠❛t❤❡♠❛t✐s❝❤ ❜❡r❡❝❤♥❡♥✳ ❙♦♥st ✇ür❞❡ ♠❛♥ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❜❡✐ s❡❝❤s
▼❛❧ ✇ür❢❡❧♥ ❞❡✜♥✐t✐✈ ❡✐♥❡ ✸ ✇ür❢❡❧♥✳

✭s❝❤✇❛❝❤❡s✮ ●❡s❡t③ ❞❡r ❣r♦ÿ❡♥ ❩❛❤❧❡♥

❲✐r❞ ❡✐♥ ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t s❡❤r ♦❢t ✇✐❡❞❡r❤♦❧t✱ ♥ä❤❡rt s✐❝❤ ❞✐❡
r❡❧❛t✐✈❡ ❍ä✉✜❣❦❡✐t ♠✐t ③✉♥❡❤♠❡♥❞❡r ❱❡rs✉❝❤s③❛❤❧ ❞❡r t❛tsä❝❤❧✐❝❤❡♥
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❛♥✳

❇❡✐s♣✐❡❧ ❊r❡✐❣♥✐s✿ ❲ür❢❡❧♥ ❡✐♥❡r ✸ ♠✐t ♥♦r♠❛❧❡♠ ❲ür❢❡❧

P(E ) = ✶

✻
≈ ✵, ✶✻✻✼

❤tt♣✿✴✴✇✇✇✳❤❡♥❦❡❞✳❞❡✴❜❡❣r✐❢❢❡✴✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t✳❤t♠★❣❡s❡t③

❆♥ ❞❡♠ ❇❡✐s♣✐❡❧ s✐❡❤t ♠❛♥✱ ❞❛ss ❥❡ ❣röÿ❡r ❞✐❡ ❆♥③❛❤❧ n ❞❡r
❱❡rs✉❝❤❡ ✇✐r❞✱ ✉♠s♦ ♥ä❤❡r ❦♦♠♠❡♥ ✇✐r ❛♥ ✶

✻
❤❡r❛♥✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦

http://www.henked.de/begriffe/wahrscheinlichkeit.htm#gesetz


❊r❣❡❜♥✐s♠❡♥❣❡ ✉♥❞ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣

❉✐❡ ▼❡♥❣❡ ❛❧❧❡r ♠ö❣❧✐❝❤❡♥ ❊r❣❡❜♥✐ss❡ ✇✐r❞ ❛❧s ❊r❣❡❜♥✐s♠❡♥❣❡ Ω
♦❞❡r ❊r❣❡❜♥✐sr❛✉♠ Ω ❜❡③❡✐❝❤♥❡t✳

❊s ❣✐❧t✿ P(Ω) = ✶
✭❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❛❧❧❡r ❊r❣❡❜♥✐ss❡ ✐st s✐❝❤❡r✮✳

❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❛❧❧❡r ❊r❣❡❜♥✐ss❡ ✇✐r❞ ❛❧s
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ❜❡③❡✐❝❤♥❡t✳

❇❡✐s♣✐❡❧❡ ❢ür ❊r❣❡❜♥✐s♠❡♥❣❡♥ ✉♥❞ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣

❊✐♥♠❛❧✐❣❡s ❲❡r❢❡♥ ❡✐♥❡r ▼ü♥③❡✿ Ω = {❲❛♣♣❡♥;❩❛❤❧}

P(❲❛♣♣❡♥) =
✶

✷
P(❩❛❤❧) =

✶

✷

❩✇❡✐♠❛❧✐❣❡s ❲❡r❢❡♥ ❡✐♥❡r ▼ü♥③❡✿ Ω = {❲❲;❲❩;❩❲;❩❩}

P(WW ) =
✶

✹
P(WZ ) =

✶

✹
P(ZW ) =

✶

✹
P(ZZ ) =

✶

✹

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡✐s♣✐❡❧❡ ❢ür ❊r❣❡❜♥✐s♠❡♥❣❡♥ ✉♥❞ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣

❲❡r❢❡♥ ❡✐♥❡r ▼ü♥③❡✱ ❜✐s ③✇❡✐♠❛❧ ❲ ♦❞❡r ③✇❡✐♠❛❧ ❩ ❡rs❝❤✐❡♥✿

Ω = {❲❲;❩❩;❲❩❲;❲❩❩;❩❲❲;❩❲❩}

P(WW ) =
✶

✹
P(ZZ ) =

✶

✹
P(WZW ) =

✶

✽

P(WZZ ) =
✶

✽
P(ZWW ) =

✶

✽
P(ZWZ ) =

✶

✽

❲ür❢❡❧♥ ❡✐♥❡s ❚❡tr❛❡❞❡rs ✉♥❞ ❞❛♥❛❝❤ ❡✐♥❡ ▼ü♥③❡ ✇❡r❢❡♥✿

Ω = {✶❲; ✶❩; ✷❲; ✷❩; ✸❲; ✸❩; ✹❲; ✹❩}

P(✶W ) =
✶

✽
P(✶Z ) =

✶

✽
P(✷W ) =

✶

✽
P(✷Z ) =

✶

✽

P(✸W ) =
✶

✽
P(✸Z ) =

✶

✽
P(✹W ) =

✶

✽
P(✹Z ) =

✶

✽

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



▲❛♣❧❛❝❡✲❊①♣❡r✐♠❡♥t

■st ❥❡❞❡s ❊r❣❡❜♥✐s E ✐♥ ❞❡r ❊r❣❡❜♥✐s♠❡♥❣❡ Ω ❣❧❡✐❝❤ ✇❛❤rs❝❤❡✐♥❧✐❝❤✱
s♦ s♣r✐❝❤t ♠❛♥ ✈♦♥ ❡✐♥❡♠ ▲❛♣❧❛❝❡❛✲❊①♣❡r✐♠❡♥t

❛P✐❡rr❡✲❙✐♠♦♥ ▲❛♣❧❛❝❡ ✭✶✼✹✾✕✶✽✷✼✮✱ ❢r③✳ ▼❛t❤❡♠❛t✐❦❡r

❆❜❜✐❧❞✉♥❣✿ ❉♦❞❡❦❛❡❞❡r✱ ❈❈✲❩❡r♦

❇❡✐s♣✐❡❧❡ ✕ ❲ür❢❡❧♥ ♠✐t ❡✐♥❡♠ ❉♦❞❡❦❛❡❞❡r

Ω = {❣❡r❛❞❡ ❩❛❤❧; ✉♥❣❡r❛❞❡ ❩❛❤❧} ✕ ▲❛♣❧❛❝❡ ❊①♣❡r✐♠❡♥t
Ω = {✶; ✷; ✸; . . . ; ✶✶; ✶✷} ✕ ▲❛♣❧❛❝❡✲❊①♣❡r✐♠❡♥t
Ω = {Pr✐♠③❛❤❧; ❦❡✐♥❡ Pr✐♠③❛❤❧} ✕ ❦❡✐♥ ▲❛♣❧❛❝❡✲❊①♣❡r✐♠❡♥t
Ω = {❩❛❤❧ ❦❧❡✐♥❡r ✺;❩❛❤❧ ❣röÿ❡r ✼} ✕ ✐st ❦❡✐♥❡ ❣ü❧t✐❣❡
❊r❣❡❜♥✐s♠❡♥❣❡ ✉♥❞ ❡rst r❡❝❤t ❦❡✐♥ ▲❛♣❧❛❝❡✲❊①♣❡r✐♠❡♥t

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❊r❡✐❣♥✐ss❡ ❜❡✐ ▲❛♣❧❛❝❡✲❊①♣❡r✐♠❡♥t❡♥

❉❛ ❛❧❧❡ ❊r❣❡❜♥✐ss❡ ❜❡✐ ▲❛♣❧❛❝❡✲❊①♣❡r✐♠❡♥t❡♥ ❣❧❡✐❝❤ ✇❛❤rs❝❤❡✐♥❧✐❝❤
s✐♥❞✱ ❣✐❧t ❢ür ❥❡❞❡s ❊r❡✐❣♥✐s E ❞✐❡ ❇❡r❡❝❤♥✉♥❣✿

P(E ) =
❆♥③❛❤❧ ❞❡r ❣ü♥st✐❣❡♥ ❊r❣❡❜♥✐ss❡

❆♥③❛❤❧ ❞❡r ♠ö❣❧✐❝❤❡♥ ❊r❣❡❜♥✐ss❡

❇❡✐s♣✐❡❧ ❩❛❤❧❡♥s❝❤❧♦ss

❍❡rr ❲✉s❝❤❦❡ ❤❛t ❡✐♥❡♥ ❑♦✛❡r ♠✐t ❞r❡✐ ❩❛❤❧❡♥rä❞❡r♥✱ ❜❡✐ ❞❡♥❡♥ ❞✐❡
❩✐✛❡r♥ ✵ ❜✐s ✾ ❡✐♥st❡❧❧❜❛r s✐♥❞✳ ❊r s✉❝❤t s✐❝❤ ③✉❢ä❧❧✐❣ ❡✐♥❡♥ ❈♦❞❡
❛✉s✳ ❲✐❡ ✇❛❤rs❝❤❡✐♥❧✐❝❤ ✐st ❡s✱ ❞❛ss ❡r ❡✐♥❡♥ ❈♦❞❡ ♠✐t ❞r❡✐ ❣❧❡✐❝❤❡♥
❩✐✛❡r♥ ❡✐♥❣❡st❡❧❧t ❤❛t❄

●ü♥st✐❣❡ ❊r❣❡❜♥✐ss❡ s✐♥❞ ✵✵✵, ✶✶✶, . . . , ✾✾✾ ✉♥❞ ❞❛♠✐t s✐♥❞ ❡s ✶✵✳

P(E ) =
✚✚✶✵

✚✚✶✵ · ✶✵ · ✶✵
=

✶

✶✵✵
= ✶%

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



●❡❣❡♥❡r❡✐❣♥✐s

❉❛s ●❡❣❡♥❡r❡✐❣♥✐s E ✐st ❞❛s ●❡❣❡♥t❡✐❧ ❡✐♥❡s ❊r❡✐❣♥✐ss❡s E ✳
❊s ❣✐❧t✿

P(E ) + P(E ) = P(Ω) = ✶

❊r❡✐❣♥✐s ✉♥❞ ●❡❣❡♥❡r❡✐❣♥✐s s✐♥❞ ❞❡r ❊r❣❡❜♥✐sr❛✉♠✳

P(E ) = ✶− P(E )

❇❡✐s♣✐❡❧ ❞r❡✐❢❛❝❤❡r ▼ü♥③✇✉r❢

❊✐♥❡ ▼ü♥③❡ ✇✐r❞ ❞r❡✐♠❛❧ ❣❡✇♦r❢❡♥✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ♠✐♥❞❡st❡♥s ❡✐♥♠❛❧ ❲❛♣♣❡♥ ③✉ ✇❡r❢❡♥✳

●❡❣❡♥❡r❡✐❣♥✐s E ✿ ❑❡✐♥ ❲❛♣♣❡♥ ✇❡r❢❡♥✱ ❛❧s♦ ZZZ

P(E ) = ✶− P(E ) = ✶− P(ZZZ ) = ✶− ✶

✽
= ✼

✽
= ✽✼, ✺%

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❛✉♠❞✐❛❣r❛♠♠

❩✉r ❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ✈♦♥ ✭♠❡❤rst✉✜❣❡♥✮ ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t❡♥
❦❛♥♥ ❡✐♥ ❇❛✉♠❞✐❛❣r❛♠♠ ❣❡♥✉t③t ✇❡r❞❡♥✳ ❉✐❡ ❩✇❡✐❣❡ ③❡✐❣❡♥
❞❛❜❡✐ ❞✐❡ ❡✐♥③❡❧♥❡♥ ❊r❣❡❜♥✐ss❡ ❞❡r ❥❡✇❡✐❧✐❣❡♥ ❙t✉❢❡ ❛♥ ✉♥❞ ❞✐❡
P❢❛❞❡ s✐♥❞ ✈❡rs❝❤✐❡❞❡♥❡ ❊r❡✐❣♥✐ss❡✳

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❙❛❝❤s❡♥ ✶✶✱ ❙✳ ✷✺✻✱ ❍❲

P❢❛❞r❡❣❡❧♥

✶✳ ❊♥t❧❛♥❣ ❞❡s P❢❛❞❡s ✇✐r❞
♠✉❧t✐♣❧✐③✐❡rt✳
✷✳ ▼❡❤r❡r❡ P❢❛❞❡ ✇❡r❞❡♥
❛❞❞✐❡rt✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆✷✮ ❆✉s✇❛❤❧ ❞❡r ❑✉rs❡ ❑❧❛ss❡ ✶✷❆✴❇

■♥ ❞✐❡s❡♠ ❙❝❤✉❧❥❛❤r s✐♥❞ ❞✐❡ ▲❡✐st✉♥❣s❦✉rss❝❤✐❡♥❡♥ ❢♦❧❣❡♥❞❡r♠❛ÿ❡♥
❜❡❧❡❣t✿
❙❝❤✐❡♥❡ ✶✿ ❉❡✉ts❝❤ ✭✶✸✮✱ ❊♥❣❧✐s❝❤ ✭✶✺✮✱ ▼❛t❤❡♠❛t✐❦ ✭✶✶✮
❙❝❤✐❡♥❡ ✷✿ ❇✐♦❧♦❣✐❡ ✭✶✶✮✱ ●❡s❝❤✐❝❤t❡ ✭✶✶✮✱ ❑✉♥st ✭✾✮✱ P❤②s✐❦ ✭✽✮✳

❛✮ ❙t❡❧❧❡♥ ❙✐❡ ❞✐❡ ❑✉rs✇❛❤❧ ✐♥ ❡✐♥❡♠ ❇❛✉♠❞✐❛❣r❛♠♠ ❞❛r✳

❜✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣✳

❝✮ ●❡❜❡♥ ❙✐❡ ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ❞✐❡
▲❡✐st✉♥❣s❦✉rs❦♦♠❜✐♥❛t✐♦♥❡♥ ▼❛t❤❡♠❛t✐❦✲P❤②s✐❦✱
❉❡✉ts❝❤✲●❡s❝❤✐❝❤t❡✱ ❊♥❣❧✐s❝❤✲❇✐♦❧♦❣✐❡ ✉♥❞ ❉❡✉ts❝❤✲❑✉♥st ❛♥✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆❜✐t✉r ▼❱ ✷✵✶✶✱ ❆✸

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆❜✐t✉r ▼❱ ✷✵✶✵✱ ❇✸



◆üt③❧✐❝❤❡ ❘❡❝❤❡♥r❡❣❡❧♥ ❢ür ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥ ✈♦♥ ❊r❡✐❣♥✐ss❡♥

❋ür ③✇❡✐ ❊r❡✐❣♥✐ss❡ A ✉♥❞ B ❣❡❧t❡♥ ❢♦❧❣❡♥❞❡ ❘❡❝❤❡♥r❡❣❡❧♥ ❢ür ❞✐❡
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥✿

P(A ∪ B) = P(A) + P(B)− P(A ∩ B) ✭A ✉♥❞ B s✐♥❞ ❛❜❤ä♥❣✐❣✮

P(A∪B) = P(A)+P(B)−P(A)·P(B) ✭A ✉♥❞ B s✐♥❞ ✉♥❛❜❤ä♥❣✐❣✮

P(A ∩ B) = P(A) · P(B) ✭A ✉♥❞ B s✐♥❞ ✉♥❛❜❤ä♥❣✐❣✮

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



✹✳ ❙t♦❝❤❛st✐❦

✹✳✷ ❉✐s❦r❡t❡ ❩✉❢❛❧❧s❣röÿ❡♥

❍✳ ❲✉s❝❤❦❡

✷✵✳ ❆✉❣✉st ✷✵✷✵

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥ ❢ür ✈❡rs❝❤✐❡❞❡♥❡ ❲❡rt❡ ❡✐♥❡r ❩✉❢❛❧❧s❣röÿ❡
❜❡r❡❝❤♥❡♥

❡✐♥❡ ❱❡rt❡✐❧✉♥❣ ❣r❛✜s❝❤ ✉♥❞ t❛❜❡❧❧❛r✐s❝❤ ❢ür ❡✐♥❡ ❩✉❢❛❧❧s❣röÿ❡
❛✉❢st❡❧❧❡♥

❞✐s❦r❡t❡ ✉♥❞ st❡t✐❣❡ ❩✉❢❛❧❧s❣röÿ❡♥ ✉♥t❡rs❝❤❡✐❞❡♥

❊r✇❛rt✉♥❣s✇❡rt ✉♥❞ ❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣ ❢ür ❞✐s❦r❡t❡
❩✉❢❛❧❧s❣röÿ❡♥ ❜❡r❡❝❤♥❡♥ ✉♥❞ ✐♥t❡r♣r❡t✐❡r❡♥

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❋ä❞❡♥✱ ❑r❡✐s❡ ✉♥❞ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥

✶✳ ❩✇❡✐ ❋ä❞❡♥ ✇❡r❞❡♥ ③✉❢ä❧❧✐❣ ✭♠❛♥
s✐❡❤t ♥✐❝❤t ✇❡❧❝❤❡s ❊♥❞❡ ③✉ ✇❡❧❝❤❡♠
❋❛❞❡♥ ❣❡❤ört✮ ♠✐t❡✐♥❛♥❞❡r ✈❡r❦♥♦t❡t✳
❊s ❡♥tst❡❤t ❡✐♥ ❣r♦ÿ❡r ❑r❡✐s ♦❞❡r
③✇❡✐ ❦❧❡✐♥❡ ❑r❡✐s❡✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ❡✐♥❡♥ ❑r❡✐s
✉♥❞ ❢ür ③✇❡✐ ❑r❡✐s❡✳

✷✳ ❋ü❤r❡♥ ❙✐❡ ❞❡♥ ❩✉❢❛❧❧s✈❡rs✉❝❤ ♥✉♥
♠✐t ❞r❡✐ ❋ä❞❡♥ ❞✉r❝❤ ✉♥❞ ❜❡s❝❤r❡✐❜❡♥
❙✐❡ ❞✐❡ ❱❡rs✉❝❤s❛✉s❣ä♥❣❡✳

❆❜❜✐❧❞✉♥❣✿ ❍❲✱ ✷✵✶✼

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



▲ös✉♥❣ ❞❡r ❆✉❢❣❛❜❡

✶✳
❆♥③❛❤❧ ❞❡r ❑r❡✐s❡ ✶ ✷
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✷

✸

✶

✸

✷✳
❆♥③❛❤❧ ❞❡r ❑r❡✐s❡ ✶ ✷ ✸
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✽

✶✺

✻

✶✺

✶

✶✺

❉✐❡ ❆♥③❛❤❧ ❞❡r ❑r❡✐s❡ ✐st ❡✐♥❡ ❞✐s❦r❡t❡ ❩✉❢❛❧❧s❣röÿ❡✱ ❞❡r ✇✐❡❞❡r✉♠
❡✐♥❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ③✉❣❡♦r❞♥❡t ✇✉r❞❡✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❞✐s❦r❡t❡ ✉♥❞ st❡t✐❣❡ ❩✉❢❛❧❧s❣röÿ❡♥

❊✐♥❡ ❋✉♥❦t✐♦♥ X ✱ ❞✐❡ ❥❡❞❡♠ ❊r❣❡❜♥✐s ❡✐♥❡s ❩✉❢❛❧❧s✈❡rs✉❝❤❡s ❡✐♥❡
r❡❡❧❧❡ ❩❛❤❧ k ③✉♦r❞♥❡t✱ ❤❡✐ÿt ❩✉❢❛❧❧s❣röÿ❡✳ ❙②♠❜♦❧✐s❝❤✿ X = k

▼❛♥ s♣r✐❝❤t ✈♦♥ st❡t✐❣❡♥ ❩✉❢❛❧❧s❣röÿ❡♥✱ ✇❡♥♥ ❞✐❡ ❋✉♥❦t✐♦♥ ❛✉❢
r❡❡❧❧❡ ■♥t❡r✈❛❧❧❡ ❛❜❜✐❧❞❡t✳
▼❛♥ s♣r✐❝❤t ✈♦♥ ❞✐s❦r❡t❡♥ ❩✉❢❛❧❧s❣röÿ❡♥✱ ✇❡♥♥ ❞✐❡ ❋✉♥❦t✐♦♥
❡♥❞❧✐❝❤ ✈✐❡❧❡ ❲❡rt❡ ❛♥♥✐♠♠t✳

❆❜❜✐❧❞✉♥❣✿ ❲✐❡❣❡♥ ✈♦♥ ❇röt❝❤❡♥ ✐♠ ❍❜❢ ▲❡✐♣③✐❣ ❬❍❲✱ ✷✵✶✼❪
❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❱❡rt❡✐❧✉♥❣

❉✐❡ ✭❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✲✮❱❡rt❡✐❧✉♥❣ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥✱ ❞✐❡ ❥❡❞❡♠
❲❡rt ❡✐♥❡r ❩✉❢❛❧❧s❣röÿ❡ ✐❤r❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ③✉♦r❞♥❡t✳
❙②♠❜♦❧✐s❝❤✿ P(X = k) ♠✐t ✵ ≦ P(X = k) ≦ ✶✳

❉✐❡s❡ ❋✉♥❦t✐♦♥ ❤❡✐ÿt ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ❜❡✐ ❞✐s❦r❡t❡♥
❩✉❢❛❧❧s❣röÿ❡♥ ✉♥❞ ❉✐❝❤t❡❢✉♥❦t✐♦♥ ❜❡✐ st❡t✐❣❡♥ ❩✉❢❛❧❧s❣röÿ❡♥✳

❚❛❜❡❧❧❛r✐s❝❤❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣

X ✿ ❆♥③❛❤❧ ❞❡r ❑r❡✐s❡ ❜❡✐♠ ③✉❢ä❧❧✐❣❡♥ ❋❛❞❡♥❦♥ü♣❢❡♥

❦ ✶ ✷ ✸
P✭❳❂❦✮ ✽

✶✺

✻

✶✺

✶

✶✺

❇❡♠❡r❦✉♥❣

❊s ❣✐❧t ❢ür ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ✈♦♥ n ❞✐s❦r❡t❡♥
❩✉❢❛❧❧s❣röÿ❡♥✿

n
∑

i=✶

P(X = ki ) = ✶

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



●r❛♣❤✐s❝❤❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ✕ ❍✐st♦❣r❛♠♠

❆❜❜✐❧❞✉♥❣✿ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ❬●❡♦❣❡❜r❛ ❍❲✱ ✷✵✶✽❪

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆✉❢❣❛❜❡♥ ❆✶

✶✳ ❇❡❣rü♥❞❡♥ ❙✐❡✱ ❞❛ss ❡s s✐❝❤ ♥✐❝❤t ✉♠ ❞✐❡ ❣r❛✜s❝❤❡ ❉❛rst❡❧❧✉♥❣ ❡✐♥❡r
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ❤❛♥❞❡❧t✳

❆❜❜✐❧❞✉♥❣✿ ❆❜✐t✉r ▼❱✱ ❤✐❧❢s♠✐tt❡❧❢r❡✐✱ ✷✵✶✵

✷✳ ●❡❣❡❜❡♥ ✐st ❡✐♥❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ❞❡r ❩✉❢❛❧❧s❣röÿ❡ X ✳
❇❡st✐♠♠❡♥ ❙✐❡ y ✳

k −✷ ✵ ✸ ✶✵
P(X = k) ✶

✸

✶

✾
y ✺

✶✽

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆✉❢❣❛❜❡ ❆✷

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ✶✶ ❙❛❝❤s❡♥✱ ❙✳ ✷✽✵✱ ❍❲

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❙♣r❡❝❤✲ ✉♥❞ ❙❝❤r❡✐❜✇❡✐s❡♥

❙❡✐ ❞✐❡ ❩✉❢❛❧❧s❣röÿ❡ X ✿ ❆❧t❡r ✈♦♥ P❡rs♦♥❡♥ ✐♥ ❏❛❤r❡♥✳

X = ✶✽
❉❛s ❆❧t❡r ❞❡r P❡rs♦♥ ✐st ✶✽ ❏❛❤r❡✳

P(X = ✶✽)
❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t✱ ❞❛ss ❡✐♥❡ P❡rs♦♥ ✶✽ ❏❛❤r❡ ❛❧t ✐st

P(X = ✶✽) = ✷

✶✵✵

❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❞❛❢ür✱ ❞❛ss ❡✐♥❡ P❡rs♦♥ ✶✽ ❏❛❤r❡ ❛❧t ✐st✱
❧✐❡❣t ❜❡✐ ✷✪✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



■♥t❡r♣r❡t❛t✐♦♥ ✈♦♥ ■♥t❡r✈❛❧❧❛♥❣❛❜❡♥

❋♦r♠✉❧✐❡r✉♥❣ ♠❛t❤❡♠❛t✐s❝❤❡ Ü❜❡rs❡t③✉♥❣
✒ ✳✳✳ ✇❡♥✐❣❡r ❛❧s ✹✷ ✳✳✳✏ P(X < ✹✷) = P(X ≦ ✹✶)

✒ ✳✳✳ ❤ö❝❤st❡♥s ✹✷ ✳✳✳✏ P(X ≦ ✹✷)

✒ ✳✳✳ ❣❡♥❛✉ ✹✷ ✳✳✳✏ P(X = ✹✷)

✒ ✳✳✳ ♠✐♥❞❡st❡♥s ✹✷ ✳✳✳✏ P(X ≧ ✹✷)

✒ ✳✳✳ ♠❡❤r ❛❧s ✹✷ ✳✳✳✏ P(X > ✹✷) = P(X ≧ ✹✸)

✒ ✳✳✳ ③✇✐s❝❤❡♥ ✹✷ ✉♥❞ ✺✾✳✳✳✏ P(✹✷ < X < ✺✾) = P(✹✸ ≦ X ≦ ✺✽)

✒ ✳✳✳ ✈♦♥ ✹✷ ❜✐s ✺✾ ✳✳✳✏ P(✹✷ ≦ X ≦ ✺✾)

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❊r✇❛rt✉♥❣s✇❡rt

❙❡✐ X ❡✐♥❡ ❩✉❢❛❧❧s❣röÿ❡ ♠✐t ❞❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣

k k✶ k✷ ✳ ✳ ✳ kn

P(X = k) P(X = k✶) P(X = k✷) ✳ ✳ ✳ P(X = kn)

❉❛♥♥ ✐st ❞❡r ③✉ ❡r✇❛rt❡♥❞❡ ▼✐tt❡❧✇❡rt

µ = E (X ) =

n
∑

i=✶

ki · P(X = ki )

µ = E (X ) = k✶ ·P(X = k✶)+k✷ ·P(X = k✷)+ · · ·+kn ·P(X = kn)

❉✐❡s❡r ❲❡rt ❤❡✐ÿt ❊r✇❛rt✉♥❣s✇❡rt ✈♦♥ X ✳

❊r❧ä✉t❡r✉♥❣❡♥

❉❡r ❊r✇❛rt✉♥❣s✇❡rt ❜❡r❡❝❤♥❡t s✐❝❤ ✇✐❡ ❞❛s ❛r✐t❤♠❡t✐s❝❤❡ ▼✐tt❡❧✳

❊✐♥ ❙♣✐❡❧ ✭✉♠ ●❡❧❞✮ ✇✐r❞ ❛❧s ❢❛✐r ❜❡③❡✐❝❤♥❡t✱ ✇❡♥♥ E (X ) = ✵ ✐st✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❊r✇❛rt✉♥❣s✇❡rt ❢ür ❞❛s ❋❛❞❡♥❦♥ü♣❢❡♥

X ✿ ❆♥③❛❤❧ ❞❡r ❑r❡✐s❡ ❜❡✐♠ ③✉❢ä❧❧✐❣❡♥ ❋❛❞❡♥❦♥ü♣❢❡♥

❦ ✶ ✷ ✸
P✭❳❂❦✮ ✽

✶✺

✻

✶✺

✶

✶✺

µ = E (X ) = ✶ ·
✽

✶✺
+ ✷ ·

✻

✶✺
+ ✸ ·

✶

✶✺
=

✷✸

✶✺
= ✶, ✺✸

❊s ✐st ❛❧s♦ ❡✐♥ ❑r❡✐s ③✉ ❡r✇❛rt❡♥✳

❉❡r ❊r✇❛rt✉♥❣s✇❡rt ✇✐r❞ ❜❡✐ ❣❛♥③③❛❤❧✐❣❡♥ ❊r❣❡❜♥✐ss❡♥ st❡ts ❛❜❣❡r✉♥❞❡t✳

❆✉❢❣❛❜❡ ❆✸

●❡❣❡❜❡♥ ✐st ❡✐♥❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ❞❡r ❩✉❢❛❧❧s❣röÿ❡ X ✳
❇❡st✐♠♠❡♥ ❙✐❡ y ✉♥❞ z ✱ s♦❞❛ss E (X ) = ✵ ❣✐❧t✳

k −✻ ✵ ✸ ✾
P(X = k) ✶

✸
y z ✶

✾

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣

❙❡✐ X ❡✐♥❡ ❩✉❢❛❧❧s❣röÿ❡ ♠✐t ❊r✇❛rt✉♥❣s✇❡rt µ ✉♥❞ ❞❡r
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣

k k✶ k✷ ✳ ✳ ✳ kn

P(X = k) P(X = k✶) P(X = k✷) ✳ ✳ ✳ P(X = kn)

❉❛♥♥ ✇✐r❞ ❞✐❡ ❙tr❡✉✉♥❣ ✉♠ ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ❜❡r❡❝❤♥❡t ❞✉r❝❤

σ(X ) =
√

(µ− k✶)✷ · P(X = k✶) + · · ·+ (µ− kn)✷ · P(X = kn)

❉✐❡s❡r ❲❡rt ❤❡✐ÿt ❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣ ✈♦♥ X ✳

❇❡♠❡r❦✉♥❣

❉❡r ❲❡rt ✉♥t❡r ❞❡r ❲✉r③❡❧ ❤❡✐ÿt ❱❛r✐❛♥③ ✈♦♥ X ✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡✐s♣✐❡❧ ✕ ❘♦✉❧❡tt❡

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❙❛❝❤s❡♥ ✶✵✱ ❙✳ ✶✷✾✱ ❍❲

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



▲ös✉♥❣ ❆✉❢❣❛❜❡

✶✵ e ❊✐♥s❛t③❀ ●❡✇✐♥♥ ❜❡✐ ❳✿ ✶✵ e❀ ❨✿ ✽✵ e❀ ❩✿ ✶✼✵ e❀ ❲✿ ✸✺✵ e

k ✲✶✵ e ✶✵ e
P(X = k) ✶✾

✸✼

✶✽

✸✼

k ✲✶✵ e ✽✵ e
P(Y = k) ✸✸

✸✼

✹

✸✼

k ✲✶✵ e ✶✼✵ e
P(Z = k) ✸✺

✸✼

✷

✸✼

k ✲✶✵ e ✸✺✵ e
P(W = k) ✸✻

✸✼

✶

✸✼

E (X ) = −✶✵e·✶✾
✸✼

+ ✶✵e·✶✽
✸✼

= −

✶✵

✸✼
e

E (Y ) = −✶✵e·✸✸
✸✼

+ ✽✵e· ✹
✸✼

= −

✶✵

✸✼
e

E (Z ) = −✶✵e·✸✺
✸✼

+ ✶✼✵e· ✷
✸✼

= −

✶✵

✸✼
e

E (W ) = −✶✵e·✸✻
✸✼

+ ✸✺✵e· ✶
✸✼

= −

✶✵

✸✼
e

❊s ✐st ❛❧s♦ E (X ) = E (Y ) = E (Z ) = E (W )

❊s ✐st ❦❡✐♥ ❢❛✐r❡s ❙♣✐❡❧✱ ❞❛ ❞✐❡ ❊r✇❛rt✉♥❣s✇❡rt❡ ♥✐❝❤t ✵e s✐♥❞✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



▲ös✉♥❣ ❆✉❢❣❛❜❡

σ(X ) =

√

✶✾

✸✼
·

(

−✶✵e − (−
✶✵

✸✼
e)

)✷

+
✶✽

✸✼
·

(

✶✵e − (−
✶✵

✸✼
e)

)✷

σ(X ) ≈ ✾, ✾✾✻e

❆♥❛❧♦❣ ❡r❤ä❧t ♠❛♥

σ(Y ) ≈ ✷✼, ✾✹✼e❀

σ(Z ) ≈ ✹✵, ✼✵✷e❀

σ(W ) ≈ ✺✽, ✸✼✽e

❆❧s♦ ✐st ❞❡r ❊r✇❛rt✉♥❣s✇❡rt ③✇❛r ❣❧❡✐❝❤✱ ❛❜❡r ❞❛s ❙♣✐❡❧ ✇✐r❞ st❡ts
r✐s❦❛♥t❡r✱ ❥❡ ❣röÿ❡r ❞✐❡ ❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣ ✇✐r❞✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



✹✳ ❙t♦❝❤❛st✐❦

✹✳✸ ❇✐♥♦♠✐❛❧✈❡rt❡✐❧t❡ ❩✉❢❛❧❧s❣röÿ❡♥

❍✳ ❲✉s❝❤❦❡

✷✻✳ ❆✉❣✉st ✷✵✷✵

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥ ✐♥ ❞❡r ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣ ❜❡r❡❝❤♥❡♥
❦ö♥♥❡♥

❊r✇❛rt✉♥❣s✇❡rt ✉♥❞ ❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣ ✐♥ ❞❡r
❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣ ❜❡r❡❝❤♥❡♥ ❦ö♥♥❡♥

❇❡❞✐♥❣✉♥❣❡♥ ❢ür ❡✐♥❡ ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣ ❛♥❣❡❜❡♥

❍✐st♦❣r❛♠♠❡ ✈♦♥ ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣❡♥ ❞❡✉t❡♥ ❦ö♥♥❡♥

❙❛❝❤s✐t✉❛t✐♦♥❡♥ ✐♥t❡r♣r❡t✐❡r❡♥ ❦ö♥♥❡♥

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡✐s♣✐❡❧ ✶

❊s ✇✐r❞ ✶✵ ▼❛❧ ❡✐♥ ▲❛♣❧❛❝❡✲❲ür❢❡❧ ❣❡✇♦r❢❡♥✳ ❉❛❜❡✐ ❜❡s❝❤r❡✐❜t ❞✐❡
❩✉❢❛❧❧s❣röÿ❡ X ✿ ❆♥③❛❤❧ ❞❡r ✷✳

❇❡r❡❝❤♥❡♥ ❙✐❡ P(X = ✵)✳

P(X = ✵) = P({✷ ✷ ✷ ✷ ✷ ✷ ✷ ✷ ✷ ✷}) =

(

✺

✻

)✶✵

≈ ✵, ✶✻✶✺

P(X = ✶✵) =
(

✶

✻

)✶✵
❧ässt s✐❝❤ ❛✉❝❤ ♥♦❝❤ ❣✉t ❜❡r❡❝❤♥❡♥✳ ❆❧❧❡

❩✉❢❛❧❧s❣röÿ❡♥ ❞❛③✇✐s❝❤❡♥ s✐♥❞ ❥❡❞♦❝❤ s❡❤r ❛✉❢✇ä♥❞✐❣ ③✉ ❜❡r❡❝❤♥❡♥✳
❇❡✐s♣✐❡❧s✇❡✐s❡ ✐st

P(X = ✶) = P({✷ ✷ . . . ✷})+P({✷ ✷ ✷ . . . ✷})+ · · ·+P({✷ . . . ✷ ✷})

P(X = ✶) = ✶✵ ·

(

✶

✻

)✶

·

(

✺

✻

)✾

≈ ✵, ✸✷✸

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣

▲ässt s✐❝❤ ❡✐♥❡ ❩✉❢❛❧❧s❣röÿ❡ X ❞✉r❝❤ ❡✐♥ ❇❡r♥♦✉❧❧✐✲❊①♣❡r✐♠❡♥t
❜❡s❝❤r❡✐❜❡♥✱ s♦ ✈❡r❡✐♥❢❛❝❤t s✐❝❤ ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ❞❡r ❩✉❢❛❧❧s❣röÿ❡
❜❡✐ n ❉✉r❝❤❢ü❤r✉♥❣❡♥ ❢ür k ❚r❡✛❡r ♠✐t ❊r❢♦❧❣s✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t p
❞✉r❝❤✿

P(X = k) =

(

n

k

)

· pk · (✶− p)n−k

❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ✈♦♥ ❞✐❡s❡♥ ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t❡♥
❤❡✐ÿt ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣ Bn;p✳ ▼❛♥ s♣r✐❝❤t ❛✉❝❤ ✈♦♥ ❡✐♥❡r
❜✐♥♦♠✐❛❧✈❡rt❡✐❧t❡♥ ❩✉❢❛❧❧s❣röÿ❡✳

❇❡r❡❝❤♥✉♥❣ ✐♠ ❘❡❝❤♥❡r

▼✐t ❞❡♠ ❘❡❝❤♥❡r ❦❛♥♥ ♠❛♥ ❞✐❡s❡ ❩✉❢❛❧❧s❣röÿ❡♥ ❧❡✐❝❤t ❜❡r❡❝❤♥❡♥
❞✉r❝❤ ❞❡♥ ❇❡❢❡❤❧ ❜✐♥♦♠♣❞❢✭♥✱♣✱❦✮✳

❇❡✐s♣✐❡❧✿ n = ✷✵, p = ✷

✺
, k = ✹✱ ❛❧s♦ B

✷✵;
✷

✺

✉♥❞ P(X = ✹)

■♠ ❘❡❝❤♥❡r✿ ❜✐♥♦♠♣❞❢✭✷✵✱✷
✺
✱✹✮ → P(X = ✹) ≈ ✵, ✵✸✺

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡❞✐♥❣✉♥❣❡♥ ❢ür ❡✐♥❡ ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣

❉❛♠✐t ❡✐♥❡ ❞✐s❦r❡t❡ ❩✉❢❛❧❧s❣röÿ❡ ❛❧s ❜✐♥♦♠✐❛❧✈❡rt❡✐❧t ❛♥❣❡♥♦♠♠❡♥
✇❡r❞❡♥ ❦❛♥♥✱ ♠üss❡♥ ❢♦❧❣❡♥❞❡ ❇❡❞✐♥❣✉♥❣❡♥ ❡r❢ü❧❧t s❡✐♥✿

❉❛s ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t ❤❛t ♥✉r ③✇❡✐ ❱❡rs✉❝❤s❛✉s❣ä♥❣❡✿
❊r❢♦❧❣✴▼✐ss❡r❢♦❧❣❀ ●❡✇✐♥♥✴◆✐❡t❡❀ ❚r❡✛❡r✴❦❡✐♥ ❚r❡✛❡r❀ ✳✳✳

❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ä♥❞❡rt s✐❝❤ ♥✐❝❤t✳ ✭❩✐❡❤❡♥ ♠✐t
❩✉rü❝❦❧❡❣❡♥❀ ❇❡✐ ❇❡❢r❛❣✉♥❣❡♥ s❡❤r ❣r♦ÿ❡ ❙t✐❝❤♣r♦❜❡❀ ✳✳✳✮

❇❡r♥♦✉❧❧✐✲❊①♣❡r✐♠❡♥t✱ ❇❡r♥♦✉❧❧✐✲❑❡tt❡

■st ❡✐♥❡ ❩✉❢❛❧❧s❣röÿ❡ ❜✐♥♦♠✐❛❧✈❡rt❡✐❧t✱ ✇✐r❞ ❞❛s ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t
❛✉❝❤ ❛❧s ❇❡r♥♦✉❧❧✐✲❊①♣❡r✐♠❡♥t ❜❡③❡✐❝❤♥❡t✳ ▼❡❤r❡r❡ ❊r❡✐❣♥✐ss❡ ❡✐♥❡s
❇❡r♥♦✉❧❧✐✲❊①♣❡r✐♠❡♥t❡s ❤❡✐ÿ❡♥ ❇❡r♥♦✉❧❧✐✲❑❡tt❡✳
❉✐❡s❡ ❇❡③❡✐❝❤♥✉♥❣ ✐st ♥❛❝❤ ❞❡♠ s❝❤✇❡✐③❡r ▼❛t❤❡♠❛t✐❦❡r ❏❛❦♦❜ ■✳
❇❡r♥♦✉❧❧✐ ✭✶✻✺✹✕✶✼✵✺✮ ❜❡♥❛♥♥t✳ ❆❝❤t✉♥❣✱ ❡s ❣✐❜t ❡✐♥❡ ❣❛♥③❡
▼❛t❤❡♠❛t✐❦❡r❢❛♠✐❧✐❡✱ ❛✉s ❞❡r ❏❛❦♦❜ ■✳ ❇❡r♥♦✉❧❧✐ st❛♠♠t✱ ❞❛❤❡r ✐st
❞❡r ◆❛❝❤♥❛♠❡ ❛❜s♦❧✉t ♥✐❝❤t ❡✐♥❞❡✉t✐❣✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡✐s♣✐❡❧ ✶

❆❜❜✐❧❞✉♥❣✿ ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣ B✶✵;
✶

✻

✱ ●❡♦●❡❜r❛ ❍❲ ✷✵✶✽

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆✶✮ ❇❡r♥♦✉❧❧✐✲❱❡rs✉❝❤❡ ❞❡✉t❡♥

❇❡✐ ❡✐♥❡♠ ❊✐❣♥✉♥❣st❡st ✇❡r❞❡♥ ❋r❛❣❡♥ ❛♥❣❡❦r❡✉③t✱ ✇♦❜❡✐ ♥✉r ❡✐♥❡ ❆♥t✇♦rt
❥❡✇❡✐❧s r✐❝❤t✐❣ ✐st✳ ❲❡♥♥ ❥❡♠❛♥❞ ♥✐❝❤t ❣❡❧❡r♥t ❤❛t ❦❛♥♥ ❞✐❡s❡r ❱❡rs✉❝❤ ❛❧s
❇❡r♥♦✉❧❧✐✲❑❡tt❡ ❛✉❢❣❡❢❛sst ✇❡r❞❡♥✳

❇❡s❝❤r❡✐❜❡♥ ❙✐❡ ❞✐❡ ❊r❡✐❣♥✐ss❡✱ ❞✐❡ ③✉ ❢♦❧❣❡♥❞❡♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥
❣❡❤ör❡♥✿

P(A) =

(

✶✵

✸

)

·

(

✶

✹

)✸

·

(

✸

✹

)✼

P(B) =

(

✷✵

✶✺

)

·

(

✶

✸

)✶✺

·

(

✷

✸

)✺

P(C ) =

(

✺✵

✸✶

)

· ✵, ✺✸✶ · ✵, ✺✶✾

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❦✉♠✉❧✐❡rt❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t

❇✐❧❞❡t ♠❛♥ ❞✐❡ ❙✉♠♠❡ ❛✉s ✈❡rs❝❤✐❡❞❡♥❡♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥✱ s♦
s♣r✐❝❤t ♠❛♥ ✈♦♥ ❡✐♥❡r ❦✉♠✉❧✐❡rt❡♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t

✭❧❛t✳ ❝✉♠✉❧✉s ❂ ❆♥❤ä✉❢✉♥❣✮✳

❙②♠❜♦❧✐s❝❤ ✇✐r❞ ❞✐❡s ❞✉r❝❤ ❞❛s ❙✉♠♠❡♥③❡✐❝❤❡♥ ❛✉s❣❡❞rü❝❦t ♠✐t
❇❡❣✐♥♥ ❜❡✐ a ✉♥❞ ❊♥❞❡ ❜❡✐ b✿

P(a ≦ X ≦ b) =
b

∑

k=a

(

n

k

)

· pk · (✶− p)n−k

❇❡r❡❝❤♥✉♥❣ ✐♠ ❘❡❝❤♥❡r

▼✐t ❞❡♠ ❘❡❝❤♥❡r ❦❛♥♥ ♠❛♥ ❞✐❡s❡ ❩✉❢❛❧❧s❣röÿ❡♥ ❧❡✐❝❤t ❜❡r❡❝❤♥❡♥
❞✉r❝❤ ❞❡♥ ❇❡❢❡❤❧ ❜✐♥♦♠❝❞❢✭♥✱♣✱kAnfang ✱kEnde✮✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡✐s♣✐❡❧ ✶ ✕ B
✶✵;

✶

✻

❘❡❝❤❡♥❛♥sät③❡ ❢ür ❞❡♥ s❝❤r✐❢t❧✐❝❤❡♥ ▲ös✉♥❣s✇❡❣✿

P(X ≧ ✼) = P(X = ✼) + P(X = ✽) + P(X = ✾) + P(X = ✶✵)

P(X ≧ ✼) =
✶✵
∑

k=✼

(

✶✵

k

)

·

(

✶

✻

)k

·

(

✺

✻

)✶✵−k

■♠ ❘❡❝❤♥❡r✿ ❜✐♥♦♠❝❞❢✭✶✵✱✶
✻
✱✼✱✶✵✮ → P(X ≧ ✼) ≈ ✵, ✵✵✵✸

❘❡❝❤❡♥❛♥sät③❡ ❢ür ❞❡♥ s❝❤r✐❢t❧✐❝❤❡♥ ▲ös✉♥❣s✇❡❣✿

P(X < ✸) = P(X = ✵) + P(X = ✶) + P(X = ✷)

P(X < ✸) =
✷

∑

k=✵

(

✶✵

k

)

·

(

✶

✻

)k

·

(

✺

✻

)✶✵−k

■♠ ❘❡❝❤♥❡r✿ ❜✐♥♦♠❝❞❢✭✶✵✱✶
✻
✱✵✱✷✮ → P(X < ✸) ≈ ✵, ✼✼✺✷

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆❜✐t✉r❛✉❢❣❛❜❡♥

❆❜❜✐❧❞✉♥❣✿ ❆❜✐t✉r ▼✲❱ ❆✸✱ ✷✵✶✼

❆❜❜✐❧❞✉♥❣✿ ❆❜✐t✉r ▼✲❱ ❆✸✱ ✷✵✶✹

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❊r✇❛rt✉♥❣s✇❡rt ✉♥❞ ❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣

❋ür ❜✐♥♦♠✐❛❧✈❡rt❡✐❧t❡ ❩✉❢❛❧❧s❣röÿ❡♥ ❜❡r❡❝❤♥❡♥ s✐❝❤ ❞❡r
❊r✇❛rt✉♥❣s✇❡rt ✉♥❞ ❞✐❡ ❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣ ❢♦❧❣❡♥❞❡r♠❛ÿ❡♥✿

µ = n · p σ =
√

n · p · (✶− p)

❊r✇❛rt✉♥❣s✇❡rt ✐♥ ❡✐♥❡r ❱❡rt❡✐❧✉♥❣

■♠ ❍✐st♦❣r❛♠♠ ❞❡r ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣ ✐st ❞❡r ❊r✇❛rt✉♥❣s✇❡rt
✭♠❛♥❝❤♠❛❧ ♥ä❤❡r✉♥❣s✇❡✐s❡✱ ♠❛♥❝❤♠❛❧ ❡①❛❦t✮ ✐♠♠❡r ❜❡✐ ❞❡r
❤ö❝❤st❡♥ ❙ä✉❧❡ ③✉ ✜♥❞❡♥✳

❇❡✐s♣✐❡❧✿ B
✶✵;

✶

✻

✐st µ = ✶✵ · ✶
✻
= ✶✵

✻
= ✺

✸
≈ ✶, ✻✻✻✼ σ ≈ ✶, ✶✼✽✺

❆❜✐t✉r❛✉❢❣❛❜❡

❆❜❜✐❧❞✉♥❣✿ ❆❜✐t✉r ▼✲❱ ❇✶✱ ✷✵✶✻
❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆❜✐t✉r❛✉❢❣❛❜❡♥

❆❜❜✐❧❞✉♥❣✿ ❆❜✐t✉r ▼✲❱ ❆✸✱ ✷✵✶✺

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆✷✮ ❇✐♥♦♠✐❛❧✈❡rt❡✐❧✉♥❣❡♥ ❞❡✉t❡♥

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ✶✶ ❙❛❝❤s❡♥✱ ❙✳ ✸✵✺✱ ❍❲

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❍❡ss❡♥ ◗✸✱ ❙✳ ✶✵✹

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❙✐❣♠❛✲❘❡❣❡❧♥✱ ❢ür σ > ✸

❆❜❜✐❧❞✉♥❣✿ ❤tt♣s✿✴✴❞❡✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴◆♦r♠❛❧✈❡rt❡✐❧✉♥❣★

✴♠❡❞✐❛✴❋✐❧❡✿❙t❛♥❞❛r❞❴❞❡✈✐❛t✐♦♥❴❞✐❛❣r❛♠✳s✈❣

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦

https://de.wikipedia.org/wiki/Normalverteilung#/media/File:Standard_deviation_diagram.svg
https://de.wikipedia.org/wiki/Normalverteilung#/media/File:Standard_deviation_diagram.svg


❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ♠✐♥❞❡st❡♥s ❡✐♥❡♥ ❊r❢♦❧❣

❆❜✐t✉r❛✉❢❣❛❜❡

❆❜❜✐❧❞✉♥❣✿ ❆❜✐t✉r ▼✲❱ ❆✸✱ ✷✵✶✹

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ✉♥❜r❛✉❝❤❜❛r✿ p = ✵, ✷ ❣❡s✉❝❤t✿ ♥

P(X ≧ ✶) > ✵, ✾✾✺ ⇔ ✶−P(X = ✵) > ✵, ✾✾✺ ⇔ ✵, ✵✵✺ > P(X = ✵)

P(X = ✵) =

(

n

✵

)

· ✵, ✷✵ · ✵, ✽n−✵ = ✵, ✽n

✵, ✵✵✺ > ✵, ✽n ⇒ n > ✷✸, ✼✹✹

❆❜ ✷✹ ●❡♠✐s❝❤❡♥ ✐st ♠✐t ❡✐♥❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✈♦♥ ♠❡❤r ❛❧s
✾✾✱✺✪ ♠✐♥❞❡st❡♥s ❡✐♥ ✉♥❜r❛✉❝❤❜❛r❡s ❞❛❜❡✐✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ♠✐♥❞❡st❡♥s ③✇❡✐ ❊r❢♦❧❣❡

❆❜✐t✉r❛✉❢❣❛❜❡

❆❜❜✐❧❞✉♥❣✿ ❆❜✐t✉r ▼✲❱ ❆✸✱ ✷✵✶✻

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ❑✐♥❞❡r✿ p = ✵, ✵✻ ❣❡s✉❝❤t✿ ♥

❱❡rs❝❤✐❡❞❡♥❡ n ♣r♦❜✐❡r❡♥ ✉♥❞ P(X ≧ ✷) ❜❡r❡❝❤♥❡♥✳

♥ ✹✺ ✹✼ ✹✽ ✹✾

P(X ≧ ✷) ✵✱✼✻✶ ✵✱✼✽✷ ✵✱✼✾✷ ✵✱✽✵✶

❯♥t❡r ✹✾ ❇❡s✉❝❤❡r♥ s✐♥❞ ♠✐t ❡✐♥❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✈♦♥ ♠❡❤r ❛❧s
✽✵✪ ♠✐♥❞❡st❡♥s ③✇❡✐ ❑✐♥❞❡r✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



✹✳ ❙t♦❝❤❛st✐❦

✹✳✹ ❇❛✉♠❞✐❛❣r❛♠♠❡ ✉♥❞ ❱✐❡r❢❡❧❞❡rt❛❢❡❧♥

❍✳ ❲✉s❝❤❦❡

✵✾✳ ❙❡♣t❡♠❜❡r ✷✵✷✵

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

❇❛✉♠❞✐❛❣r❛♠♠❡ ③❡✐❝❤♥❡♥ ❦ö♥♥❡♥

❆✉s ❡✐♥❡♠ ❇❛✉♠❞✐❛❣r❛♠♠ ❡✐♥❡ ❱✐❡r❢❡❧❞❡rt❛❢❡❧ ❛✉❢st❡❧❧❡♥

❆✉s ❡✐♥❡r ❱✐❡r❢❡❧❞❡rt❛❢❡❧♥ ③✇❡✐ ❇❛✉♠❞✐❛❣r❛♠♠❡ ❛✉❢st❡❧❧❡♥

❊r❡✐❣♥✐ss❡ ❛✉❢ ❆❜❤ä♥❣✐❣❦❡✐t✴❯♥❛❜❤ä♥❣✐❣❦❡✐t ✉♥t❡rs✉❝❤❡♥
❦ö♥♥❡♥

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❛✉♠❞✐❛❣r❛♠♠

❩✉r ❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ✈♦♥ ✭♠❡❤rst✉✜❣❡♥✮ ❩✉❢❛❧❧s❡①♣❡r✐♠❡♥t❡♥
❦❛♥♥ ❡✐♥ ❇❛✉♠❞✐❛❣r❛♠♠ ❣❡♥✉t③t ✇❡r❞❡♥✳ ❉✐❡ ❩✇❡✐❣❡ ③❡✐❣❡♥
❞❛❜❡✐ ❞✐❡ ❡✐♥③❡❧♥❡♥ ❊r❣❡❜♥✐ss❡ ❞❡r ❥❡✇❡✐❧✐❣❡♥ ❙t✉❢❡ ❛♥ ✉♥❞ ❞✐❡
P❢❛❞❡ s✐♥❞ ✈❡rs❝❤✐❡❞❡♥❡ ❊r❡✐❣♥✐ss❡✳

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❙❛❝❤s❡♥ ✶✶✱ ❙✳ ✷✺✻✱ ❍❲

P❢❛❞r❡❣❡❧♥

✶✳ ❊♥t❧❛♥❣ ❞❡s P❢❛❞❡s ✇✐r❞
♠✉❧t✐♣❧✐③✐❡rt✳
✷✳ ▼❡❤r❡r❡ P❢❛❞❡ ✇❡r❞❡♥
❛❞❞✐❡rt✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❱✐❡r❢❡❧❞❡rt❛❢❡❧

❩✇❡✐ ❊r❡✐❣♥✐ss❡ ❦ö♥♥❡♥ ❛✉❝❤ ✐♥ ❡✐♥❡r ❱✐❡r❢❡❧❞❡rt❛❢❡❧

③✉s❛♠♠❡♥❣❡tr❛❣❡♥ ✇❡r❞❡♥✳

❊r❡✐❣♥✐s A ❊r❡✐❣♥✐s A ❣❡s❛♠t

❊r❡✐❣♥✐s B P(A ∩ B) P(A ∩ B) P(B)

❊r❡✐❣♥✐s B P(A ∩ B) P(A ∩ B) P(B)

❣❡s❛♠t P(A) P(A) ✶

❊s ❣✐❧t ❜❡✐s♣✐❡❧s✇❡✐s❡✿ P(A ∩ B) + P(A ∩ B) = P(A)✳

❊s ❤❡✐ÿt A ∩ B ✭❆ ❣❡s❝❤♥✐tt❡♥ ❇✮✿ A ✉♥❞ B tr❡t❡♥ ❡✐♥✳

❇❡♠❡r❦✉♥❣ ❱✐❡r❢❡❧❞❡rt❛❢❡❧✴❑♦♥t✐♥❣❡♥③t❛❢❡❧

■♥ ♠❛♥❝❤❡♥ ▲✐t❡r❛t✉rq✉❡❧❧❡♥ ✇✐r❞ ❡✐♥❡ ❱✐❡r❢❡❧❞❡rt❛❢❡❧ ❛✉ss❝❤❧✐❡ÿ❧✐❝❤
❢ür ❛❜s♦❧✉t❡ ❉❛t❡♥ ✈❡r✇❡♥❞❡t ✉♥❞ ❡✐♥❡ ❑♦♥t✐♥❣❡♥③t❛❢❡❧ ❢ür r❡❧❛t✐✈❡
❩❛❤❧❡♥ ❜③✇✳ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡✐s♣✐❡❧ ✕ ❆❧❦♦❤♦❧❦♦♥s✉♠ ✈♦♥ ✶✽✲ ❜✐s ✷✺❥ä❤r✐❣❡♥

❇❡✐ ❞❡♠ ❇❩❣❆✲❏❛❤r❡s❜❡r✐❝❤t ✷✵✶✾❛ ③✉♠ ❚❤❡♠❛ ✒❆❧❦♦❤♦❧❦♦♥s✉♠
❏✉❣❡♥❞❧✐❝❤❡r✏ ✇✉r❞❡♥ P❡rs♦♥❡♥ ✐♠ ❆❧t❡r ✈♦♥ ✶✽ ❜✐s ✷✺ ❏❛❤r❡
❜❡❢r❛❣t✳ ❉❡r ❆♥t❡✐❧ ❞❡r ❋r❛✉❡♥ ❜❡tr✉❣ ✹✼✱✻✪✳ ❊s ❣❛❜❡♥ ✸✹✱✵✪ ❞❡r
P❡rs♦♥❡♥ ❛♥✱ ❞❛ss s✐❡ r❡❣❡❧♠äÿ✐❣ ❆❧❦♦❤♦❧ ❦♦♥s✉♠✐❡r❡♥✳ ✷✸✱✻✪ ❞❡r
❚❡✐❧♥❡❤♠❡r s✐♥❞ ♠ä♥♥❧✐❝❤ ✉♥❞ tr✐♥❦❡♥ r❡❣❡❧♠äÿ✐❣✳

♠ä♥♥❧✐❝❤ ✇❡✐❜❧✐❝❤ ❣❡s❛♠t

tr✐♥❦❡♥ r❡❣❧♠✳ ✷✸✱✻✪ ✶✵✱✹✪ ✸✹✱✵✪

tr✐♥❦❡♥ r❡❣❧♠✳ ✷✽✱✽✪ ✸✻✱✷✪ ✻✻✱✵✪

❣❡s❛♠t ✺✷✱✹✪ ✹✼✱✻✪ ✶

❛❤tt♣s✿✴✴✇✇✇✳❜③❣❛✳❞❡✴❢✐❧❡❛❞♠✐♥✴✉s❡r❴✉♣❧♦❛❞✴P❉❋✴st✉❞✐❡♥✴

❆❧❦♦❤♦❧s✉r✈❡②❴✷✵✶✽❴❆❧❦♦❤♦❧✲❇❡r✐❝❤t✳♣❞❢

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦

https://www.bzga.de/fileadmin/user_upload/PDF/studien/Alkoholsurvey_2018_Alkohol-Bericht.pdf
https://www.bzga.de/fileadmin/user_upload/PDF/studien/Alkoholsurvey_2018_Alkohol-Bericht.pdf


❆✉s ❡✐♥❡r ❱✐❡r❢❡❧❞❡rt❛❢❡❧ ✇❡r❞❡♥ ③✇❡✐ ❇❛✉♠❞✐❛❣r❛♠♠❡

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❙❛❝❤s❡♥ ✶✶✱ ❙✳ ✷✺✺✱ ❍❲

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆✉s ❡✐♥❡♠ ❇❛✉♠❞✐❛❣r❛♠♠ ✇✐r❞ ❡✐♥❡ ❱✐❡r❢❡❧❞❡rt❛❢❡❧

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❙❛❝❤s❡♥ ✶✶✱ ❙✳ ✷✺✻✱ ❍❲

❊s ✐st P(m ∩ R) = ✵, ✹✻✹ · ✵, ✸✺✶ = ✵, ✶✻✷✽✻✹ ≈ ✵, ✶✻✸

P(m ∩ N) ≈ ✵, ✸✵✶✱ P(w ∩ R) ≈ ✵, ✶✶✵ ✉♥❞ P(w ∩ N) ≈ ✵, ✹✷✻

♠ ✇ ❣❡s❛♠t
❘ ✵✱✶✻✸ ✵✱✶✶✵ ✵✱✷✼✸
◆ ✵✱✸✵✶ ✵✱✹✷✻ ✵✱✼✷✼

❣❡s❛♠t ✵✱✹✻✹ ✵✱✺✸✻ ✶

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡✐ ♠❛♥❝❤❡♥ ❊r❡✐❣♥✐ss❡♥ ❣✐❜t ❡s ❩✉s❛♠♠❡♥❤ä♥❣❡✱ ✇❡❧❝❤❡ ❞✐❡
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❜❡❡✐♥✢✉ss❡♥✳

❆❜❤ä♥❣✐❣❦❡✐t ✉♥❞ ❯♥❛❜❤ä♥❣✐❣❦❡✐t ✈♦♥ ❊r❡✐❣♥✐ss❡♥

❩✇❡✐ ❊r❡✐❣♥✐ss❡ ❆ ✉♥❞ ❇ ❤❡✐ÿ❡♥ st♦❝❤❛st✐s❝❤ ✉♥❛❜❤ä♥❣✐❣✱ ✇❡♥♥
❣✐❧t✿ P(A) · P(B) = P(A ∩ B)✳
❉✐❡s ❡r❦❡♥♥t ♠❛♥ ✐♥ ❞❡r ❱✐❡r❢❡❧❞❡rt❛❢❡❧✱ ✇❡♥♥ ✐♥ ❞❡r ▼✐tt❡ ❞✐❡
Pr♦❞✉❦t❡ st❡❤❡♥ ✉♥❞ ✐♠ ❇❛✉♠❞✐❛❣r❛♠♠✱ ✇❡♥♥ ❞✐❡ ➘st❡ ❞❡r
③✇❡✐t❡♥ ❙t✉❢❡ ❣❧❡✐❝❤❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥ ❤❛❜❡♥ ✭❆❜❜✐❧❞✉♥❣✮✳

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❙❛❝❤s❡♥ ✶✶✱ ❙✳ ✷✻✶✱ ❍❲

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❇❡❞✐♥❣t❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥

❙✐♥❞ ③✇❡✐ ❊r❡✐❣♥✐ss❡ A ✉♥❞ B ♥✐❝❤t st♦❝❤❛st✐s❝❤ ✉♥❛❜❤ä♥❣✐❣✱ s♦
❜❡❞✐♥❣❡♥ s✐❡ s✐❝❤✳

❉❛❜❡✐ ✐st PA(B) =
P(A ∩ B)

P(A)
❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ❇ ✉♥t❡r

❞❡r ❇❡❞✐♥❣✉♥❣ ❆

✉♥❞ PB(A) =
P(A ∩ B)

P(B)
❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢ür ❆ ✉♥t❡r ❞❡r

❇❡❞✐♥❣✉♥❣ ❇✳

❇❡✐s♣✐❡❧ ❘❛✉❝❤❡r

■♥ ❞❡♠ ❇❡✐s♣✐❡❧ ü❜❡r ❞✐❡ ♠ä♥♥❧✐❝❤❡♥ ✉♥❞ ✇❡✐❜❧✐❝❤❡♥ ❘❛✉❝❤❡r ✐st
❜❡✐s♣✐❡❧s✇❡✐s❡ ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t✱ ❞❛ss ❡✐♥ ▼❛♥♥ r❛✉❝❤t ✐st ❝❛✳
✸✺✱✶ ✪ ✉♥❞ ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t✱ ❞❛ss ❡✐♥❡ r❛✉❝❤❡♥❞❡ P❡rs♦♥
♠ä♥♥❧✐❝❤ ✐st ❝❛✳ ✺✾✱✼ ✪✱ ✇❡✐❧ ❣✐❧t✿

Pm(R) =
✵, ✶✻✸
✵, ✹✻✹

≈ ✵, ✸✺✶ PR(m) =
✵, ✶✻✸
✵, ✷✼✸

≈ ✵, ✺✾✼

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❆❜✐t✉r❛✉❢❣❛❜❡ ❙❛❝❤s❡♥ ▲❑ ✷✵✶✸✱ ✶✳✺

❉✐❡ ❊♥❞stü❝❦❡ ✇❡r❞❡♥ ✈♦♥ ❞❡r ❋✐r♠❛ ♠✐t ③✇❡✐ ▼❛s❝❤✐♥❡♥
♣r♦❞✉③✐❡rt✳ ▼❛s❝❤✐♥❡ ❆ ♣r♦❞✉③✐❡rt ✻✵✪ ✉♥❞ ▼❛s❝❤✐♥❡ ❇ ♣r♦❞✉③✐❡rt
✹✵✪ ❞❡r ●❡s❛♠t♣r♦✉❦t✐♦♥✳
❊r❢❛❤r✉♥❣s❣❡♠äÿ s✐♥❞ ✾✻✪ ❞❡r ✈♦♥ ▼❛s❝❤✐♥❡ ❆ ♣r♦❞✉③✐❡rt❡♥
❊♥❞stü❝❦❡ ✉♥❞ ✾✹✪ ❞❡r ✈♦♥ ▼❛s❝❤✐♥❡ ❇ ♣r♦❞✉③✐❡rt❡♥ ❊♥❞stü❝❦❡
♥♦r♠❣❡r❡❝❤t✳
❉❡r ●❡s❛♠t♣r♦❞✉❦t✐♦♥ ❞❡r ❋✐r♠❛ ✇✐r❞ ❡✐♥ ❊♥❞stü❝❦ ③✉❢ä❧❧✐❣
❡♥t♥♦♠♠❡♥✳ ❊s ✐st ♥✐❝❤t ♥♦r♠❣❡r❡❝❤t✳ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❞❛❢ür✱ ❞❛ss ❞✐❡s❡s ❊♥❞stü❝❦ ✈♦♥ ❞❡r ▼❛s❝❤✐♥❡ ❆
♣r♦❞✉③✐❡rt ✇✉r❞❡✳

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦



❙❛t③ ❞❡r t♦t❛❧❡♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t

❋ür ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥ ③✇❡✐❡r ❜❡❧✐❡❜✐❣❡r ❊r❡✐❣♥✐ss❡ A ✉♥❞ B

❣✐❧t✿

P(A) = P(A ∩ B) + P(A ∩ B) = P(B) · PB(A) + P(B) · P
B
(A)

❇❡♠❡r❦✉♥❣

❆♥❛❧♦❣ ❦❛♥♥ P(A)✱ P(B) ✉♥❞ P(B) ❞❡✜♥✐❡rt ✇❡r❞❡♥✳ ❉✐❡s❡r ❙❛t③
✐st ♠❛ÿ❣❡❜❧✐❝❤ ❢ür ❞✐❡ ❊rst❡❧❧✉♥❣ ❞❡r ❱✐❡r❢❡❧❞❡rt❛❢❡❧✳

❙❛t③ ✈♦♥ ❇❛②❡s ✭✶✼✻✸✱ ❚❤♦♠❛s ❇❛②❡s ❬✶✼✵✶✕✶✼✻✶❪✮

❆✉s ❞❡r ❉❡✜♥✐t✐♦♥ ❞❡r ❜❡❞✐♥❣t❡♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✉♥❞ ❞❡♠ ❙❛t③
❞❡r t♦t❛❧❡♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❢♦❧❣t ❞❡r ❙❛t③ ✈♦♥ ❇❛②❡s✿

PA(B) =
P(B) · PB(A)

P(B) · PB(A) + P(B) · P
B
(A)

❍✳ ❲✉s❝❤❦❡ ✹✳ ❙t♦❝❤❛st✐❦


