
✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥

❍✳ ❲✉s❝❤❦❡

✷✹✳ ❆✉❣✉st ✷✵✷✷

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❩✐❡❧❡ ❞❡r ❙✐t③✉♥❣

P♦t❡♥③s❝❤r❡✐❜✇❡✐s❡♥ ✉♠✇❛♥❞❡❧♥ ❦ö♥♥❡♥

❉❡✜♥✐t✐♦♥s✲ ✉♥❞ ❲❡rt❡❜❡r❡✐❝❤ ✈❡rs❝❤✐❡❞❡♥❡r P♦t❡♥③❢✉♥❦t✐♦♥❡♥
❜❡st✐♠♠❡♥

❆❝❤s❡♥✲ ✉♥❞ ♣✉♥❦ts②♠♠❡tr✐s❝❤❡ P♦t❡♥③❢✉♥❦t✐♦♥❡♥ ❛♥❣❡❜❡♥
❦ö♥♥❡♥

❇❡❣r✐✛ ❞❡r ❆s②♠♣t♦t❡ ❡r❦❧är❡♥

●❧❡✐❝❤✉♥❣❡♥ ♠✐t P♦t❡♥③❢✉♥❦t✐♦♥❡♥ ❧ös❡♥

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



P♦t❡♥③r❡❝❤♥✉♥❣

❙❡✐❡♥ x , y ∈ R; a, b ∈ Z.

❉❡✜♥✐t✐♦♥ P♦t❡♥③

❲✐r❞ ❡✐♥ ❋❛❦t♦r ① ✭❇❛s✐s✮ ✇✐❡❞❡r❤♦❧t
♠✐t s✐❝❤ s❡❧❜st ♠✉❧t✐♣❧✐③✐❡rt✱ ❤❡✐ÿt ❞❛s
❊r❣❡❜♥✐s P♦t❡♥③ ✈♦♥ ①✳

x · x · · · · · x
︸ ︷︷ ︸

❛✲♠❛❧

:= xa

❉❛❜❡✐ ✐st ❛ ❞❡r ❊①♣♦♥❡♥t

P♦t❡♥③❣❡s❡t③❡

✭P✶ ❛✮ xa · ya = (x · y)a

✭P✶ ❜✮
xa

ya
=

(
x

y

)a

✭P✷✮ xa · xb = xa+b

✭P✸✮
xa

xb
= xa−b

✭P✹✮ (xa)b = xa·b

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



◆♦t❛t✐♦♥❡♥

❉❡✜♥✐t✐♦♥ x−k

x−k :=
✶
xk

❉❡✜♥✐t✐♦♥ x✵

x✵ := ✶

❉❡✜♥✐t✐♦♥ x✶

x✶ := x

❇❡✐s♣✐❡❧ ❢ür ❞✐❡ ❍❡r❧❡✐t✉♥❣

x−✷ ③✳❇✳
= x✶−✸ (P✸)

=
x

x✸
=

✚x

✚x · x · x
=

✶
x✷

❇❡✐s♣✐❡❧ ❢ür ❞✐❡ ❍❡r❧❡✐t✉♥❣

x✵
③✳❇✳
= x✷−✷ (P✸)

=
x✷

x✷
=

✚x ·✚x
✚x ·✚x

=
✶
✶
= ✶

❇❡✐s♣✐❡❧ ❢ür ❞✐❡ ❍❡r❧❡✐t✉♥❣

x✶
③✳❇✳
= x✷−✶ (P✸)

=
x✷

x
=

x ·✚x
✚x

= x

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



P♦t❡♥③❡♥ ♠✐t r❛t✐♦♥❛❧❡♥ ❊①♣♦♥❡♥t❡♥

Ü❜❡r❧❡❣✉♥❣

(✺✸)
✶

✸
(P✹)
= ✺✸·

✶

✸ = ✺

⇒ ✺
✶

✸ := ✸
√
✺

❉❡✜♥✐t♦♥ ♥✲t❡ ❲✉r③❡❧

❙❡✐❡♥ x ∈ R+ ✉♥❞ n ∈ N✳ ❉✐❡ ♥✲t❡
❲✉r③❡❧ ✈♦♥ ① ✐st ❡✐♥❡ ❩❛❤❧ y > ✵ ❢ür
❞✐❡ ❣✐❧t✿ yn = x

◆♦t❛t✐♦♥✿ x
✶

n := n
√
x := y

P♦t❡♥③❣❡s❡t③❡ ❢ür r❛t✐♦♥❛❧❡ ❊①♣♦♥❡♥t❡♥

❙❡✐❡♥ u, v ∈ R+ ✉♥❞ p, q ∈ N

✭P✶ ❛✬✮ p
√
u · p
√
v = p

√
u · v ✭P✶ ❜✬✮

p
√
u

p
√
v

= p

√
u

v

✭P✹✬✮ p
√

q
√
u = p·q

√
u

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❊r❧ä✉t❡r✉♥❣❡♥

✭P✶ ❛✬✮ p
√
u · p
√
v = u

✶

p · v
✶

p
✭P✶ ❛✮
= (u · v)

✶

p = p
√
u · v

✭P✶ ❜✬✮
p
√
u

p
√
v

=
u

✶

p

v
✶

p

✭P✶ ❜✮
=

(u

v

) ✶

p
= p

√
u

v

✭P✹✬✮ p
√

q
√
u =

(

u
✶

q

) ✶

p ✭P✹✮
= u

✶

p·q = p·q
√
u

❇❡♠❡r❦✉♥❣❡♥

✶ ❊s ❣✐❧t✿ q
√
up = (up)

✶

q
(P✹)
= u

p· ✶
q = u

p

q

✷ ❉✐❡ ❲✉r③❡❧ ❡✐♥❡r ❩❛❤❧ ✐st ✐♠ ❇❡r❡✐❝❤ ❞❡r r❡❡❧❧❡♥ ❩❛❤❧❡♥ ♥✉r ❢ür
♣♦s✐t✐✈❡ r❡❡❧❧❡ ❩❛❤❧❡♥ ❞❡✜♥✐❡rt✳

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❋✉♥❦t✐♦♥✱ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✱ ❲❡rt❡❜❡r❡✐❝❤✱ P♦t❡♥③❢✉♥❦t✐♦♥

❋✉♥❦t✐♦♥✱ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✱ ❲❡rt❡❜❡r❡✐❝❤

❊✐♥❡ ❋✉♥❦t✐♦♥ f ♦r❞♥❡t ❥❡❞❡♠ x ∈ D ❡✐♥❞❡✉t✐❣ ❡✐♥ y ∈W ③✉✳
❉❛❜❡✐ ❤❡✐ÿt D ❛✉❝❤ ❞❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✉♥❞ W ❞❡r
❲❡rt❡❜❡r❡✐❝❤ ✈♦♥ f

❍ä✉✜❣ s❝❤r❡✐❜t ♠❛♥ ❢ür ❞✐❡s❡ ❩✉♦r❞♥✉♥❣✿ y = f (x)✳

❇❡✐s♣✐❡❧❡ ✶

f✶(x) = ✷x − ✸
❍✐❡r ✐st D = R ✉♥❞ W = R✱ ❞❛ ❛❧❧❡s ❡✐♥❣❡s❡t③t ✇❡r❞❡♥ ❦❛♥♥ ✉♥❞
❛❧❧❡s ❤❡r❛✉s❦♦♠♠❡♥ ❦❛♥♥✳

f✷(x) = x✷ + ✸
❍✐❡r ✐st D = R ✉♥❞ W = {y | y ≧ ✸}

P♦t❡♥③❢✉♥❦t✐♦♥

❙❡✐ p ∈ Q✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ f (x) = xp ❤❡✐ÿt P♦t❡♥③❢✉♥❦t✐♦♥✳

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



P♦t❡♥③❢✉♥❦t✐♦♥❡♥ ♠✐t ♥❛tür❧✐❝❤❡♠ ❊①♣♦♥❡♥t❡♥

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❊✐♥❢ü❤r✉♥❣s♣❤❛s❡ ◆❘❲✱ ❙✳ ✷✺✳

❲❡❧❝❤❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❤❛❜❡♥ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ✐♥ ❇❡③✉❣ ❛✉❢
❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✱ ❲❡rt❡❜❡r❡✐❝❤✱ ▼♦♥♦t♦♥✐❡✱ s♣❡③✐❡❧❧❡ P✉♥❦t❡✱ ❙②♠♠❡tr✐❡❄

❍✳ ❲✉s❝❤❦❡ ✵✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



P♦t❡♥③❢✉♥❦t✐♦♥❡♥ ♠✐t ♥❡❣❛t✐✈❡♠✱ ❣❛♥③③❛❤❧✐❣❡♠ ❊①♣♦♥❡♥t❡♥

❆❜❜✐❧❞✉♥❣✿ ❊❞▼ ❊✐♥❢ü❤r✉♥❣s♣❤❛s❡ ◆❘❲✱ ❙✳ ✸✷✳

❲❡❧❝❤❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❤❛❜❡♥ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ✐♥ ❇❡③✉❣ ❛✉❢
❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✱ ❲❡rt❡❜❡r❡✐❝❤✱ ▼♦♥♦t♦♥✐❡✱ s♣❡③✐❡❧❧❡ P✉♥❦t❡✱ ❙②♠♠❡tr✐❡❄

❍✳ ❲✉s❝❤❦❡ ✵✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❱❡rs❝❤✐❡❜✉♥❣ ✈♦♥ P♦t❡♥③❢✉♥❦t✐♦♥❡♥

❱❡rs❝❤✐❡❜✉♥❣ ❡♥t❧❛♥❣ ❞❡r ②✲❆❝❤s❡

❙❡✐ p ∈ Q ✉♥❞ a ∈ R✳
❉❡r P❛r❛♠❡t❡r a ✈❡rs❝❤✐❡❜t ❞✐❡ P♦t❡♥③❢✉♥❦t✐♦♥

f (x) = xp + a

✉♠ a ♥❛❝❤ ♦❜❡♥ ❢ür a > ✵ ✉♥❞ ✉♠ a ♥❛❝❤ ✉♥t❡♥ ❢ür a < ✵✳
❉❛❞✉r❝❤ ✇✐r❞ ❞❡r ❲❡rt❡❜❡r❡✐❝❤ ♥❛❝❤ ♦❜❡♥✴✉♥t❡♥ ✈❡rs❝❤♦❜❡♥✳

❱❡rs❝❤✐❡❜✉♥❣ ❡♥t❧❛♥❣ ❞❡r ①✲❆❝❤s❡

❙❡✐ p ∈ Q ✉♥❞ c ∈ R✳
❉❡r P❛r❛♠❡t❡r c ✈❡rs❝❤✐❡❜t ❞✐❡ P♦t❡♥③❢✉♥❦t✐♦♥

f (x) = (x + c)p

✉♠ c ♥❛❝❤ ❧✐♥❦s ❢ür c > ✵ ✉♥❞ ✉♠ c ♥❛❝❤ r❡❝❤ts ❢ür c < ✵✳
❉❛❞✉r❝❤ ✇✐r❞ ❞❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ♥❛❝❤ ❧✐♥❦s✴r❡❝❤ts ✈❡rs❝❤♦❜❡♥✳

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❆✉❢❣❛❜❡♥ ❆✶

❱❡rs❝❤✐❡❜❡♥ ❙✐❡ ❞✐❡ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥ ✐♥ ❞✐❡ ✈♦r❣❡❣❡❜❡♥❡♥
❘✐❝❤t✉♥❣❡♥✳

f (x) = x✹ ✸ ▲❊❛ → ✉♥❞ ✷ ▲❊ ↑ .

g(x) = x✶✸ ✹, ✺ ▲❊ ↓ ✉♥❞ ✵, ✽ ▲❊→ .

h(x) = (x − ✷)✷ ✻ ▲❊← ✉♥❞ ✹ ▲❊ ↓ .

k(x) = (x + ✶, ✺)✷✵✶✾ − ✷, ✽ ✶✸ ▲❊ ↑ ✉♥❞ ✼ ▲❊→ .

m(x) = x✼ − ✸ ✺, ✷ ▲❊← ✉♥❞ ✺, ✷ ▲❊ ↑ .

❛▲ä♥❣❡♥❡✐♥❤❡✐t✭❡♥✮

❆✉❢❣❛❜❡♥ ❆✶✯

❱❛r✐✐❡r❡♥ ❙✐❡ ✐♥ ❞❡r ❱❡rs❝❤✐❡❜✉♥❣ ❜❡✐ ❞❡♥ ❣❡❣❡❜❡♥❡♥ ❋✉♥❦t✐♦♥❡♥✳
❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ❲❡rt❡❜❡r❡✐❝❤ ❞❡r ❋✉♥❦t✐♦♥❡♥✳

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❆s②♠♣t♦t❡♥

P♦❧st❡❧❧❡ ✉♥❞ ✇❛❛❣❡r❡❝❤t❡ ❆s②♠♣t♦t❡

❊✐♥❡ ●❡r❛❞❡✱ ❞❡r s✐❝❤ ❡✐♥❡ ❋✉♥❦t✐♦♥ ❜❡❧✐❡❜✐❣ ❞✐❝❤t ❛♥♥ä❤❡rt✱ ❤❡✐ÿt
❆s②♠♣t♦t❡✳
❉✐❡s ❦❛♥♥ ❡✐♥❡rs❡✐ts ❛✉❢❣r✉♥❞ ❞❡s ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤❡s s❡✐♥✱ ❞❛♥♥ ✐st
❡s ❡✐♥❡ s❡♥❦r❡❝❤t❡ ❆s②♠♣t♦t❡ ❛♥ ❡✐♥❡r P♦❧st❡❧❧❡✳
❆♥❞❡r❡rs❡✐ts ❦❛♥♥ ❞✐❡s ✐♠ ❲❡rt❡❜❡r❡✐❝❤ s❡✐♥✱ ❞❛♥♥ s♣r✐❝❤t ♠❛♥ ✈♦♥
❡✐♥❡r ✇❛❛❣❡r❡❝❤t❡♥ ❆s②♠♣t♦t❡✳

❇❡♠❡r❦✉♥❣

❆❧❧❡ P♦t❡♥③❢✉♥❦t✐♦♥❡♥ ❞❡r ❋♦r♠

f (x) = b · x−n
, n ∈ N

❤❛❜❡♥ ❡✐♥❡ s❡♥❦r❡❝❤t❡ ❆s②♠♣t♦t❡ ❜❡✐ x = ✵ ✉♥❞ ❡✐♥❡ ✇❛❛❣❡r❡❝❤t❡
❆s②♠♣t♦t❡ ❜❡✐ y = ✵✳

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❆✉❢❣❛❜❡♥ ❆✷

●❡❜❡♥ ❙✐❡ ❢ür ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥❡♥ ❞❡♥ ❉❡✜♥✐t✐♦♥s✲ ✉♥❞
❲❡rt❡❜❡r❡✐❝❤ ❞✐❡ ❆rt ❞❡r ❙②♠♠❡tr✐❡ s♦✇✐❡ ❞✐❡ ●❧❡✐❝❤✉♥❣❡♥ ❞❡r
s❡♥❦r❡❝❤t❡♥ ✉♥❞ ✇❛❛❣❡r❡❝❤t❡♥ ❆s②♠♣t♦t❡♥✱ s♦❢❡r♥ ❞✐❡s❡ ✈♦r❤❛♥❞❡♥
s✐♥❞✱ ❛♥✳

f (x) = x−✷

g(x) = x−✸ − ✷

h(x) = (x − ✹)✹ − ✻

k(x) = (x − ✸)−✹

m(x) = x✼ − ✶✸

n(x) = (x + ✺)−✺ − ✼

p(x) = (x − ✽)−✻ + ✸, ✺

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❲✉r③❡❧❢✉♥❦t✐♦♥

❲✉r③❡❧❢✉♥❦t✐♦♥

❙❡✐❡♥ p, q ∈ Z \ {✵}
❊✐♥❡ P♦t❡♥③❢✉♥❦t✐♦♥ f (x) = x

p

q = q
√
xp ❤❡✐ÿt ❲✉r③❡❧❢✉♥❦t✐♦♥✳

■❤r ❉❡✜♥✐t✐♦♥s✲ ✉♥❞ ❲❡rt❡❜❡r❡✐❝❤ ✐st D = W = R+
✵ ✱ ❛❧s♦ ❛❧❧❡

x ≧ ✵ ✉♥❞ y ≧ ✵✳

◗✉❛❞r❛t✲ ✉♥❞ ❑✉❜✐❦✇✉r③❡❧❢✉♥❦t✐♦♥

■♥ ❞❡r ❆♥✇❡♥❞✉♥❣ s✐♥❞ ✈♦r ❛❧❧❡♠ ❞✐❡ ◗✉❛❞r❛t✇✉r③❡❧❢✉♥❦t✐♦♥
f (x) =

√
x ✉♥❞ ❑✉❜✐❦✇✉r③❡❧❢✉♥❦t✐♦♥ f (x) = ✸

√
x ✈♦♥ ■♥t❡r❡ss❡✳

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❆✉❢❣❛❜❡♥ ❆✸

●❡❜❡♥ ❙✐❡ ❞❡♥ ❉❡✜♥✐t✐♦♥s✲ ✉♥❞ ❲❡rt❡❜❡r❡✐❝❤ ❞❡r ❣❡❣❡❜❡♥❡♥
❲✉r③❡❧❢✉♥❦t✐♦♥❡♥ ❛♥✿

f (x) =
√
x + ✺

g(x) = ✹
√
x − ✸

h(x) = ✺
✽ · (x − ✹)

✺

✾

k(x) = ✼
✹ · (x + ✼)

✸

✼ − ✽

m(x) = ✹
✶✸ ·

✸
√
x − ✶✹− ✷

❆✉❢❣❛❜❡♥ ❆✹

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ✈♦♥ ❆✉❢❣❛❜❡ ❆✸✳

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥



❆✉❢❣❛❜❡♥ ❆✺

❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ▲ös✉♥❣❡♥ ❞❡r ●❧❡✐❝❤✉♥❣❡♥✳

❛✮ ✶✼ = ✺
√
✻ · x

❜✮ (x + ✽)✻ = ✾

❝✮ (x − ✸)✷ − ✽ = −✸x✷ + ✺ · x + ✶✺

❞✮ x
✺

✾ = ✽, ✹

❡✮ ✺ · x✼ − ✻ = ✶✾

❢✮ (x − ✽)
✻

✺ + ✼ = ✷✻

❣✮
√

(x − ✶✷)✺ + ✷ = ✸✷

❍✳ ❲✉s❝❤❦❡ ✶✳ P♦t❡♥③❢✉♥❦t✐♦♥❡♥


