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Abstract In this paper a new, information-based approach for modelling the
dynamic evolution of a portfolio of credit risky securities is proposed. In this
context market prices of liquidly traded derivatives are given by the solution
of a nonlinear filtering problem. This problem is solved via the innovations
approach to nonlinear filtering. Moreover, we derive the ensuing asset price
dynamics and compute risk-minimizing hedging strategies. In the last part of
the paper we discuss a numerical approach - based on particle filtering - to
some of the arising filtering problems.
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1 Introduction

Given the tremendous growth of the market for credit derivatives in recent
years, the development of models for the pricing and the hedging of these
products has become a major concern in credit-risk related research. In this
paper we propose a new, information-based approach to modelling the dynam-
ics of credit derivatives prices and discuss pricing and hedging issues in this
framework.

We start with a brief description of our modelling strategy. We consider
defaultable securities issued by m firms; the random time 7; denotes the de-
fault time of firm 4, Y3 ; = 1(;, <4y is the corresponding default indicator, and
Yi = (Yi1,-..,Yem) gives the current default state of the portfolio. The default
intensities (the intensities of the multivariate point process Y) are assumed
to depend on some factor process X. In our analysis we distinguish three dif-
ferent layers of information: full information; information of informed market
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participants (market-information); information of secondary-market investors
(investor-information).

Full information. The full-information setup is a theoretical device used
for the construction of the model. We work on some filtered probability space
(2, F,F,Q) with @ being the risk-neutral measure and F the full-information
filtration. We assume that the 7; are conditionally independent doubly stochas-
tic random times with (@, F)-default intensity A\; ; = A;(X;) and that X follows
a finite-state Markov chain. This setup is akin to the model of di Graziano &
Rogers (2006). We immediately work with discounted quantities and therefore
take the risk-free short rate equal to zero. We define the full-information value
of a F¥ -measurable! claim P (such as a typical credit derivative) by E?(P|F;).
By the Markov property of (X,Y") the full-information value is given by p;(X;)
for some F} -measurable function p;, see for details Equation (2.1).

Market-information. The prices of traded credit derivatives are determined
by informed market-participants. These investors have access to so-called mar-
ket information, given by the filtration F™ := FY VFZ. The stochastic process
Z represents noisy observations of X and can be viewed as an abstract form
of ‘insider information’. Mathematically, Z is given by Z; = fot a(X;)ds+dBy,
B a standard F-Brownian motion independent of X and Y. The market price
of a traded security with payoff P is defined as

Di = EQ(P | ]'—iw) :EQ(Pt(Xt) ‘ }—N)' (1~1)

Since Y; is known, in order to compute the market price p;, one needs to
determine the conditional distribution of X; given F, given by the probability
vector m; = (7, ..., 7) with

™ =QX;=k|F"), 1<k<K

(for expository purposes we identify the state space of X with {1,..., K}).
This is a typical nonlinear filtering problem which is solved in Section 3 using
martingale representation results and the innovations approach to nonlinear
filtering. By the same token we derive the dynamics of the market price of the
traded credit derivatives.

Investor-information. Since the process Z is not directly related to observ-
able economic quantities, Section 4 is devoted to the analysis of the pricing
and the hedging of credit derivatives from the viewpoint of secondary-market
investors with information set F' c FM™. It is assumed that F' contains the
default history FY and noisy price observations of traded credit derivatives.
As will be shown in Section 4, in this setup the computation of prices and
risk-minimizing hedging strategies lead to a second filtering problem: one has
to determine the conditional distribution of the probability vector m; given
investor information ;. General filtering equations for this problem and a
numerical solution based on particle filtering are discussed in the last part of
the paper.

I Throughout, we always denote the natural filtration of a stochastic process, say X, by
FX = (F; tX )t>0-



The proposed modelling approach has a number of advantages. First, prices
are weighted averages of full-information values (by (1.1)), so that hence actual
computations are done mostly in the context of the full-information model.
Since the latter has a very simple structure, computations become relatively
straightforward; various approaches for computing full-information values are
for instance discussed in di Graziano & Rogers (2006). Second, the fact that
prices of traded securities are given by the projection of their full-information
value on the market filtration F™ leads to rich credit-spread dynamics: the
proposed approach accommodates spread risk (as credit spreads fluctuate in
response to fluctuations in Z) and default contagion (as defaults of firms in the
portfolio lead to an update of the conditional distribution of X given M and
hence to a jump in the (Q,F™)-default intensities. This feature is important
in the derivation of robust dynamic hedging strategies. Third, the model has a
natural factor structure with factors given by the conditional probabilities 7F,
1 < k < K. Finally, the approach gives great flexibility in terms of calibration
methodologies as will be discussed in detail in Section 4.

This paper is closely related to the companion paper Frey & Runggaldier
(2006). The latter concentrates on the mathematical analysis of filtering prob-
lems in reduced-form credit risk models, whereas here we are interested in
the dynamics of credit-derivative prices under incomplete information and
in hedging issues. The idea of interpreting observed prices of derivatives as
noisy observations of some factor process has been pursued previously by
Gombani, Jaschke & Runggaldier (2005) in the context of default-free term-
structure models. Reduced-form credit risk models under incomplete informa-
tion are also discussed in Collin-Dufresne, Goldstein & Helwege (2003) and
Schonbucher (2004), albeit on a simpler mathematical level. Moreover, non-
linear filtering problems arise in a natural way in structural credit risk models
with incomplete information about the current value of assets or liabilities
such as Kusuoka (1999), Duffie & Lando (2001), Jarrow & Protter (2004),
Coculescu, Geman & Jeanblanc (2006) or Frey & Schmidt (2007).

2 The Model

Our model is constructed on some filtered probability space (2, F,F, Q), with
F = (Fi)i>0 satisfying the usual conditions; all processes considered are by as-
sumption F-adapted. @ is the risk-neutral martingale measure used for pricing.
Throughout we consider a fixed credit portfolio consisting of a set of m firms.
The current default state is Y; = (Yi,1,...,Y:m) with Y ; = 1y <4y, 7i the
default time of firm ¢; note that ¥; € {0,1}™. To avoid trivialities, we assume
Yy = 0. We introduce the ordered default times 0 = Ty < Ty < -+ < T, <
T41 := 00. Denote the identity of the firm defaulting at T, by &,, 1 <n < m.
The sequence (T}, &, )1<n<m gives a representation of ¥ as marked point pro-
cess. The o-field Y = (Y8 <t,1 <i <m) = oc({(Tn,&) : Tn < t}) is
the default history of the portfolio at time ¢. Note that every F}Y -measurable



function p; : 2 x S¥ — R admits the following representation

m
pe(w;x) =D 11, (w)<t<t P (625 (Ti(w), &(w))1<i<n), (2.1)

n=0

with functions p™ : [0,00) x 5% x ((0,00) x {1, ,m})n — R.

2.1 The Full-Information Model

The default intensities of the firms under consideration may depend on a
process X, the so-called factor or state process. X is modelled as a finite-state
Markov chain; in the sequel the state space S¥ is usually identified with the
set {1,..., K}. We make the following assumption.

A1 The default times are conditionally independent, doubly-stochastic ran-

dom times with default intensity \;; := A;(X;), i.e. there are functions
i : SX — (0,00), such that the processes
tAT;
Vi - / N(Xo)ds (2.2)
0
are F-martingales, 1 < ¢ < m. Moreover, the random variables 7y, ..., 7,

are conditionally independent given FX = o(X, : s > 0).

Note that conditional independence of default times excludes joint defaults,
i.e. the processes Y71,...,Y,, have a.s. no common jumps.

Ezxample 2.1 In order to illustrate the modelling possibilities under A1, we
give two examples which will be taken up later. First, we consider a homo-
geneous model where the default intensities of all firms are identical. Such a
model can alternatively be viewed as total loss model in the sense of Arnsdorf
& Halperin (2007), i.e. as a model for the portfolio loss given by Y " ¥},
(neglecting recovery payments). In that case it is natural to model the de-
fault intensities by some increasing function A : {1,..., K} — (0,00) of the
states of the economy. The elements of SX thus represent different states of
the economy, 1 being the best state (lowest default intensity) and K the worst
state.

As a second example we consider a portfolio with one-factor structure
where the default intensity of firm ¢ depends on a systematic factor as well
as on a firm-specific factor: let SX = {0,1}™ x {1,...,x} and write X?, i =
1,...,m+ 1 for the ith component of X. The components X*,..., X™*! are
assumed to be independent Markov chains; for ¢ = 1,...,m, X* refers to the
individual state of company i, which is good (X* = 0) or bad (X* = 1), while
X™+! represents the systematic factor. The default intensities take the form
i(x) = fi(x) + g; (2™ 1) where f; and g; are increasing functions from {0, 1}
respectively {1,...,x} to (0, 00).

Models with several country- or industry factors can be constructed in an
analogous fashion.



2.2 Market Information

Recall that in our setting the prices of traded credit derivatives are determined
by informed market participants having access to the filtration F¥ (market
information).

Market filtration. We assume that the market filtration FM is generated by
the default history FY and observations of functions of the state variable X
in additive Gaussian noise:

A2 FM =TFY v FZ, where the [-dimensional process Z is given by

t
dZ, = / a(X,)ds + dB,. (2.3)
0

Here, B is an [-dimensional standard F-Brownian motion independent of
X and Y, and a(-) is a function from S¥ to R'.

Ezxample 2.1 ctd. In the homogeneous-portfolio situation it is natural to as-
sume that a(-) = ¢A(+). The constant ¢ > 0 models the information-content of
Z: for ¢ = 0, Z carries no information, for ¢ large the state can be observed
with relatively high precision. Analogously, in the one-factor case one could
take | = m + 1, a;(7) = c;fi(x?), 1 <i < m, and a1 1(7) = cppr1g(z™t?) for
some increasing function g : {1,...,x} — R. This models a situation where
the market has noisy observations regarding the current state of each company
and moreover observes the current state of the economy in Gaussian noise.

Traded securities. We consider a market of IV liquidly traded credit deriva-
tives, with - for notational simplicity - common maturity 7" and square inte-
grable F¥ -measurable payoffs Py, ..., Py. These securities could be corporate
bonds, credit default swaps (CDSs) or portfolio products such as synthetic
CDO-tranches. Recall that we work immediately with discounted quantities.
Hence the prices of these securities are given by?

E(P;|F") =: Dri- (2.4)

3 Asset Price Dynamics

The main objective of this section is to derive the dynamics of the traded
credit securities p;, 1 < ¢ < mn. As explained in the introduction, p; is the

2 For notational simplicity we abstract from intermediate cash flows such as spread- or
default payments; such payments can be handled in our framework without additional diffi-
culties. Moreover, the superscript @ will be omitted from the expectation operator if there
are no ambiguities.



solution of a non-linear filtering problem. More precisely, we get by iterated
conditional expectations

Pri = E(Pi|F") = E(E(P|F)|FY) = E(pei(Xe)| 7,

where the FY -measurable function p; ;(-) gives the full-information value of
derivative i. Hence, in order to compute the market price p;; it is sufficient to
determine the conditional distribution of X; given FL.

3.1 Asset Price Dynamics under the Market Filtration

Following the innovations approach to nonlinear filtering we will derive a rep-
resentation of the martingales p; as a stochastic integral w.r.t. the innovations
processes. The latter are defined as follows:

tAT;

M, ; ::Yt}j—/Aj(/X?,)ds for j=1,---,m

0
t

Htyi = Zm-—/ai(Xs)ds fori=1,---,1.
0

By Theorem II.14 of Brémaud (1981) the process M; is an FM_martingale.
Moreover, p is an FM-Brownian motion; see for instance Lemma 1 in Davis &
Marcus (1981).

The following martingale representation result is a key tool in our analysis;
its proof is relegated to the appendix.

Lemma 3.1 For every FM-martingale (Ut)o<i<r there is an R™-valued FM.
predictable process v and an R'-valued FM-adapted process o such that U has
the representation

t t
ﬁt = [70 + /'YSTdMS + /azd,us, 0<t<T. (3.1)

0 0
In the sequel we use the notation U, = E(U;|FM) for the optional pro-
jection of a generic process U w.r.t. the market filtration F™. The following
proposition extends the martingale representation result of Fujisaki, Kallian-

pur & Kunita (1972) to the case where the observations are of mixed type
(point processes and diffusions).

Proposition 3.2 Consider a real-valued F-semimartingale

t
Jt:Jo+/ASdS+MtJ, tST,
0



with B(|Jp|) < oo and IE(fOT |As|ds) < co. Assume that M7 is an F-martingale
with [M?, B] = 0. Then the optional projection jt has the representation

t t t
Jo + / Agds + / v4dM, + / oldp,, t<T, (3:2)
0 0 0

where v and o are given by

= Ja(X,) - JalX,), (3.3)
’Yt,jz( Y ) (B(J|FEV {rj =t}) —E(L|FL)), j=1,....m. (34

&

Remark 3.3 The precise meaning of the expressions in (3.4) is as follows. Note
that, in analogy to (2.1),

Jt|‘7: ZH{T <t<Tn+1(w)}F (t Zt( ); ( i(w)7fz‘(w))1gign),

where Z'(w) denotes the stopped process (Zsat)s>o0. Then we have on the
predictable set {1, < ¢,Tp41 > t,7; > t},

E(J|FL) = Fo(t, Z'(w); (T (w), &(w))1<i<n ), and (3.5)
E(J|FE VA =t}) = Fuga (¢, Z'(w); (T;(w), &(w)1<i<n, (£,4)). (3.6)

Proof The proof uses the following two well-known facts.

1. For every F-martingale IV, the optional projection N is an FM_martingale.
2. For any progressively measurable process ¢ with E( fOT |¢S|ds) < oo the

—

process fg ¢Pods — fot b5 ds, s < T, is an F™ martingale.

The first fact is simply a consequence of iterated expectations, while the second
follows from the Fubini theorem, see for instance Davis & Marcus (1981).

Fact 1 and 2 immediately yield that jt — JA'O - fot Esds is an FM-martingale.
Lemma 3.1 thus gives the existence of the representation (3.2). It remains to
identify v and a. First, in order to identify -, note that

Ay = ZH{AYHN}( (AR A{r =1}) - ]E(Jt|fﬁ)>~

On the other hand, since p is continuous we get from (3.2) that Al =
S 11.iAYy,; . Equating these expressions and solving for -, gives the repre-
sentation (3.4).

Second, in order to identify o, we use an argument similar to the derivation
of the Fujisaki-Kallianpur-Kunita equation in standard filtering theory. The
trick is to use the elementary identity

JZ:=JZi, 1<i<m.



Each side of this equation gives rise to a different semimartingale decomposi-
tion of JZ;; comparing those one obtains «;. On the one hand,

d(J:Zy ;) = Ji—(apdt + dBy ;) + Zy i (Apdt + dM) +d[Z;, T, -

The covariation [Z;,.J] vanishes as a consequence of [M”, B] = 0. Applying
Facts 1 and 2 above, we obtain the following form of the semimartingale de-
composition of JZ;

d(TZei) = ((Jrars) + ZeiAyr) dt + dN, (3.7)
where N is a FM_martingale. On the other hand, since dZy; = dpg; + ay 4 dt,

A(J1Zs7) = d(Jy Zy:) = Jypadt + Zy i Avdt + d[T, Zi) + Ny,

where N is some FM_martingale. Now, since 1 is FM_standard Brownian mo-
tion, we have from (3.2) the relation d[J, Z;]; = 22:1 oy dpg, pile = oy dt

so that we obtain a second semimartingale decomposition of jZ :
(T Z03) = (T + Zoidy + ) de + N, (3.8)

Uniqueness of the semimartingale decomposition of JZ;: Z; 1mphes that the finite-
variation terms in (3.7) and (3.8) coincide. Hence a;; = Jtat i — Jtat i, so that
we obtain (3.3). |

The following theorem is the main result of this section; it describes the
dynamics of the discounted prices of traded securities and their instantaneous
quadratic covariation.

Theorem 3.4 Under A1 and A2 the (discounted) price processes of the traded
securities have the martingale representation

t

t
— Fo; + / T, + [(@2)Tdpe, with (3.9)
0 0

= Pri- A — Dri & (3.10)
%?,3- =(1-Y;) (E(pt,i(Xt)lfM Vi =t}) - E(pt,i(Xt)lfM))- (3.11)

The predictable quadratic variations of the asset prices with respect to the
market information F™ satisfy d{(p;, p;)} = v,’ dt with

Uzj = Z 7t n ’Yt ,n )‘t— 1 + Z at— nat— n-* (312)

n=1 n=1



Proof Recall that p; ; = E(p;i(X;)|F:") and that the fundamental value pro-
cess p;(-) given by p;(Xy) = E(P; | F;) is an F-martingale. Since p;(-) is
adapted to FX VY whereas B is independent of FX vV FY, we clearly have
[B,pi(-)] = 0. Hence Proposition 3.2 applies; the form of a?* and P above is
a straightforward consequence of (3.3) and (3.4).

In order to compute the predictable quadratic variations note that we
have [M;]; = ZSQ(AMM-)2 =Y, ;; hence the predictable quadratic variation
(M;)™ is given by the compensator of V; w.r.t. F¥ ie. (M;)} = (fot Xs,wids).
Moreover, since there are no joint defaults, for i # j we have 0 = [M;, M;] =
(M;, M;)". Finally (u;, )y = 0;;t. Hence

pzap]tfzfytn%&n JFZO‘ at—n .un>Ma

and the form of v}’ follows. O

We denote the predictable instantaneous covariance matrix of the asset price
7
processes by v; = (v;)1<i j<n-

Remark 3.5 Note that the assumption that X was a finite state Markov chain
is not needed in Proposition 3.2 or in Theorem 3.4; modulo certain bound-
edness conditions on the functions a(-) and A;(-), these results hold for any
model where the 7; are conditionally independent, doubly stochastic random
times in the sense of Assumption A1, independent of the specific dynamics of
X. The filtering results in Section 3.2 below on the other hand do exploit the
specific structure of X.

3.2 Filtering and Factor Representation of Market Prices

Define the K-dimensional conditional probability vector w; = (7},...,7f)T
with 7F := Q(X; = k|FM). 7 is a natural state variable process for the model
in the market filtration; in particular, once 7r; is at hand, we are able to
compute E(f(X;)|FM) = Zszl f(k)xF for any function f:SX — R.

Filtering. The following proposition shows that the process 7 is the solution
of a K-dimensional SDE system driven by the innovations processes M and

L.

Proposition 3.6 Denote the generator matriz of X by (q(¢,k))1<..k,<x- Then,
fork=1,....K,

K
=3 gl k)mdt + ()T dMy + (@ ()T de, (3.13)
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where the coefficients are given by

Aj (k)
vy () = m(zf_l W 1), 1<j<m,
K (3.14)
of (1) = (a(k) -3 ﬂna(n))
n=1

Proof Denote the generator of X by . and set fx(x) = 1L,—p). Then the
F-semimartingale decomposition of (fx(X¢))¢>o is

7060 = o) + [ 20 as+ (500~ [ Z5i0x0)as)
0 0

—

Note that 7% = f.(X;) and that £ f(X:) = q(X4, k). Moreover, [fx(-), B] = 0.
Hence Proposition 3.2 implies that 7% has the representation

drf = q(Xp, k)dt + () "dM; + (o) T dpy

—

with ¢(X;, k) = Zfil q(¢, k)t and

K
af = fi(Xa(X:) - fr(X)a(X,) = n} a(k) - Y wja(n),
n=1

7y = (1= Yi) (QUX, = HIFL Y {r; = t}) k).

Now the distribution of X conditional on a hypothetical default of firm j at ¢
satisfies

N (k)mk

QX =klFREV{n =t}) = =g (3.15)
et A (m)

see for instance Algorithm 5.3 in Frey & Runggaldier (2006) (Step 4). This

gives (3.13) and (3.14). O

Remark 8.7 Using the relations dM, ; = dY; ;— (1-Y,_ ) Zszl i (k)mk_dt as
well as dyy = dZ; — Zszl a(k)mFdt, the SDE-system (3.13) can alternatively
be written with the observation processes Y and Z as drivers.

Related results have previously appeared in the filtering literature. For the
case of diffusion observations, (3.13) is the Wonham filter, see Wonham (1965).
For the case of marked-point-process observations we refer to Brémaud (1981)
and further references therein.
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Factor structure. All quantities of interest can be represented in terms of the
process 7, as we now show. First, let Py := (py;(k))1<i<n,1<k<x be the matrix
of the fundamental values of the traded securities. Then the vector of their
prices satisfies p; = Pymr;. Using Theorem 3.4 the dynamics of traded securities
can be expressed in terms of 7 as well. We have

~ K K K
of = (St - (3 rtoes) (3o nta)
k=1 k=1 k=1
K

%éij = Z(l =Y ) (E(pt,i(k)]l{Xt—k}LFM Vi = t}) - pt,i(k)ﬂf_)

k=1
Using (2.1) and (3.15) we obtain the following representation for ’yj’-A”:
-1

R m
Pi __
Tt = Z

n=0

X (B)mh

K
1 (*) (p"-“(k, (T3(w), 660 1i2ms (6,1)) ==
(T (w),Th41(w)] )i <i<
nten® 2 (7 PERMOLE

(s (Ti (), w»lgign)nﬁ) -

With « and o at hand the matrix v; of the instantaneous predictable quadratic
covariations of the traded securities can also be expressed as function of 7;_,
see Equation (3.12).

Remark 3.8 The previous results permit us to give an explicit expression for
the contagion effects induced by incomplete information (the fact that at the
default of company j the default intensity of company i # j - and hence also
the credit spread of securities issued by that firm - is directly affected). We
get from (3.15)

K T,
XTM. _ erf,i — Z/\i(k) ok <K>‘J(k) _ 1> — W'
. k=1 T )‘j(l)ﬁlﬁ— E™7 (X))
(3.16)
Recall that the probability vector m.,_ gives the conditional distribution of
X immediately prior to the default event. According to (3.16), default conta-
gion increases (i) with increasing correlation of the random variables A;(-) and
Aj(+) under 7., _, and (ii) with increasing variance of A\;(-) or A;(-), i.e. with
increasing dispersion of the measure 7., _. Both effects are very intuitive.

4 Pricing and hedging for secondary-market investors

Now we consider the pricing and hedging w.r.t. the investor’s filtration FI. We
start with general results on pricing and risk-minimizing hedging valid for an
arbitrary investor filtration F! satisfying FY c F! ¢ F™. Specific examples
and the corresponding calibration and filtering methodology are discussed in
Sections 4.2 and 4.3.
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4.1 Pricing and hedging: general results

The wvaluation of contingent claims. The secondary market value of a FY-
measurable, (non-traded) claim H is defined as E(H|F}). As previously, the
full-information value of H is given by hy(X,) := E(H|F,), h; a F} -measurable
function. Note that

K K

E(H|F}) = E(E(H|F)| ) = E (Z ha(k)mt | ff) =3 BB | 7).
k=1 k=1

(4.1)

Hence the computation of secondary-market values can be traced back to
finding the mean of the conditional distribution of 7r; given F}; in the sequel
this distribution is denoted vy = v (dr).

Risk-minimizing strategies under F'. The concept of risk minimization under
the risk neutral measure @) in the sense of Follmer & Sondermann (1986) is
well-suited for our setting: to begin with, it has a natural extension to prob-
lems under incomplete information, developed in Schweizer (1994). Moreover,
working under the risk-neutral measure is natural for practitioners who usually
prefer to set up pricing models directly under Q).

We begin by recalling the notion of a risk-minimizing strategy under re-
stricted information as introduced in Schweizer (1994). Denote by L?(p,F™)
and L2(p,F") the space of F™ respectively F'-predictable processes 8 such that
E(foT 0! v.0,ds) < co. Recall that we have assumed that F¥ c F! ¢ FM. This
assumption on F! seems reasonable from an economic viewpoint since defaults
are usually publicly observable. Note moreover, that the inclusion FY C Fr.
implies that at the maturity date T the price pr; = P; is observable for
secondary-market investors.

Definition 4.1 (Risk-minimizing trading strategies)

1. An Fladmissible strategy is given by a pair ¢ = (6,7) where 8 € L?(p, F")
and 7 is Fl-adapted. Moreover the value process V; = Vi(p) = BtTﬁt + 0y
is RCLL and E(supy<,<r V;?) < oo. The cost process for trading strategy
© is defined by o

t

Cy = Cilp) = Vilp) —/eidﬁs,
0

and the risk process (w.r.t. F') is defined by R} = Ri(¢) = E((Cr(p) —
Cil)PI7Y).

2. An Fl-admissible strategy ¢ is called an F'-risk-minimizing hedging strat-
egy for a claim H € L?(2, FX,Q), if Vr(¢) = H and if moreover for any
t € [0, 7] and any Fl-admissible strategy ¢ satisfying Vz (@) = H, 6, = 6,
for s <t and n, = 7, for s < t, we have Ri(¢) < Ri({).
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Note that this definition allows for the case that the price processes p; of the
traded assets are not Fl-adapted. However, since the pr; is Fi-measurable,
the settlement value Vr(¢) = OrPr + nr of the strategy is Fr-measurable, so
that second part of the definition makes sense.

As a first step towards computing risk-minimizing hedging strategies we
determine the Galtchouk-Kunita-Watanabe decomposition of a claim H €
L2*(02,FY,Q) and the associated martingale h; = E(H|FM) w.r.t. prices of
traded securities:

ho=fo+ > [l gLl g e PEFY, 1M =0. (42

It is well-known from Follmer & Sondermann (1986) that the F*-risk-minimizing
strategy has value process h and trading strategy &%7.

Lemma 4.2 (Galtchouk-Kunita-Watanabe decomposition) A possible

choice of € in (4.2) is given by

d(h. p)
at -’

where v, denotes the instantaneous predictable covariations of the asset prices

at time t (see (3.12)), where vi™ denotes the pseudo inverse of v¢ and where

€l =it

(4.3)

d(h.p)}Jat is the predictable Lebesque-density of (ﬂ, p)Y.

Proof Since (L,p)™ = 0, we know that Ef solves the equation

N t
Z pna p_[ (44)
> e

Moreover, by Equation (3.12) we have d(p)} = v:dt. The pseudo inverse gives
a vector which minimizes the distance between the range of v; and the “r.h.s.”
h.p)¢'/dr. Hence a solution of (4.4) is given by (4.3). 0

Remark 4.3 By an analogous argument as in the proof of Theorem 3.4, Et
has a representation of the form (3.9) with integrands aff and 4 given by

analogous expressions to (3.10) and (3.11). Then, (7%, p)* computes to

m

d(/ﬁ,pi W= (Z (7”%77))\75_] + Zat_]oztfj)dt, 1<i<N. (4.5)

=1
In particular, vtsf = d(h,p)'/at can be written as a function of m;_.

The following assumption on the investor information enables us to com-
pute the risk-minimizing hedging strategy w.r.t. F'.

A3 Every Fl-martingale M"' is quasi left continuous, i.e. AM} = 0 for any
Fl-predictable stopping time 7.



14

For any measurable stochastic process U we denote by °F U and PF U the
optional projection and the predictable projection, respectively, of U on the
filtration F'; see for instance Rogers & Willams (1994), Chapter VL.

Proposition 4.4 IfF! satisfies Assumption A3, the Fl-risk-minimizing hedg-
ing strategy o™ = (0™ ") is given by

o,]FJl inv o,]Fh
0; = (" v)," (" (v¢"),_ (4.6)
and nfl = E(H — (OtH)TﬁAff).

Proof From Schweizer (1994), Theorem 3.1 respectively Relation (4.1) we ob-
tain a Fl-risk minimizing hedging strategy given by

ol = ("T ) (" (ve™)),

and nf! = E(H — (87)Tp,|F)). Denote for a generic RCLL process U by U~
the left continuous version given by U; = lim, .4 U,. A similar reasoning as
in the proof of Frey (2000), Proposition 3.1, yields that under Assumption A3
(PFv) = (°Fv)~ as well as (PF (ve™)) = (°F (ve™))~ and we obtain the
representation for 87 as claimed . O

Note that for N = 1 the result can be written more explicitly; in that case 6,
is the left-continuous version of the process

E(vi&f'|F)) JE(ve] ), 0 < t < T.

In order to determine 8 one has to to compute the optional projections
in (4.6). Since v; and vtﬁfl are nonlinear functions of 7r;_, the computation
of hedging strategies for secondary-market investors leads to the problem of
finding v;(dm) (the conditional distribution of m; given F}), a problem which
we encountered already in the analysis of pricing problems with respect to F'.
Note that the determination of v4(dm) is a second nonlinear filtering problem,
this time with state process 7 and observation filtration FT.

4.2 Modelling the investor filtration

In this section we discuss two possible specification for the investor filtration.
First, we discuss a simple scenario with observable asset prices. Given enough
independent price observations, the probability vector 7r; can then be backed
out with regression-type methods so that this scenario permits a simple, prag-
matic calibration approach. The second scenario is more in line with the overall
spirit of the paper. Here we consider the case where the price vector p is ob-
served in Gaussian noise and show that in this case pricing and hedging for
secondary-market investors leads to an interesting filtering problem with sig-
nal process 7 and observation process given by Y and by the noisily observed
prices. A numerical solution of this problem via particle filtering is sketched
in Section 4.3.
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Implied state probabilities. Recall that the observed market prices of traded
securities have the form p; = P;m;. Assume that the investor observes the
N-dimensional price vector p directly, i.e. FI = FP \ FY . If moreover the rank
of Py is equal to K or, equivalently, if P,/ P; is positive definite, the probability
vector 7r; can be backed out from the observed prices by solving the following
regression-type minimization problem:3

T = argmin{W2072§:1 =1} H ﬁt - Ptﬂ' ||2 . (47)

With m; at hand, we get from (4.1) for any FX-measurable claim H that
E(H | F}) = S, he(k)nF = E(H | FM). Moreover, we have

) (F (ve™), =i (gl =€l

Summarizing, in this case secondary-market values and F'-risk-minimizing
hedging strategies coincide with prices and risk-minimizing hedging strategies
as defined with respect to the market filtration F™.

Prices observed with Gaussian noise. Here we assume that the investor infor-
mation is given by F! = FY v FY where the N-dimensional process U solves
the SDE

dUt = ﬁtdt + det = Ptﬂ'tdt + det, (48)

for an N-dimensional standard Brownian motion W, independent of all other
processes considered, and a deterministic N X N matrix w with full rank.
We denote the instantaneous covariance matrix of U by Yy := ww'. Note
that an argument analogous to the proof of Lemma 3.1 shows that every FI-
adapted martingale can be written as stochastic integral with respect to the
F/-martingales Yt,i—fot/\n E(As,i | FL)ds, 1 <i < m,and Ut—fg E(ps | 1) ds,
so that Assumption A3 is satisfied.

U can be viewed as noisy price information of the traded assets p1,...,pn.
This interpretation is motivated by the following heuristic argument, borrowed
from Frey & Runggaldier (2006). Suppose that secondary market investors
observe market quotes at times t; = kA for some small A > 0 and that the
prices actually quoted on the market are of the form u;, = p;, + € for an
iid sequence of noise variables (€g)y, independent of p, with E(e;) = 0 and
positive definite covariance matrix cov(e;) = ww ' for some deterministic and
invertible n X N matrix w. The information can be represented in terms of
the cumulative observation process U# := AZtkgt u, . Letting w = VA,
we obtain, using Donsker’s invariance principle,

t

UtA = Z P, A+ Z A€y, ~ /ﬁsds—i—th.

th<t th<t 0

3 Positive definiteness of P:Pt implies that the problem (4.7) has a unique solution.
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Note that X'y = Acov(e;), so that the instantaneous covariance matrix of U
is proportional to the covariance matrix cov(ep) of the observation noise and
inversely proportional to the observation frequency 1/A. The noise - (€x)x re-
spectively wW - represents classical observation errors such as bid-ask spreads
and transmission errors as well as model errors. In applications the error co-
variance matrix Xy will be chosen by the modeler in an attempt to balance
calibration errors (resulting from error variances which are too large) against
potential instabilities of the filter (resulting from error variances which are too
low).

Recall that the conditional probability vector 7, solves the SDE (3.13),
driven by p and Y. On the other hand, F! is generated by Y and the process
U as defined above. In order to determine v;(dm) one therefore has to solve
a challenging second filtering problem with usually high-dimensional signal
process 7r; with observations of mixed type (diffusion and marked point pro-
cesses); and with common jumps of observation Y and signal 7r. This problem
is discussed in the next section.

4.3 Filtering for secondary-market investors

Filtering problems with observations of mixed type and with common jumps
of signal process and observation process have been studied extensively in Frey
& Runggaldier (2006) ([FR] in the sequel). In the first part of this section we
apply the results provided therein to our context and obtain general filtering
equations in weak form. In the second part a numerical solution of the filtering
problem via particle-filtering in the sense of Crisan & Lyons (1999) is proposed;
this method is well-suited for high-dimensional problems. In particular, we
use the general filtering equations to extend the algorithm of Crisan & Lyons
(1999) to our more complicated setting.

General filter equations. In using the results from [FR]| we make the following
identifications: the state process is given by 7 and the observation filtration
is FL; the full-information-filtration of [FR] is given by F™; the intensity of Y;
w.r.t. FV is

K
:\\i(m_) = Z Ni(k)mkE 1 <i<m; (4.9)
k=1

and the drift of the continuous observation process is given by P;m;. Denote
for given 7 € [0, 1]% with ch{:l 7% =1 and for given y € {0,1}™ by Qx , the
law of the solution of the K-dimensional SDE

K m
daf = q(k)m_dt=Y (1—y)yf (me)Ni(meo) dt+of (7) " dpy, (4.10)

=1 i=1

with initial condition ¢ = 7; expectations with respect to Qﬂ7y are denoted
with Ez . A comparison with (3.13) shows that for # = 7y, , andy = Y7, |,
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(4.10) describes the dynamics of the process 7 for t € [T},—1,7),) (i.e. between
default times). Finally, define for u € R the quantity

[l g = (0" Tgha)"?

and put for f :[0,1]% — R bounded and measurable v; f := E(f(m;) | F}).

With this notation at hand, the filtering results from [FR] - which take the
form of a recursion over the successive default times T;, - are readily applied.
We start with the problem of filtering between defaults, i.e. we consider v f for
t € [Th—1,Ty). From Theorem 4.1 in [FR] we obtain

t—T),
v f o / Ervy, | (f(irt,Tﬂ exp / 2(1 - (s )ds) (4.11)
[0,1]¥
t t
oxp (- /(PS 7(s — Tu_1)) T S5 dU, — % /||Ps (s = Tu 1)l ds>>uTn71(dw).
u
Ty 1 T 1
Next we consider the filtering at a default time. We have to take two effects
into account: first, at the default time 7, the vector 7w jumps with Aﬂ’]%n =
7§n (mp-); second, the new information (7,,&,) leads to an update of the
conditional distribution of m - given Fr. . From Theorem 4.3 of [FR] we
therefore get with S, :==T,, — T,

vr, f o / Eryr | {f(ﬂ'sn + ¢, (75,)) * Ae, (7s,,)

0.1
Sn m
cexp (— /2(1 Ty A ds) (4.12)
0 =1
Ty
oxp (- /(Pg‘rr(s—Tn T dUg—f/HPgws—Tn DI ds)}uT (dm).
Tn 1 Tn 1

Particle filtering. In particle filtering the conditional distribution v; is ap-
proximated by the occupation measure 7 of a branching particle system.
This branching system is constructed by a recursion over discrete time steps
ty =kA, k=0,1,... for A small. 74, , is constructed from 7, in a two-stage
procedure. In the prediction step one generates for each particle @w®(ty) in the
system at time ¢y a trajectory of the SDE (4.10) of length A with initial value
@' (t1,). In the updating step, Ut,,, 1s generated from the simulated trajectories
using the new default- and price information over (tx,txy1] by letting each
particle branch into a random number of offsprings; the mean number of off-
springs is taken proportional to the likelihood of the new observation as given
in the filtering equations (4.11) or (4.12). Let G(¢x) denote the number of par-
ticles at time tg. In algorithmic form the evolution of the particle system can
be described as follows.
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1. The initial state 7y of the system is given by the occupation measure of
B3(0) particles of mass 1/5(0), i.e. 7y = 3(0)~ Z’G 9 Oi(0); here @' (0),
1 < i < 3(0) represent 3(0) independent draws from the initial distribution
.
2. (The prediction step) Given the particles @' (t3), ..., @) (t;) in the sys-
tem at time ti, generate for i = 1,...,0(tx) independent trajectories
= (7%(s))o<s<a of the SDE (4.10) with y = Y;, and initial value
7_1' '(0) = w'(ty); the occupation measure

- _ B(tr)
Mt = B(tr) Zizo Ozt (a)

of the endpoints is then an approximation to the predictive distribution at
tr+1 (the conditional distribution of 7y, ., given 77 ).

3. (The updating step) We start with the case when there is no default in
(tk, tr+1]. Given the new noisy price observation (Uy)y, <s<i,,,, in accor-

dance with (4.11) we define for each trajectory @%, 1 < i < B(tz), the
likelihood

i —exp / YL Yo ) (R (57))ds) (4.13)
tp+A ) tp+A .
-exp(f'/t (P 7 (s — ;) T D5t dU, — %/t [ P fr’(sftk)HQEGl ds).

In a numerical implementation the stochastic integral in (4.13) would
typically be computed by Euler approximation. Define

= B(t:) L
A

and denote by [u‘] the integer part of u’. At ty,; each particle w®(¢z)
produces independently a random number m(i) of offsprings where m(i)
has support {[u!], [#/]+1} and mean pf. The positions of the m(i) offsprings
of particle i are given by 7 (A) (the endpoint of the trajectory with initial
value w'(ty)). We set B(tpi1) := Z'f:(tl’“) m(i) and denote the new particles
at time tj,11 by @' (tr41), 1 <4 < B(tr41). The approximation to the filter
distribution at time ¢y is then given by

5 (trt1)

Vi = Bths1)” Z S (i) - (4.14)

If there is a default event in (tx,tx+1], we use (4.12) and proceed as fol-
lows?. Denote by & € {1,...,m} the identity of the defaulting firm and put
L= XE (7%(A))L" with L as in (4.13). The number of offsprings m(i) is
determined by the same mechanism as before but with f/17 el LA in-
stead of L',..., L), the position of the offsprings of particle i is given
by ' (A) 4+ 7" (A). The measure i, ,, is then again given by (4.14).

4 Since the interval length is short we can neglect the possibility of more than one default
per time step. Moreover, we may assume that the default happens exactly at t = 54 1.



19

This algorithm has a number of advantages, in particular for high-dimensional
problems. First, particles with small weights, corresponding to a-posteriori
unlikely trajectories of 7, are not carried forward so that the particles con-
centrate mostly in the more probable regions of the state space. Moreover,
the computational effort increases only linearly in the dimensionality K of the
problem.

Remark 4.5 In Crisan & Lyons (1999) it is shown that for standard filtering
problems 7; does in fact converge in measure to 14 if the initial number of
particles 3(0) tends to infinity; see also Xiong & Zeng (2006) for a similar
assertion in the context of marked-point-process observations. We are confident
that a similar result could be established in our setting. However, a formal
analysis is postponed, since it is not central to the issues discussed in this
paper.

A Proofs

Proof of Lemma 3.1. The proof goes in three steps. First, we introduce a new measure Q*, so
that under Q* the compensator of Y is independent of X and Z is a Q*-Brownian motion.
Next, we use available martingale representation results under @Q* and finally we change
back to the original measure Q.

In the following, we simply write as := a(Xs). Define the density martingale

t m
Lo= T] Grme) e ([ X 00= Vi (ums - s
0 i=1

T, <t

t t
1
- [aldn.— 3 [ a2 ds) <,
0 0

and note that the dynamics of L is

m
dLi = Ly <Z((At,i)—1 —1)dM;; — ?ajdm> )

i=1

By Assumption A1, A\; > 0. As SX is finite, the functions )\,X,X’l, and a are bounded,

hence L is a true martingale; see for instance Protter (2004), Exercise V.14. Define a measure

Q* by dQ*/dQ‘]_-M = Lp. Then, by the Girsanov theorem, Z is a Q*-Brownian motion and
T

t
Mziiiiift’i—/(l—ysﬂ')ds, 1§z§m
0

are martingales under Q*.

Consider now the (Q,FM)—martingale U and define the Q*-integrable random variable
Nt := UTL;1 and the associated martingale Ny = EQ (N | FM). Note that by the Bayes
formula,

Ut

1 1
Ny = —E9(NpLp | FM = —EQUr | FMH = 22
6= (NrLt | 7¢") I (Ur | 7) T,
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Due to the independence of Z and M* = M7, ..., M we have a martingale representation
of the Q*-martingale (N¢)o<;<7 using standard representation results such as Jacod &
Shiryaev (1987), Theorem I11.4.34:

t t
N :IEI(UT)—&-/&IdZS +/:yde;.
0 0

The final step is to compute the differential of Uy = L+ N¢. We have

dU; = d(LiNy) = Ly_dN; + Ny_dL; + d[L, N];

m
= Li— &/ (dpe +8pdt) + Y Ly Ari(dVes — (1= Yei)dt)
=1

A3 N L (Nem i)t = 1)(dYhi — Aei(1 = Ye,i)dt) — Li Ny— 8] dpe — Ly 8] éudt

i=1

m
+ Z Lo (A= )7 = 1)F,:d Y24
i=1
Rearranging terms gives

dUy = Ly (64 — Ne—ay) dpg + Z Li_ <Nt7((/>:t—,i)_l -1+ (Xt—,i)_l'%,i> dMy i,

i=1

which is the desired martingale representation for U. [}
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