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Exercise 1 (Minimum angle condition)
For any triangle T and node z ∈ N (T ), denote by ∢(T, z) the interior angle of T at z.
Prove that any family (Tk)k∈N of regular triangulations with

0 < ω0 ≤ inf
k∈N

min
T∈Tk

min
z∈N (T )

∢(T, z) (1)

is shape regular. Furthermore, find an example of a family of triangulations that does
not satisfy (1) and is not shape regular.

Exercise 2 (Equivalences for shape regularity)
Consider a family of triangulations with the minimum angle condition (cf. Exercise 1)
and let T be any triangulation of this family. Let z ∈ N and define T (z) := {T ∈
T | z is a node of T}. Prove

#T (z) ≲ 1.

Furthermore, for a triangle T ∈ T (z) with diameter hT and an edge E ∈ E of T , prove

|E| ≈ |T |1/2 ≈ hT ,

where |E| denotes the length of E and |T | denotes the volume of T . Here, A ≲ B
abbreviates, that there exists a constant C < ∞ that may depend on the minimum
angle ω0, but not on other properties of the family of triangulations. The formula
A ≈ B abbreviates A ≲ B ≲ A.

Exercise 3 (Qk-FEM)
Let T = [0, 1]2 ⊆ R2, k ∈ N, 0 = t0 < t1 < · · · < tk = 1 and define Qij := (ti, tj) ∈ T .
Furthermore, let K = {χij | i, j = 0, . . . , k} with χij(v) := v(Qij) for v ∈ C∞(T ). Prove
that (T,Qk(T ),K) is a finite element (where Qk(T ) is the space of polynomials of partial
degree ≤ k).

Exercise 4
Let T ⊆ R2 be a triangle and let 0 < t < 1/2. Let E = conv{a, b} ⊆ T be an edge of T
with midpoint mid(E) = (a+ b)/2 and define

p±E := mid(E)± t(a− b) ∈ E,

χp±E
(v) := v(p±E) for all v ∈ C∞(T ).

Define K := {χp±E
| E is an edge of T}. Show that (T, P2(T ),K) is not a finite element.


