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Exercise Sheet 11

Discussion on 19.01.23

Exercise 1 (Minimum angle condition)
For any triangle 7" and node z € N (T'), denote by (7} z) the interior angle of T" at z.
Prove that any family (7x)ren of regular triangulations with
0 < wp < inf min min <(7, 2) (1)
keNTET;, 2N (T)

is shape regular. Furthermore, find an example of a family of triangulations that does
not satisfy and is not shape regular.

Exercise 2 (Equivalences for shape regularity)
Consider a family of triangulations with the minimum angle condition (cf. Exercise 1)
and let 7 be any triangulation of this family. Let z € A and define T(z) := {T €
T | z is a node of T'}. Prove

#T(2) S 1.

Furthermore, for a triangle 7' € T (z) with diameter h and an edge E € &€ of T, prove
|E| ~ |T|"? = hy,

where |E| denotes the length of E and |T'| denotes the volume of 7. Here, A < B
abbreviates, that there exists a constant C' < oo that may depend on the minimum

angle wp, but not on other properties of the family of triangulations. The formula
A~ B abbreviates A < B < A.

Exercise 3 (Qr-FEM)

Let T=1[0,1CR*, keN, 0=ty <t; < <tp=1and define Q;; := (¢;,¢;) € T.
Furthermore, let K = {x;; 4,7 = 0,...,k} with x;;(v) := v(Q;;) for v € C*(T). Prove
that (7, Qx(T), K) is a finite element (where Q(7T') is the space of polynomials of partial
degree < k).

Exercise 4
Let T C R? be a triangle and let 0 < t < 1/2. Let E = conv{a,b} C T be an edge of T
with midpoint mid(E) = (a + b)/2 and define

pE = mid(E) £ t(a —b) € E,
Xpt (v) := v(p}) for all v € C*(T).

Define K := {XPE | E is an edge of T'}. Show that (T, Po(T),K) is not a finite element.



