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Exercise Sheet 6

Discussion on 01.12.23

Exercise 1 (Integration by parts)

----------

W; = 0. Prove that
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b) Let Q@ € R",n = 1,2,3 be a bounded domain with piecewise smooth boundary
99, with outward normal v along 0Q. For n = 1, let div = V. For v € C'(Q),
q € C1(Q;R"), show

/(vdivq—i—Vv-q) dx:/ vq - v ds.

Q 1)

Hint: You may assume that Gauss’s divergence theorem holds for bounded do-
mains with piecewise smooth boundary.

Exercise 2 (Discrete version of Friedrichs inequality)
a) Let J €N, J>2and A € RV-D*U=1 given by

Prove that for any k¥ = 1,...,J — 1, the vector ¥ € R’~! with components

¥ = sin(kjm/J) is an eigenvector of A with eigenvalue A := 2(1—cos(kr/J)) > 0.

b) Show that 72/(2J%) < A;.

c) Use a), b) and the estimate A, (A)|v]> < v Av for any v € R/~ to prove that
there exists C' > 0 such that any J € N, Az := 1/J and any (V});-o
with Vy = V; = 0 satisfy
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Exercise 3 (Semi-discrete heat equation)
Consider the semi-discrete PDE

Do — (970 Ju =

where u : [0,7] — R/7! and (9;0;) : R/™! — R/~ acts on vectors as ((9;0; )u); =
JF0;u; with the symmetric difference quotient from the lecture. For the definition of
00, uy and 9F 0, uy_1 we set ug = uy = 0.

1. Compute a matrix A € RU=DXU=1) guch that the above semi-discrete PDE is
equivalent to the ODE u/(t) = —Au(t).

2. Define G : R7™! = R by G(V fo "2dx/(2Az), where v : [0,1] — R is defined
by v(0) = v(1) = 0 and v( jA:c) V; and a piecewise affine continuation between
these values. Show that G satisfies A = VG.

3. Conclude with Exercise 2(a) and Example 5.6 (1) from the lecture, that the explicit
Euler scheme is stable, if 7 < (Ax)?/2.

Exercise 4 (Error estimate for implicit Euler scheme)

Additionally to the notation of Proposition 6.2 from the lecture, let T > 0, K € N,
At :=T/K and t; := kAt for k = 0,..., K. Prove that for u € C*([0,7] x [0,1]) and
k=0,..., K, the (Uf)jk from the implicit Euler scheme satisfy

sup |U(tk7ﬂi‘]) Ur| < (At+(AiE) Y (103ullcqorxo.) + 107 ulleqorxo.)-



