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Exercise 1
Let ℓ2(N) be the space of all sequences x = (x j ) j∈N ⊂ R such that ∥x∥2

ℓ2(N)
= ∑

j∈N x2
j < ∞.

Show that the operator

L : ℓ2(N) → ℓ2(N), (x1, x2, x3, ...) 7→ (x1, x2/2, x3/3, ...)

is bounded, linear and injective, but ImL is not closed.

Exercise 2
Letℓ2(N) be the space of all sequences x = (x j ) j∈N ⊂ R such that ∥x∥ℓ2(N)2 = ∑

j∈N x2
j <∞.

Determine which of the following operators

L j : ℓ2(N) → ℓ2(N), j = 1,2,3,

satisfies an inf-sup condition:

L1x = (x1,0, x2,0, x3,0, ...)

L2x = (x1, x3, x3, ...)

L3x = (x1 −x2, x3 −x4, ...)

Specify for each operator its adjoint.

Exercise 3
Let V be a Hilbert space and a : V ×V →R be a bounded bilinear form that satisfies

α1∥u∥V ≤ sup
v∈V \{0}

a(u, v)

∥v∥V
for all u ∈V ,

α2∥v∥V ≤ sup
u∈V \{0}

a(u, v)

∥u∥V
for all v ∈V.

1. Let F ∈V ′. Show that there exists a unique solution u ∈V to

a(u, v) = F (v) for all v ∈V.

2. Does Brezzi’s splitting lemma hold, if the coercivity of the bilinear form a is replaced
by the two inf-sup conditions from above?
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3. Let Q and Λ be two Hilbert spaces and let b : V ×Q → R and c : Q ×Λ→ R be two
continuous bilinear forms. Define Z (C ) := {q ∈Q | ∀µ ∈Λ : c(q,µ) = 0} ⊆Q. Let b and
c satisfy the inf-sup conditions

β∥q∥Q ≤ sup
v∈V \{0}

b(v, q)

∥v∥V
for all q ∈ Z (C ),

γ∥µ∥Λ ≤ sup
q∈Q\{0}

c(q,µ)

∥q∥Q
for all µ ∈Λ.

Let F ∈ V ′, G ∈ Q ′ and H ∈ Λ′. Prove that there exists a unique solution (u, p,λ) ∈
V ×Q ×Λ to

a(u, v)+b(v, p) = F (v) for all v ∈V ,

b(u, q) +c(q,λ) =G(q) for all q ∈Q,

c(p,µ) = H(µ) for all µ ∈Λ.

Exercise 4 (Best-approximation with side condition)
Suppose the closed subspaces Xh and Mh of the Hilbert spaces X and M satisfy the inf-sup
condition and consider g ∈ X⋆ and the spaces

V (g ) := {v ∈ X |b(v,µ) = 〈g ,µ〉X⋆,X for any µ ∈ M } and

Vh(g ) := {vh ∈ Xh |b(vh ,µh) = 〈g ,µh〉X⋆,X for any µh ∈ Mh}.

Show that there exists C > 0 such that any u ∈V (g ) satisfies

inf
vh∈Vh (g )

∥u − vh∥X ≤C inf
wh∈Xh

∥u −wh∥X .

Hint: Utilize the Fortin interpolation operator (Theorem 5.14).


