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Exercise 1 (Qk -FEM)
Let T = [0,1]2 ⊆R2, k ∈N, 0 = t0 < t1 < ·· · < tk = 1 and define Qi j := (ti , t j ) ∈ T . Furthermore,
let K = {χi j | i , j = 0, . . . ,k} with χi j (v) := v(Qi j ) for v ∈ C∞(T ). Prove that (T,Qk (T ),K ) is
a finite element in the sense of Ciarlet (where Qk (T ) is the space of polynomials of partial
degree ≤ k).

Exercise 2
Let T ⊆ R2 be a triangle and let 0 < t < 1/2. Let E = conv{a,b} ⊆ T be an edge of T with
midpoint mid(E) = (a +b)/2 and define

p±
E := mid(E)± t (a −b) ∈ E ,

χp±
E

(v) := v(p±
E ) for all v ∈C ∞(T ).

Define K := {χp±
E
| E is an edge of T }. Show that (T,P2(T ),K ) is not a finite element in the

sense of Ciarlet.

Exercise 3 (Barycentric coordinates)
Consider a triangle T = conv{P1,P2,P3} and the barycentric coordinates λ1,λ2,λ3 ∈ P1(T )
defined via λ j (Pk ) = δ j k for j ,k = 1,2,3.
a) Prove that any α,β,γ ∈N0 satisfy∫

T
λα1λ

β
2λ

γ
2 dx = 2|T | α!β!γ!

(2+α+β+γ)!
.

b) For the points P j+3 := (P j +P j+1)/2, j = 1,2 and P6 := (P3 +P1)/2, find the nodal basis
functions µ j ∈ P2(T ) with µ j (Pk ) = δ j k for j ,k = 1, . . . ,6.
c) Compute the local mass matrices for P1(T ) and P2(T ), i.e. M1 = ((λi ,λ j )L2(Ω))i , j=1,...,3 ∈
R3×3 and M2 = ((µi ,µ j )L2(Ω))i , j=1,...,6 ∈R6×6.

Exercise 4 (P2 is no C 1 element)
Consider a regular triangulation T and the P2 finite element (T,P2(T ),KT ) for any T ∈T .
Prove that this finite element is not a C 1 finite element in general.


