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Exercise Sheet 3

Exercise 1 (Conservation of Energy)
Prove that for the exact solution u € C?([0, T] x [0, 1]) to the wave equation, the energy

1
%f @,ult, x)? + @, ult,x)? dx
0

is constant in ¢ € [0, T7].

Exercise 2 (Discrete Maximum principle)
Consider the two-dimensional domain [0,1]%. Let J € N und Ax = 1/]. We consider a grid
with grid points x; ,, := (jAx, mAx). Define a discrete Laplace operator by

_AhUj,m = —5;51_ U]',m — 0;05 Uj,m.

Show the discrete maximum principle. If (U; ,)o<j m<y suffices —ApUj ,, < 0 forall j,m =
1,...,J—1then U obtains its maximum at the boundary, i.e.

oThax Ujm = max max{Uy,j, Uy, j» Ujo, Ui}

Exercise 3
Let x;,,, and Uj, , as in exercise 2. Let (U}, m)o<j,m<y have zero boundary values, i.e.

U(),m:U],m:Uj,():Uj,]:O fﬁl‘OSj,mS].
Then
1
max |Ujml<- max [ApUjnml (1D
0<j,m<]J 21<j,m<j-1

Proceed as follows:
1. Define Wj ,, := (jAx)? + (mAx)* and compute Ay W; 1.

2. Let S:=maxXi<;jm<j-11A,Uj ml. Define Vj p, := Uj , + SWj 1y /4. Use the discrete max-
imum principle from exercise 2 fiir V; »,.

3. Conclude (I).
Exercise 4 (Finite-Differences for the Poisson problem (five-point stencil))
Let Q= (0,1)%, Tp =0Q and up = 0. Let u denote the solution to the Poisson problem

-Au=f in Q,
uer =0.
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Let x; » := (jAx, mAx) be as in exercise 2 and 3. The finite difference approximation (U; ,)o<j,m<s
is defined by

~ApUjm = f(Xj,m) firl<sjm=<J-1,
Uom=Um=Ujo=Uj;=0 for0<jm<].
Let u € 6*(Q). Use exercise 3, to prove the error estimation
2

X
Sup |u(x]',m - U],m)l < _” u||<g4([0,1]2).
0<j,m<J 12



