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Exercise Sheet 10

discussion on 13.01.23

Exercise 1 (Gradients and divergence)
a) Suppose that u € [%(Q) and pE L2(Q;R™). Show that p=—-Vuand ue H& (Q) is equiva-
lent to

fudiqux:fp-qu for any g € H(div,Q).
Q Q

b) Suppose that g € L2(Q) and p € L?(Q;R"). Show that g = —divp and p € H(div,Q) with
p-v =0o0n0Q is equivalent to

fvgdx:fp-Vvdx for any v e H'(Q).
Q Q

Exercise 2 (H(div, Q) functions do not have normal jumps)
a) Consider the space

H(div,Q)::{veLZ(Q;le) HgELZ(Q)withf v-wpdx:fg(pdxfora11<pe<g§°(9).}
Q Q

Let u € H'(Q) be the exact weak solution of the Poisson problem — A u = f with some
f € L2(Q). Prove that Vu € H(div,Q).

b) Let J be a regular triangulation of Q € R? and

ge HY(T;R?) :={ge L>(;R?) | gl € H(T) forany T € I }.

Prove that g € H(div,Q) if and only if for any E = Ty n T_ with T,,T_- € 9, [qlg - VE :=
(gr, -vt, + qr_-vT1 )| = 0 almost everywhere along E.

c) Let fe I?2(Q)\{0} and u € H& (Q2) the exact weak solution to —Au = f. For an arbitrary
regular triangulation 9 of Q, let uy, € Sé (9) be the P, finite element solution. Prove that

Uy # Uu.
Exercise 3 (Trace identity and inequality)

a) Suppose T := conv ({P} U E) c R? is a triangle with node P and opposite edge E. Prove
that any f € H(T) satisfies the trace identity

1
|E|_1ffds:|T|_1f fdx+—|T|‘1f Vf(x)-(x—P)dx.
E T 2 T
b) In the setting of a), show that f € H L(Tyand hy =diam T satisfy the trace inequality
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Exercise 4
Let Q = {(x1,x2) e R?:|x]| < 1,x1, % >0}, S=[0,1] x {0} and

[—x2, 1] 7

ue:Q—>|R2,x»—> 5
€+ x|

a) Show that u, € H(div,Q) and that there exists a. € R such that 7, = a.u. € H(div,Q) and
||L~le||L2(Q) =1.

b) Show that ||z - nll;1(s) is unbounded as € — 0, and conclude that the trace operator for
functions in H(div, () is not well-defined as an operator into LY(0Q) in general.

¢) Why is the expression [}, u. - nds well-defined?



