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In all the exercises, V is a finite-dimensional inner product space.

1. Let S be a subset of V (not necessarily a vector subspace). Prove that(
S⊥

)⊥
= span(S).

2. Let U be a vector subspace of V . Prove that for any v1, v2 ∈ V ,

〈PU(v1), v2〉 = 〈v1, PU(v2)〉.

3. For u ∈ V , let U = span({u}). Prove that for all v ∈ V , PU(v) = 〈v,u〉
‖u‖2 u.

4. For a linear map T : V → V and a vector v ∈ V , define the map fv,T : V → F as
fv,T (u) = 〈T (u), v〉, for all u ∈ V . Prove that fv,T is linear.

5. Let T : V → V be a linear map. Let R : V → V be a map such that for all u, v ∈ V ,
〈T (u), v〉 = 〈u,R(v)〉. Prove that R is linear.

6. Let T, T1, T2 : V → V be linear maps. Prove the following properties of adjoints:

(a) (T ∗)∗ = T ,

(b) for any α ∈ F , (αT )∗ = αT ∗,

(c) (T1 + T2)
∗ = T ∗1 + T ∗2 ,

(d) (T1T2)
∗ = T ∗2 T

∗
1 .


