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1. Prove that ρ(f, g) = maxx∈[a,b] |f(x)−g(x)| is a metric on C[a,b] (the set of continuous
real-valued functions on an interval [a, b]).

2. Prove that ρ(f, g) =
∫ b

a
|f(x)− g(x)|dx is a metric on C[a,b].

3. Let S, S1, S2 be subsets of a metric space (X, ρ). Prove the following properties of

the closure: (a) S ⊆ S, (b) S = S, (c) if S1 ⊆ S2 then S1 ⊆ S2, (d) S1 ∪ S2 = S1∪S2.

4. Prove that S is open in a metric space (X, ρ) if and only if X \ S is closed.

5. Let {Ci}i≥1 be closed sets in (X, ρ). Prove that (a) ∩∞i=1Ci is closed, (b) for any
n ≥ 1, ∪n

i=1Ci is closed, (c) ∪∞i=1Ci is in general not closed.

6. Let {Oi}i≥1 be open sets in (X, ρ). Prove that (a) ∪∞i=1Oi is open, (b) for any n ≥ 1,
∩ni=1Oi is open, (c) ∩∞i=1Oi is in general not open.

7. Prove that `2 is complete.

8. Let f be a continuous function from a metric space (X, ρ) to R. Prove that for any
a < b, the set f−1((a, b)) = {x ∈ X : f(x) ∈ (a, b)} is open.

9. Prove that the norms ‖ · ‖1, ‖ · ‖2, and ‖ · ‖∞ are equivalent in Rd.

10. Prove that the set of all continuous functions on [0, 1] equipped with the norm

‖f‖ =
∫ 1

0
|f(x)|dx is not a Banach space.

11. Prove that the set of all continuous functions on [0, 1] equipped with the norm
‖f‖ = maxx∈[0,1] |f(x)| is not a Hilbert space, i.e., there exists no inner product 〈·, ·〉
such that for all f , 〈f, f〉 = ‖f‖2.


