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Artem Sapozhnikov

1. Prove that for all n ∈ N and k ∈ N such that 1 ≤ k ≤ n,(
n+ 1
k

)
=

(
n
k

)
+

(
n
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)
.

2. Use mathematical induction to prove that for all n ∈ N,

(a)
∑n

i=1 i
2 = n(n+1)(2n+1)

6
,

(b)
∑n

i=1 i
3 = n2(n+1)2

4
,

(c) for any sequence (ak) of non-negative real numbers,

(1 + a1)(1 + a2) · . . . · (1 + an) ≥ 1 + a1 + a2 + · · ·+ an,

(d) for any a, b ∈ R,

an+1 − bn+1 = (a− b)(an + an−1b+ an−2b2 + · · ·+ abn−1 + bn),

(e) for any θ 6= 0,±2π,±4π,±6π, . . . ,

cos θ + cos 2θ + cos 3θ + · · ·+ cosnθ =
sin(n+ 1

2
)θ

2 sin 1
2
θ
− 1

2
.

3. Prove that

(a) limn→∞
2n

n!
= 0.

(b) limn→∞
n2

2n
= 0. (Hint: Show using induction that 2n ≥ n3 for all n ≥ 10.)
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