Prof. A. Sapozhnikov Mathematics 4 (10-PHY-BW2MA4)

Homework 6 (submit by 18.05.2017)

1. Consider the space C|a, b] of continuous functions on the interval [a, b] and the two
norms on it:
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Prove that these norms are not equivalent.
2. Let (X, ]| - ||) be a normed space. Prove that the following two statements are
equivalent:
(a) X is a Banach space

(b) for any sequence of elements x; € X such that > .° |lz;|| < oo, the series
Yoo, x; converges in X (i.e., the sequence of partial sums ). | x; converges
to an element in X).

3. Consider the Banach space Cla,b] of continuous functions with the norm || f|| =
SUDye(q 4 | f(t)]- Does there exist an inner product (-, ) on Cla, b] which induces the

norm (i.e., for any f € Cla,b], ||f|| = (f, £)%)?

4. Prove that in any euclidean space X, two vectors x,y are orthogonal if and only if
|z + y||* = ||z||* + ||y||*>. Does the same statement hold in unitary spaces?

5. Let X be a Hilbert space and {z;}°, an orthogonal system in X. Prove that the
following two statements are equivalent:

(a) the series Y .2, z; converges in X

the series » .. ||z;||° converges.
(b) the series 3 7%, [|a|? g



