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Homework 5 (submit by 11.05.2017)

1. Let pk be non-negative numbers such that

sup
0<s<1

∞∑
k=1

sin2(sk)

s2
pk <∞.

Prove that
∑∞

k=1 k
2pk <∞.

[Hint: Consider X = N and µ({k}) = pk, k ≥ 1, and apply Fatou’s lemma.]

2. Let (X,B, µ) be a measure space and f, g : X → [0,∞) measurable functions.
Hölder’s inequality states that for any p, q > 1 with 1

p
+ 1

q
= 1,

∫
X

fg dµ ≤
(∫

X

fp dµ

) 1
p
(∫

X

gq dµ

) 1
q

.

Derive Hölder’s inequality from Young’s inequality:
for any a, b > 0 and p, q > 1 with 1

p
+ 1

q
= 1, ab ≤ ap

p
+ bq

q
.

3. Let (X,B, µ) be a measure space and f : X → [0,∞) a measurable function. Prove
that for any 1 ≤ a ≤ b,(∫

X

fa dµ

) 1
a

≤ µ(X)
1
a
− 1

b

(∫
X

f b dµ

) 1
b

.

4. Let (X,B, µ) be a measure space and f, g : X → R measurable functions. Prove
Minkowski’s inequality:(∫

X

|f + g|p dµ
) 1

p

≤
(∫

X

|f |p dµ
) 1

p

+

(∫
X

|g|p dµ
) 1

p

, for all p ≥ 1.

[Hint: Use Hölder’s inequality.]


