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Homework 4 (submit by 04.05.2017)

1. Let (X,B, µ) be a measure space and f : X → [1,∞) a measurable function. Prove
that ∫

X

f(x) dµ <∞ if and only if
∞∑
n=1

µ(x : f(x) ≥ n) <∞.

2. Let (X,B, µ) be a measure space and f : X → [0,∞) a measurable function with∫
X
f(x) dµ <∞. Prove that for any ε > 0 there exists δ > 0 such that∫

E

f(x) dµ < ε for all E ∈ B with µ(E) < δ.

3. Let (X,B, µ) be a measure space and f : X → R an integrable function. Prove that∣∣∣∣∫
X

f(x) dµ

∣∣∣∣ ≤ ∫
X

|f(x)| dµ.

4. Let (X,B) and (X ′,B′) be measurable spaces, µ a measure on (X,B), and ϕ : X →
X ′ a measurable map (i.e., for all B′ ∈ B′, ϕ−1(B′) ∈ B). Define the pushforward
measure ϕ ◦ µ on (X ′,B′) by

(ϕ ◦ µ)(B′) = µ(ϕ−1(B′)), B′ ∈ B′.

Prove that for any measurable function f : X ′ → [0,∞),∫
X

f(ϕ(x)) dµ =

∫
X′
f(x′) d(ϕ ◦ µ).

5. Let E = [−1, 1]× [−1, 1] and the function f : E → R is defined by

f(x, y) =

{ xy
(x2+y2)2

(x, y) 6= (0, 0)

0 x = y = 0.

(a) Prove that∫ 1

−1

(∫ 1

−1
f(x, y)dx

)
dy =

∫ 1

−1

(∫ 1

−1
f(x, y)dy

)
dx = 0.

(b) Prove that f is not Lebesgue integrable on E.


