Prof. A. Sapozhnikov Mathematics 4 (10-PHY-BW2MA4)

Homework 4 (submit by 04.05.2017)

1. Let (X, B, i) be a measure space and f : X — [1,00) a measurable function. Prove
that

o

/ f(z)dp < 00 if and only if Z wlx : f(z) >n) < occ.
be

n=1

2. Let (X, B, ) be a measure space and f : X — [0,00) a measurable function with
[ f(z)dp < oo. Prove that for any € > 0 there exists > 0 such that

/ flz)du < ¢ for all E' € B with u(F) < 0.
E

3. Let (X, B, ) be a measure space and f : X — R an integrable function. Prove that

/Xf(x)du‘g/xu(x)mﬂ.

4. Let (X, B) and (X', B') be measurable spaces, 1 a measure on (X, B), and ¢ : X —
X’ a measurable map (i.e., for all B’ € B', p~!(B’) € B). Define the pushforward
measure @ o i on (X', B) by

(pou)(B)=ule ' (B)), BeB.

Prove that for any measurable function f : X’ — [0, 00),

[ retendn= [ rwyieon.

5. Let E =[—1,1] x [-1,1] and the function f: E — R is defined by

o= { 8 TR

(a) Prove that

/11 (/11 f(x,y)dx) azyz/l1 (/11 f(x,y)dy) dr =0,

(b) Prove that f is not Lebesgue integrable on E.



