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Homework 1 (submit by 13.04.2017)

1. Prove the countable subadditivity of the outer Lebesgue measure: for any Ei ⊆ Rd,

µ∗

(
∞⋃
i=1

Ei

)
≤

∞∑
i=1

µ∗(Ei).

2. Prove that every Jordan measurable set is Lebesgue measurable.

3. Let Ei ⊆ Rd be Lebesgue measurable sets. Prove that

(a) if E1 ⊆ E2 ⊆ . . . then

µ

(
∞⋃
i=1

Ei

)
= lim

n→∞
µ(En),

(b) if E1 ⊇ E2 ⊇ . . . and µ(Ek) <∞ for some k, then

µ

(
∞⋂
i=1

Ei

)
= lim

n→∞
µ(En),

(c) the assumption “µ(Ek) =∞ for some k” in (b) cannot be dropped.

4. Prove the inner regularity of the Lebesgue measure: for any Lebesgue measurable
set E ⊂ Rd,

µ(E) = sup
K ⊆ E
K compact

µ(K).

5. Let π : R2 → R be the coordinate projection, π(x, y) = x for all (x, y) ∈ R2. Prove
that there exists a set E ⊆ R2 such that E is Lebesgue measurable in R2, but π(E)
is not Lebesgue measurable in R.


