
Prof. Ph.D. A. Sapozhnikov Mathematics 3 (10-PHY-BIPMA3)
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1. Find the real and imaginary parts of

(a) cos(2 + i) (b) log i (c) 2i (d) ii

2. Let a, b ∈ C. Which of the following sets are equal?

a2b, (ab)2, (a2)b

3. Prove that for each z ∈ C, lim
n→∞

(
1 + z

n

)n
= ez.

Hint: Use the fact that a sequence of complex numbers zn = rne
iϕn converges to z = reiϕ as

n→∞ if and only rn → r and ϕn → ϕ as n→∞.

4. For which a ∈ C the following function is continuous at 0?

f(z) =

{
Rez
z

if z 6= 0
a if z = 0.

5. For a, b, c ∈ R and z = x + iy, let f(z) = x + ay + i(bx + cy). For which values of
a, b, c the function f is holomorphic?

6. Check that f(z) = cos z satisfies the Cauchy-Riemann conditions and show that
(cos z)′ = − sin z.

7. Prove that the funciton f(z) = z is nowhere differentiable.

8. Is the function f(z) = zRez differentiable at z = 0? Is it holomorphic at z = 0?

9. For z = x + iy, let f(z) =
√
|xy|. Prove that f satisfies the Cauchy-Riemann

conditions at z = 0, but f is not differentiable at z = 0.

10. Let f(z) = z2.

(a) Determine the angle of rotation of the complex plane by f at the point z = 1+i.

(b) Which part of the complex plane is stretched and which is contracted by f?


