Prof. Ph.D. A. Sapozhnikov Mathematics 3 (10-PHY-BIPMA3)

EXERCISES, Week 14 (submit by 30.01.2017)

1. Let u™™(z,t) and u®(z,t) be the unique solutions to initial-boundary value problems

W =)+ O t) 0< < Li>0
u(i)(% 0) — Qp(i)(x) 0<z <l
u(i)(O,t) — o () t>0

u(1,t) = BO(1) t>0.

Assume that oM (z) > @) (x) for all 0 < = < I, aM(t) > (1), V(1) > (1)
for all ¢ > 0.

(a) Assume that fM(z,t) = f@(a,t) for all 0 < z < [, t > 0. Prove that
uM (2, t) > u@(z,t) forall 0 <z <[, > 0.
t
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(b) Assume that fM(z,t) > f@(x,¢) for all 0 < x < I, t > 0. Prove that
u(z,t) > u®(z,t) for all 0 xSLtZQ

2. Let u(x,t) be a solution to the heat equation u; = a*u,,. Prove that for any o € R,
v(z,t) = u(aw, at) is also a solution to this equation. Find the general solution to
the heat equation which satisfies u(z,t) = u(ax, at) for all a > 0.

[Hint: Such a solution has the form w(z,t) = f (%) for a suitable f. Introduce the new

variable z = % and find f(z).]

3. Use the Fourier method to solve the following initial-boundary value problems.

(a)
Upp = dlUyy O<z<1,t>0
u(z,0) = sinmx 0<z<1
ur(z,0) =0 0<z<1
uw(0,t) =u(l,t) =0 t>0.

(2,0) = us(2,0) =0 0<x<1
Y=u(l,t) =0 >0

u(z,0) = sinmx 0<z<1
(0,t) =u(l,t)=0 t>0.

= Uge + 1 O<zx<1,t>0
=0 0<z<1
0,t) =u(l,t) =0 t>0.

{uttaum—l—smwt O<z<1,t>0



