Prof. Ph.D. A. Sapozhnikov Mathematics 3 (10-PHY-BIPMA3)

EXERCISES, Week 13 (submit by 23.01.2017)

1. Prove that there exist at most one twice continuously differentiable solution u(x,t),
z €[0,1],t>0,to

(pZe =2 (k%) +f 0O<az<l,t>0
u(z,0) = ¢(z) 0<z<lI
Gt (@,0) = ¥(x) 0<az<l
g5 (0.1) = i (1) £>0

L 24(l,t) = pa(t) t>0,

where p and k are continuous functions of x.

2. Let ¢ be twice continuously differentialbe on R, v continuously differentialbe on
R, and f continuous on R x [0,00). Prove that the unique twice continuously
differentiable solution u(z,t), x € R, t > 0, to

Uy = a*ugy + f
u(x,0) = p(x)
u(x,0) = Y(x)

is given by the (d’Alembert’s) formula

z+at t x+a(t—r)
z+at)+ p(x — at 1 1
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3. Consider the problem for x € R, t > 0, with ¢ and v as in problem 2,

u(a:, O) = 90(37)
w(z,0) = ()

Prove that its unique solution u(z,t) satisfies the following:

(a) if for some zg € R, p(xo + ) = —p(xo — ) and Y(zg + x) = —p(xy — z) for
all z (i.e., ¢ and ¢ are odd with respect to ), then u(xo,t) = 0 for all £ > 0,

(b) if for some zg € R, ¢(x¢ + ) = p(zo — x) and Y(xy + x) = Y (xo — x) for all =
(i.e., ¢ and 9 are even with respect to xg), then u,(xqg,t) = 0 for all ¢t > 0.

4. Find solutions to the following problems:

(a) wy = gy +sinx, x € R, ¢ >0, u(x,0) =1, wy(z,0) =1
(b) ugy = Uy +cosx, x >0, >0, u(z,0) = cosz, u(x,0) =0, uy(0,t) =0



