Problem sheet 10

‘ﬁ x 1 L1 Lh F : ¥
@Mi/m,tx Y n o an (hher /rop(fow space X, ot

locey 1=l It u(y -

PA) (i
> \\wrallL = 1*3> 1*3 ><\Z 4'x,x+a> “<Y, x/can ‘:9;57

I

i ——
L d

= <x+j,x>+41+y,y> = <A x> +<5:;:> +[§:j>+4g,g> =
= CAAXD>E 41%{4— 4'&;7}04- 43(,37_

Since oc_l_g) then <9(,<7>=o and Z&fj_>~»o.

Mence

l\mgu%w,w gy lall* + 1y Ind
4

3%0% %af fm” &l ;e.%mce [CZ,L],,M [ an [nhet”
/)Vooﬁw/f spel the  condihons il — Nl and < Xwx7 XA

z’m/)f : (}OWWGK 5, ~5 o
»  sle need to dowr  that  llxn-xll—0.

]
HOCn-’?CH = < 1An-X, Ay~ > = 47(,,,7,,,-%)—47(,2’,,‘967 =

_’___-———————‘-‘ ____,__—""—'_' ———— - ——
= L Ap-% An> ~ ¢ Ap=%; X2 = < XnyXn > — <z, xn Yy <Kk 7 <AAYT

= <A, Xn 72 ~ £ N Py ~ L Tn, X >+ <ANZ =

= “’In\\i — A x 7 — < Ty A7 * “1”2"

e bnow that  aall > lall  and S B = R, T
Then £ An,x ¥ > <AX2 and W have

llocn—')clrl => “’Xllzf-<qcl x> —< %, x> & ”x“z. _
= (™=l s (a2 =0, n>e

Henee (xn-2lE =20 =2 llz-2ll 20 =2 Ay —> X, NV



O,

4

and

where dﬁé”ﬂf Il Shows  that [%an conver g n M.
Hint - Use the /amﬂ&/o/am é’;étﬁzg’?.

Take a seqguente §%nln, in M wnd  shoue that
§003,,, 5 4 [’awc/y- cequente that 3, we need 72

/3)’0 we Ma

Lot M b o Hilbet space, MeH ¢& a4 OAX fudse,
(2,10, b a Sequence in M such that lxnll->d,

(2~ Amll =0, .m0

LLsinj {/ﬁe /)ara %&&f’ram eguaf'v(‘y A€ %aﬁe

1% - Zmll 2% [0+ Tl = & Clanll+ amh?), GO

cinee M B8 a convex subsel of H, that 3,

Vaye M X“*”-*)g e M| v« elo;1],
then ¥ %, Zm € M

+ X 4
xh &m 6';,VI) 0(:&)

. “%ﬁ&"\\?iﬁ lxll =d . (%)
7¥wn from  (¥):

- Hmh 2= & (120 I l) = [ Z0+ 2l %=

= 2 ( laab® llal® = I2atZally =

(%)

= o ( Nl lamd®= 2 || zf%&n“’-) e

£ 2 (N2l Namh*= dd®) > 0, mm e,

£\ 7,

= [Tk, B 2 fa&w@ seguenct.
Since H B « Hilbert s/)a(,&) then elrff"i ['auo/%
segu,w% conWW n H.

Henek, 4%’: }naf UOV’WW m H )



€n} fc an oerwrma/f set  im,m  an  ianes

4 ot fe,,
@ MM ce X, where  n o3 fixed. Aot 2eX te My

pr 7
oved elethent . j;/j,&%m-/; Jen. Then £ Aejoér ds
. - p//recf mfcufcu‘mn Hhat Ho&«(y f

b e éfo‘<1'€4>€' 4.1 <X, 8n> Ca, that 13, /3'6"'<1¢€z>.
) ket U chow that  z-Yo Lo  VEhon

<1~go > = <’)C,€.(_>——<go)e,(_>_

n

= g B = I3 ew By <lEr> 2
(=4 \_.,__,,,:\./ Q) 2‘4(.
- ‘& 4) Lr':K,

= A LD LK O <, €4>“O => Z-Yo L €,
L) Next bt wh S%Ow' Mai’ X% .La V#*ﬁﬁjej.@é)

J—no(,?/ed
Z% %0 u(.f> éxctf>—~<yo &H =L X, L/’*jef P}_;ue>€‘).)_,/gej>,

VK =17

~<>__JJ51J,’J(>"I1<<’Z€¢>€L,ZFJ

.—22-? >'.%J.::‘<q'lek>/gj <e e)>—

V\._.__ B " _ e
-;):‘:Jb 7. > ;wc, > f 8 = a- %L({/ y- Zﬂu

have that

3) Prove %at l\a-(’ll i punimum G Ve

-yl = WX
gﬂ’l%ﬁ ya g ca,i‘l: 5& wri 11’7L?J’L s> C*) ) ‘[’ﬁln. 1‘#0 .Lgo—#
Than
uxaan% N x-yo + o |5 == llx- ll t g (711
ll'x’g\ollz Ao, not ﬂ(l»/”@*w/ 0ng
“30' Wb nonn@ﬁdﬁs’e fenchon o#é/
Then - 8“ Vcaoﬂ& minimume [ f

“a a“ =0 &> <7 yo => /$
.—5__

PJ%(WKean velahon

= ¢y Yk=tn
]



6 ,Qﬁ 2 () =1% )=t 75(¢) =1, Orthonormatize 71, %, 73
‘n Hhis order  /n {’ﬁbe f/ﬂaﬁ LEr-1,17.

e gy = l\%—tl-l 3 where xq4t)= ‘1.’ ,{
4 l2all* = j(m ot = S(f)ofé H Ab=
- {5 _ 2 41 _ e
- 1_4 5— P “’I I l/
_ 4t . J? +2
‘€1 - "’{— = 2
ME» N 1
: . Va where V)= Talt)- <%, 08, EARR AL
€= s : -1

Ly en> = < Es {5#>-5 L E 42t =0
Then va(t)=t- 0\/5 %“‘ )
SN PYTENE:
ll’\flll =S_{; At = ] =3 => V2 .
-1

I
A )
S PN
€y = Vo WKZVC ("E)z 73((’)"(75,€4>€4~<75,e.z>€,2.
. L u’l)'bn ) fa /l ) T
L X3 €,>’S14\/§#ﬂ“ F ] 3‘»/1.
<2y, 6,7 ,f 1 /3‘1’0“50.

i) = 4- 25 F -0 it =13t
[

14 4-1

5 5 £
- DINTICEE AR T

= lvs]l= \/f'c .lja_i.

2 L2
1-50 _ 3-stt T
b= g T

1 & ol 0t S g
lvnte | (1-5t9)dt= [ (- 12 ¢ e Lt ) A= 2 (-5 )t
1



h-[» /W 43@ o ZLQZZZLZ set in an inher /)md/,u/f f/)&p{)(

H ocyas=<w, X for ol ze M, dow that =W

S £
P ohe  habe that 2 = € WX YV x e M){%a /
(ir-w, x>=0 Y xeM. )

KZ‘(’ wh §’£0w %ai

<y, x> =0 Ve Sﬁdn M ex)
ke xe M. Then = >_oaa andl.

<pr-w, Xx>= < U-W, ‘_%3.,(;@» =

1l
N
<
5
&
£

A4

\

N

&

g

&

[

v

(

v
— -<t.),ec
g5 & I ke SO pYES

(=1

S ::—0’

pan M =X
Qﬁan M=/,
f’fl&*’t V U-w é'x 52’&; & §/>Cm M S.ll- Q’h—a’bj’&)) Nn->00.
i hevt that
CU’*L())O(4> —n L U—’C&)) U/"LJ>
//ﬂb\% .ﬁ;g.\() n-3-0
f'} d

f\n ‘F - proglu et
”&->°vf’£o —p => U= .



@ Mé 4&: iC&//] K(i an or %«9%0/”/77@6 g{i%gnce /N Q-
Hilbert g/a e H S Yo that I F
= > o e, (7 /{2—4— /5 i ,

=1
W"L 42g>~:*’;;{)0[£/$”
and the series b’f;ﬁv\‘if’g% 2bsotictely.
bz{) K,e't’ wA &ﬁour i’ﬁaf ig,(.cf?,, converg@ w&oﬁml&gz, ,%,,L <3

-Z_; {o(d-ﬁx-l < 9.
(bt knouw Th. 189 that  the Serte Z‘o(z&, conucraa,ws

He series 5‘_’.(.&,[2 wnu&ff/b} in IL.

0
§moe L,a& and L/s (G COMVEQL Hhen :z;(m‘ and
A in 112
e equals
From the m ,)Soﬁwdi’z /nef ?

Ll )4¢00

e )

2‘4r/5ﬂ\‘(2.,lo(l) (le

= 31 L o(zf Conver ges MSo&.ﬁe% )
2) (,Je n,ew( 7‘0 show z‘ﬁaf 22y > ‘%;x;/!z .
Set  an= )_, A G, g S G.

Sinck Lo(x.?m anol ;_/sJeJ Conver e, then m,»x'—'ifa(z&,

29
_—— Fd fﬁﬁ
<a:.,27,,,> 42&&, .2‘,/3”>—Z‘°(,,<€w,),/aj
-Kz‘q:ozuifu» >’fj°<‘/614e’€“>_§—7°(‘/4 <9

Lo(n.ft 4&,€K> L&«,ﬁr

K=

K=
e have that x> x a2y K Then (by lemma 17.6)

Z(Xma’n>""‘<2#> n-2¢0 ,

that (%5,
ot gor= B Zyoefie =2 LT

,_6___



Lot e, ent} fp an ortnohormal  ftguentt in a-
filbert spact M, and et M;jpan {ec, kz1},
Chowe that dor any xel ke fabe Hal oxe [ i and

0 Mo cdn /e fef-@ﬂ/fol a’b
n/%/ v /
&= Z Kb .

K= . D
> e need o bowe  that xe M &7 c(=g<1.&>&.

=) Lt % M. Thn JameM st =>T,n>e0.

o n
Slnw rxné M ? %'en An :;—_::o(:c elC) “)Ke"e a(z.nﬁ'O) K”/)"‘Jﬁl
Lo =0, ezl

We kno - 'l’ﬁm.‘[ Ay 2K, N> =2 An H a [Zuc.;l? 5@74(,2/162,
that 5, xa-Amll =0, nym-=0c0.

B it Y o m _ 29‘! L ke ” —
“9(9\"9("'” e “%o(b €.¢/K§1,,[,c e ”‘ “K)—AQ‘ e )e“—
=1 = =

>

= :2: (-(:"o(.:)‘t—“ 0, nm->o2.
(Vd 2' ;.21 m . &
FOI" o(n "é[w.ho & fl llo(n“o(m “{’— = fc?;;, (o(ac ",[,c ) >0 =>

% didalis, 8 & Ca&coﬁ? sequence m b (G5 a Hilbert
S/?&OC) sl {"("}"%4 conwgz% n .
=) goé"(o(‘!)-.u)a(.c,...) : o(n ”’aél h=>-0 , n &

5> 5 (L& L) > 0, n>0.

-

-4 1™ o2 gl
T&L/(Z g‘KZﬁo(z. Cr . Since a(éa, %CVL “o(l“K:‘ K <00

vt { h
and ;;;j o G CONVHPTs.
2 -— n 3 ;'f.1 n 2 .
lon-y el > (de-de)ecl = 2 & ) 0

<=1

=

=7 Ay éﬁ) n->...

We Ka/(r& f/ﬁ&f Ty 2Ky B2
0

=5 OC:y: 2 ’;0(1(_@&.

=i /1 y 2 )
Since 2% due e converges Hhon  Li=<x 8y (b 75182

[ =]

Hene, X =20 <Xée>le.
e

0/”0{ ?-7') "’#1 g



20
&) het A= 2Tl be
>
‘ Set -;);447 o>l . = XE - M- =s/ocm {6, K21}
Sirm %, = b 32 X0 = S e, b5
N->.0 nen KT K=
1t habe i’ﬁai x. e M, 2%, n-»00 =P XE€ M.
4
TK,C gecon,di mcq"ﬁoo@ of solhion
B> ae M &> x= ,;f'_, <X Le> be
=4
=) Ket xe M. -
the ﬂ& 1o SKO(«(:’ Z‘ﬁa‘[’ CZ=Z<2’,€«,>€:¢.
- K=
[ake J qu Oe> Ce .
For l/areH By serieh 31 <ub>tc LoNVEPE (% 74, 4£.9)
k=1

[+ % ehﬁ“{/g“ 7[0 .S"AOUJ’ i’ﬁa‘f ’I./é/.
First  we  Shou that x-4 1 e, Vich-
> =< 2,6:>—< )__,<’x,&.>€z,€ p R

(C(d ((,‘> =’(’I;€L’>/<y'€‘_
= <A ’Z <x 0> <6 €> T ¢, be>— <X b>=0.
k=1 4("&
”5>“‘

’>'x5J_M =’>’X—#&M

Since M l% o Kne&/ spas$t —L%?n M { o a Onear
sputc . ; B & M, because «,(yc
Sine ’I'C(f eMﬂM "{O}’ %,en /ry-.:o
= G== 2<’I&>@,

=> xg 4 & —=>'x—5J.M

=>

&) o (%)



